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RENORMALIZATION AND RIGIDITY OF ANALYTIC NON-LINEAR
INTERVAL EXCHANGE TRANSFORMATIONS.

GONCHARUK, N., GORBOVICKIS, I., YAMPOLSKY, M.

ABSTRACT. We construct hyperbolic renormalization horseshoes for analytic generalized
interval exchange transformations (GIETS) of bounded type and with bounded geometry,
provided their boundaries are small (but not necessarily zero). As a consequence, we
describe the manifold structure of smooth conjugacy classes of GIETs.

1. INTRODUCTION

Renormalization technique, known as (accelerated) Rauzy-Veech induction is, of course,
fundamental to the study of interval exchange transformations (IETs), see e.g. [Yoc06].
Recently, there has been much development in extending some of the results to the non-
linear generalized interval exchange transformations — GIETs (see e.g. [GU23]). This is
a step from understanding the action of renormalization on a finite-dimensional space of
translations or, at worst, affine maps to an infinite-dimensional setting. Even in the case
of GIETSs of two intervals, which corresponds to maps of the circle, renormalization theory
is very highly non-trivial (see e.g. the works of one of the authors [Yam02, Yam03] and
references therein).

Recently, there was a beautiful paper of S. Ghazouani [Gha] in which he described the
structure of the stable manifolds of renormalization of periodic IETSs in the space of smooth
GIETsS, recovering a part of the renormalization picture. However, in the smooth setting,
renormalization is not a differentiable operator. This is an old and a well-known obstacle.
Ghazouani finessed it at the expense of restrictions on the combinatorial type of mappings
considered — periodic, and with a single singularity on the associated translation surface.

In the present note, we explore a different approach, similar to our previous works
[Yam02, GY22, Yam21, GY18] and others — in which we define a renormalization operator
R acting on the space of analytic GIETs. Renormalization transformation R is a compact
analytic operator in a complex Banach manifold. We study its hyperbolic properties on a
neighborhood of IETs of bounded type and bounded geometry. This operator is hyperbolic,
and has finitely many expanding directions. Standard considerations of Hadamard-Perron
Theorem can then be used to construct analytic stable manifolds, which coincide with
smooth rigidity classes. While rigidity statements exist in the literature for wider combi-
natorial classes of GIETs (cf. [GU23, BT]) our results endow rigidity classes with natural
submanifold structure, similarly to [Gha] but with significantly less technical effort.
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Finally, stability of hyperbolicity allows us to perturb our results to obtain similar re-
sults for projective IETs — whose maps are Mobius rather than affine. These results are
completely novel in any setting.

2. INTERVAL EXCHANGE TRANSFORMATIONS

An interval exchange transformation (IET) 7" is a one-to-one map of the unit interval
[0,1] onto itself that is piecewise a translation. Formally, we have a partition [0,1] =
U1§jgd I;, and T' is a translation on each I;.

An IET T is defined by the following data: a tuple of real positive numbers {); };l:l with
> Aj =1 (lengths of the intervals I;); a substitution o;: {1,...,d} — {1,...,d} that de-
fines the order of the intervals before the transformation; and a substitution oy,: {1,...,d} —
{1,...,d} that defines the order of the intervals after the transformation. Here t stands
for top and b stands for bottom.

In the next section, we will introduce generalized interval exchange transformations

(GIETS).

3. SPACE OF ANALYTIC GIETS M,

As above, let o4,04: {1,...,d} — {1,...,d} be two substitutions. Let U. be an e-
neighborhood of [0, 1] in C. Let M, be the Banach manifold of bounded analytic maps in
U. that extend continuously to U,, equipped with the uniform norm.

Definition 3.1. An analytic generalized interval exchange transformation (GIET) T with
substitutions oy, 0y, is a tuple of analytic maps f; € M, and points (ag = 0, a4, ..., a4-1, a4 =
1) in U, such that for 7 = o0, *,

o if 7(k) = d, we have fi(ax) = ag;

o if 7(k) =1, we have fy(ar_1) = ap;

o if 7(k)+1=7(l), we have fip(ax) = fi(ai_1).

We note:

Proposition 3.1. Analytic GIETs with a permutation o = (o, 03) form an analytic Ba-
nach manifold M, ...

If the points a; are real and satisfy ap < a; < --- < aq, and f; are real-symmetric and
increasing, then we will say that 7" is a real GIET. In this case, the tuple T" defines a
piecewise-analytic bijection of [0, 1] in an obvious fashion, generalizing IETs to the nonlin-
ear case. Real GIETSs carry a real Banach manifold structure from the real slice M7, of
MO’,€‘

While this is the most interesting situation, we will allow complex a; in the definition,
in order to obtain and use hyperbolicity of a complex-analytic renormalization operator in
Ma,e-

The following definition describes important classes of real GIETs.

Definition 3.2. If T" is a real GIET and ...
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e ... f; are translations, then 7 is called the interval exchange transformation (IET)
of the intervals [a;, a;41].

e ... f; are affine maps, then T is called an affine interval exchange transformation
(AIET).

e ... f; are Moebius maps, then 7" is called a projective interval exchange transfor-
mation (PIET).

4. RAUZY INDUCTION FOR IETS

Definition 4.1. An IET T satisfies the Keane condition if the future orbit of any endpoint
a; does not contain any of the points a; for 0 < k < d.

Keane condition implies minimality, see [Kea75]. We will see later that all IETs with
Keane condition are infinitely renormalizable. In fact, all infinitely renormalizable IETSs
satisfy Keane condition, see [Via06, Sec.3, 5] for more details.

Rauzy induction. Suppose that an IET T given by a substitution o = (04, 03,) and lengths
(A;) satisfies Keane condition. Rauzy induction is the first-return map to a subinterval
under the dynamics of T'.

Let Iy, Ix, be the rightmost intervals on top and bottom: oy(k;) = d and oy(ks) = d .
Let A; and A, be their left endpoints. Note that the Keane condition implies \g, # Ak, .

e Case 1: If Ay, > \g,, the interval Iy, is called a winner. One step of Rauzy induction
creates an IET that is a first-return map to [0, As]. New interval lengths are 5\j =
for j # ki and A, = Ay — gy

e Case 2: If A\, < Ag,, the interval Iy, is called a winner. One step of Rauzy induction
creates an IET that is a first-return map to [0, A;]. New interval lengths are ij =
for j # ko and Ay, = Mgy, — Mg, -

We will not write out the formulas for the new substitutions oy, 0y; see [Via06, Sec.2].
To obtain renormalization RT', we perform one step of Rauzy induction and rescale the
domain [0, Ay] or [0, A;] respectively to the unit length. Since Keane condition is preserved
under this operation, it is sufficient for infinite renormalizability of T

Consider a Rauzy graph, defined in the following way. Its vertices are all possible permu-
tations o = (0y, 03), and its oriented edges, labeled 1 or 2, correspond to case 1 and case 2
in the Rauzy induction.

To each IET T that satisfies Keane condition, we can associate a path in the Rauzy
graph that corresponds to iterates of the Rauzy induction — in other words, an infinite
sequence y(7') of edges of the Rauzy graph.

Definition 4.2. The sequence (7)) is called the (combinatorial) rotation number of T

5. RENORMALIZATION OF ANALYTIC GIETS

Recall that for any IET T with Keane property, RT is a rescaled first-return map and
hence can be written as a tuple of rescaled compositions of restrictions 7' |[aj717aj] = f;. We
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will use the same compositions to define RT for T' € M, close to T'. The point A; or
As that defines the rescaling factor, as well as the new endpoints of the intervals after one
step of Rauzy induction, are images or preimages of a; under f;. We will use the same
formulas to define the rescaling factor and new endpoints of the intervals of RT.

With this definition, the formulas that define the renormalization operator R depend
only on the first vertex and edge in the path v(7") in the Rauzy graph. Since in a neigh-
borhood of an IET 7', all maps f; are close to translations, we obtain the following.

Lemma 5.1. For any rotation number ~y, for any € > 0, for any IET T with v(T) = ~,
renormalization operator R is a compact analytic operator R: Mgy — Morr),e, well-
defined on a neighborhood of T'.

Renormalization coincides with Rauzy induction on analytic real GIETs.

Proof. The domains of definition of the analytic maps forming R7T increase after linear
rescaling in the definition of R. The same holds locally in a neighborhood of T', which
implies the local compactness of R. U

6. INVARIANTS OF RENORMALIZATION: BOUNDARY AND TOTAL NONLINEARITY

The classical suspension construction embeds any IET into a flow on a translation surface
(see [Via06, Sec.12]). This surface has conical singularities, located on the trajectories that
emanate from {a;}. Each singularity hence corresponds to a subset of endpoints {a;, }.
This subset can be defined combinatorially as follows.

Let 7 = 00, ', and extend it formally by 7(0) =0, 7(d + 1) = d + 1.

Definition 6.1. A sequence of endpoints {a;, }5_, with 0 < i, < d, numbered cyclically
modulo N, is associated with a singularity of T if, for every 1 < k < N,

T(Zk) +1= T(ik+1 + 1).
Let s = s(T") be the number of singularities of 7.
Definition 6.2. For each singularity of a GIET T corresponding to {in}_,, define

i) = 3 tow esies)

1<k<N (azk)

where we formally set fo = fg11 = id.
A tuple b = (by,...,b,) over all singularities of T, ordered according to the smallest
index i, in the list {ix}, is called the boundary of T.

We note (see [GU23]) that the terms of b can be numbered canonically according to
the number of a singularity on a translation surface. This numbering is invariant under
renormalization.

Let M? _ be a set of analytic GIETs with the boundary b.

The following lemma was proven in [GU23, Lemma 2.7.1] for real GIETSs. By analyticity,
it also holds for analytic GIETs.
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Lemma 6.1. 1. For real-symmetric GIETS, the boundary is an invariant of C* conjugacy
on R.
2. In assumptions of Lemma 5.1, renormalization operator R takes /\/lf,(m6 to MS”(RT),E

where O differs from b by a permutation p that depends only on the rotation number of T.
Furthermore,

Definition 6.3. Total nonlinearity of an analytic GIET is

o(T) = é/a

aj  fr
Jj—1

Y = 3 tos(flay) ~ og(f a0

Integrals are taken over any curves in U.. The second definition requires choosing con-
tinuous branches of log f; in Ue; since we assume that f; are close to translations, we may
and will use principal branches of log from now on.

Let M . be the set of analytic GIETs with total nonlinearity c. Total nonlinearity of any
IET and any AIET is zero. By definition, singularities are in one-to-one correspondence
with cycles {i;} of the bijection of {1,...,d} given by 771(7(i) + 1) — 1. Hence the union
of all sequences {ix} over all singularities is {0, 1,...,d}, therefore

Z b; = —c(T).

Hence, as a corollary of Lemma 6.1, the following is true:

Lemma 6.2. In the assumptions of Lemma 5.1, renormalization operator R takes an open
subset of ME(T),G to MZ(RT),G'

7. DYNAMICS ON AIETS AND THE STATEMENT OF THE MAIN THEOREM

Renormalization operator preserves the class of AIETs. Here we describe its action on

AIETs, cf. [Gha, Sec.3.2].
Let V be the set of vertices of the Rauzy graph. An AIET is defined by the substitution
o €V, length vector A = {\;} with

d
(7.1) Y=t
j=1

and log-slopes of affine maps f; on the intervals [a;, a;,1], given by p; = log f; and satisfying

d
(7.2) Z exp(p;)A; =1,

Hence the space Ay of real AIETSs can be identified with a codimension-1 subset of V' x
PR? x R? where P stands for projectivization. Let 7; C Ay be the subset of IETs inside
this space.
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Let us fix an invariant (under R) compact set A C T;. Let T € A. Compactness
implies that the lengths of the intervals in the forward orbit of 7" under renormalization
are detached from zero. )

For one step of Rauzy induction on AIETS, formulas for the lengths change to Ay, =
Ak, — exp(pry) A, in case 1 and Ay, = Mg, — exp(pr, )M, in case 2. These should be
normalized to the unit length to obtain the length vector for RT". On the slopes, one step
of renormalization acts by applying a linear operator A = I + §g,, or A = [ + Op,k, in case
1 and 2 respectively to the vector p = {p;}. We will write A = A1), and remark that
this matrix only depends on the first vertex and edge in v(7T').

Under iterates of renormalization, the action on the slopes is given by matrices

Ayryn = Aymery 00 Ay

These were called intersection matrices in [Ghal: an (4, j)-term of such matrix can be
interpreted as the number of visits of the j-th interval of R"T to the i-th interval of T’
under the iterates of T' that occur before the first return.

It is well-known ([Via06, Corollary 1.21]) that for any IET 7', for some N and any n > N,
the matrices A7), have strictly positive terms. Note that in our case, N is uniformly
bounded by compactness of A.

The action of renormalization on AIETS is a linear cocycle over the action of A, 7).
Moreover, the above formulas for lengths and slopes imply that the differential of renor-
malization R"™ in the space Ay at any point 7' € Z; has the form

P(A o )7t 0
B’y(T),n:( ( fy(T),n) >

* Ay
restricted to the linear subspaces (7.1), (7.2), where P(Afy(T)’n)*1 is the projectivization

(to account for rescalings) of the matrices (AEy(T),n>7l‘

The restriction of R to IETs is uniformly expanding at T € A. This is straightforward
to see: since matrices Ayr),, T' € A have positive terms for some uniformly bounded n,
they uniformly contract the simplex of positive vectors and hence their projectivizations
exponentially contract at a uniform rate. Therefore P(Afy(T)’n)*1 uniformly expand (see
[Via06, Remark 4.26]). The analogy is with the action of the Gauss map on a compact
invariant set of irrationals of bounded type.

Since renormalization preserves the boundary, matrices B.(r), have an invariant distri-
bution V, (7)., in the tangent bundle to A, of codimension s = s(71'), given by the condition
that the boundary is zero, with neutral dynamics in the transversal direction. Since this
distribution is defined by the restrictions on the slopes only, we can talk about the dynamics
of A7) in this distribution.

In the Main Theorem below, we will assume that this dynamics is uniformly hyperbolic
with [ unstable directions. The dynamics of B, ), will then have [+ (d — 1) unstable and
s neutral directions.

Recall that o,, are substitutions corresponding to R"T" (note that there are only finitely
many different substitutions in this list). Recall that M, . are the corresponding Banach
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manifolds of GIETSs, and M M, . are codimension-s subspaces of GIETs with

On €

boundary b. Let ME (M?JR be real slices of these spaces.

o,€)

Theorem 7.1 (Main Theorem). For any invariant compact set A C Ty, let T € A. Assume
that the associated action of the sequence of intersection matrices Ay, is uniformly
hyperbolic with | unstable directions in restriction to Viyry,. Then the following holds:

(1) The orbit of T is hyperbolic with I+ (d—1) unstable directions under renormalization
in the spaces /\/lgmg.

(2) For anye > 0, for some k > 0, there ezists a local real-analytic submanifold of./\/lg6
at T of codimension [+ (d—1) that is formed by real GIETs that are C'™*-conjugate
to T'. This submanifold coincides with the local stable submanifold of T' under R in
(M )R

(3) Moreover, for any real Bisuﬁicz'ently close to 0, there exists a non-empty local real-
analytic manifold in M. of codimension | 4+ (d — 1) formed by mutually C***-
conjugate real GIETs with boundary b. These submanifolds coincide with local stable
manifolds of R in (M? )F.

(4) Finally, for non real-symmetric GIETs which belong to the same local stable sub-
manifold of R in the complexified space M® _ with b ~ 0 as above, we have the
following. They possess invariant quasisymrﬁetm’c curves with endpoints 0,1 in C
the dynamics on which are quasiconformally conjugate.

Remark 7.2 (Computation of codimension). Since the matrices Ay, preserve a sym-
plectic form (see [Via06, Proposition 5.20]), hyperbolicity in a codimension-s distribution
inside a d — 1-dimensional space of slope vectors implies | = (d — s — 1) /2.

We can express codimension in terms of the genus of the translation surface, given by
2g =d— s+ 1. Namely, we get | = g — 1 and hence the codimensions in Main Theorem
become (d—1)+(g—1) (inside the space of GIETs with fized boundary) and (d—1)+(g—1)+s
(in the ambient space). This agrees with Problem 1 in [MMY12], and with the result of
(Gha] that is proved for s = 1.

8. PROOF OF THE MAIN THEOREM

8.1. Dynamics on PIETSs. Note that PIETs form an invariant finite-dimensional se-
quence of local manifolds P, € MY _ at the orbit {R"T'}. Let p, be permutations from
Lemma 6.1 associated with the n-th renormalization of T', note that they only depend on
the rotation number of T. Assume b, = p,(b) and let Pir € MP _ be a submanifold of
PIETs. Since renormalization of a Moebius IET is again Moebius, we have locally near an
IET T that

R(Py) € P

Proposition 8.1. (I) In assumptions of the Main Theorem, the orbit of T within PP
is hyperbolic, with | + (d — 1) unstable directions.
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(I) For any sufficiently small ||b||, there exists a PIET Ty € PL such that its orbit within
Pbn is hyperbolic, with | + (d — 1) unstable directions.

Proof. The first statement is proved in [Gha, Proposition 20]. Namely, since the total
nonlinearity of the maps in P? is zero, PIETs converge to AIETSs. Since the boundary is
preserved, these AIETs will also have zero boundary. Inside the distributions V7, that
correspond to AIETSs with zero boundary, renormalization operator has [+ (d — 1) unstable
directions by the assumptions.

Second statement holds true due to structural stability of hyperbolicity in finite-dimensional
manifolds. Formally, we can easily construct a projection from P? to P? that is one-to-one
and close to identity, e.g. by post-composing f; with affine maps, and hence we can treat
R|p: as a small perturbation of R|pp. O

8.2. Extending hyperbolicity to analytic GIETs. The standard technique for show-
ing that analytic real GIETSs converge to PIETS is to use the Schwartzian derivatives (cf.
[GU23|). Namely, suppose that T" is an IET satisfying assumptions of the Main Theorem,
and let T be a real GIET that is n times renormalizable so that its renormalizations stay
in small neighborhoods of R*T" for i < n. Let J7' be the maps and a} be the points that

correspond to R™(7T'). In [GU23, Proposition 4.4.1, 4.4.2], the authors prove an exponential
decay of Schwartzians:
sup S(f1) < e(T)|Pu] sup S(T)
[a;,a;“'l] [0,1]
where |P,| is the maximal size of the intervals in the n-th dynamical partition associated
with R"T" (cf. [GU23, Proposition 4.4.1, 4.4.2]). Since we consider 7" € A for a compact
invariant set A, the latter decays exponentially.

Assuming that T'is sufficiently close to T', the Schwarzians S(f7') are well-defined analytic
functions on a fixed neighborhood Ux[0,1] © U.([0,1]) since renormalization improves
the domain. Hence their norms decrease exponentially and uniformly in all of U.([0, 1]).
Thus, the linear functionals DS(f;) are contracted exponentially, hence DR exponentially
contracts towards PIETs.

This proves part (1) of the Main Theorem. Furthermore, in view of Proposition 8.1, the
orbit of PIET T € P{ is hyperbolic with [ + (d — 1) unstable directions in M? . The
analyticity of the stable manifolds of T' = T and Tj, follows from the infinite-dimensional
version of the Hadamard-Perron Theorem [EIB99]. The C'** conjugacy follows from geo-
metric convergence of renormalization in this case in the standard fashion. This proves
parts (2), (3) of the Main Theorem.

The proof of part (4) of the Main Theorem is similar to the argument used in [Yam08,
GY22]. The local stable manifold of renormalization

W = Wi (T;) € ML,

is a complex analytic manifold. The orbits under the GIETSs of the endpoints 0, 1 move
holomorphically over W. Applying the infinite-dimensional Lambda-lemma [BR], we see
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that their closures move holomorphically as well, and are quasiarcs, the dynamics on which
is quasiconformally conjugate to that of Tj.
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