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GLOBAL INVERTIBILITY OF SOBOLEV MAPPINGS
WITH PRESCRIBED HOMEOMORPHIC BOUNDARY
VALUES

SABRINA TRAVER

ABSTRACT. Let X,Y C R™ be Lipschitz domains, and suppose
there is a homeomorphism ¢: X — Y. We consider the class of
Sobolev mappings f € WHn(X,R") with a strictly positive Ja-
cobian determinant almost everywhere, whose Sobolev trace coin-
cides with ¢ on 0X. We prove that every mapping in this class
extends continuously to X and is a monotone (continuous) surjec-
tion from X onto Y in the sense of C. B. Morrey. As monotone
mappings, they may squeeze but not fold the reference configura-
tion X. This behavior reflects weak interpenetration of matter, as
opposed to folding, which corresponds to strong interpenetration.
Despite allowing weak interpenetration of matter, these maps are
globally invertible, generalizing the pioneering work of J.M. Ball.

1. INTRODUCTION

Throughout this paper, X and Y will represent bounded Lipschitz
domains in R"™.

Geometric Function Theory, particularly within variational frame-
works [1, 8, [9, 10], and the theory of Nonlinear Elasticity [5], 12, 9]
studies elastic bodies X and their deformations f : X — R". Proper-
ties of these deformations correspond to physical phenomena, making
some classes of mappings better suited to the study of materials sci-
ence. Most notably, well-behaved deformations are injective (or at
least injective a.e.) because injectivity is essential for ensuring non-
interpenetration of matter.
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However, even C'-mappings f with strictly positive Jacobian de-
terminant Jy(z) = det Df(z) > 0, which are locally injective by the
classical inverse function theorem, may fail to be injective on the whole
domain. This failure may arise, for example, when different ends of the
domain are mapped to overlapping subsets of the target. The result is
self-interpenetration of matter, but it can be shown using Degree The-
ory that when the C! map f coincides with an orientation-preserving
homeomorphism ¢ : X — Y on the boundary of the domain X, this
cannot occur. More precisely, C' mappings f : X — R™ with strictly
positive Jacobian determinant are homeomorphisms from X onto Y
when flaox = ¥lox.

Replacing the C' maps, f and ¢, with Sobolev maps, injectivity
is generally lost (see example , but a weaker version of injectivity
(injectivity a.e.) is still maintained. Moreover, mappings that are in-
jective a.e., also known as globally invertible, are sufficient for physical
applications [2, [4 [T1]. We say a map f : X — Y is globally invertible
if
(1.1) Hy € Y : f7(y) is a single point}| = |Y|

Equation is often referred to as global invertibility [2] or invert-
ibility for a.e. y € Y because when holds, then a.e. y € Y has a
unique preimage.

Each map in the following class of deformations

L={f € WX, R"): Jp > Oace., f—pe Wy (X, R}

is globally invertible for p > n. The p > n case can be found in [2], and,
as we will show in Section [6] the p = n case follows from Theorem [1.2]
When p = n such maps are also monotone in the sense of Morrey [13]:

Definition 1.1. Given compact, connected metric spaces, X and Y, a
continuous map f : X — Y is monotone if f~'(yo) is connected for all
Yo €Y.

Monotonicity allows for weak interpenetration of matter. That is,
roughly speaking, squeezing a portion of the material to a point can
occur but not folding or tearing. We now introduce our main result:

Theorem 1.2. Let X and Y be bounded Lipschitz domains in R"
and ¢ : X — Y be a given homeomorphism in WH(X R"). If
f e WY(X,R?) with J; > 0 a.e. such that f —¢ € Wy (X,Y)
then

(1) [ has a continuous extension to the boundary of X, which we still
denote f
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(2) f maps X ontoY
(3) f: X — Z is a monotone map
(4) [: X =Y is globally invertible

Corollary 1.3. Let f be as in Theorem|1.4. Then there is a set Xy C
X of full measure such that f, when restricted to Xy, is injective.

The WP version of Theorem for p > n was proven by Ball in
1981 [2]. Though the results are similar, the conformally invariant case
p = n has one significant difference: for p > n, the boundary regularity
follows directly from continuity estimates for arbitrary Sobolev maps.
In the critical case p = n, such estimates break down, so we devise new
estimates by analyzing oscillation and applying a Sobolev embedding
theorem.

Even in the p = n case, slight changes to the class of maps may pro-
duce different results. As an example, Ball, Iwaniec, and Onninen [3]
previously studied weakly convergent sequences of W™ —Sobolev home-
omorphisms in the traction free setting. When boundary data is not
fixed, they showed that uniform equicontinuity may fail without ad-
ditional topological or variational assumptions [3]. In contrast, the
present paper relies on homeomorphic boundary data to prove many
properties of the map in Theorem [[.2] such as continuity up to the
boundary and global invertibility.

In section [6, we apply our result to solve an energy minimization
problem. Although the classical results of loffe [7] could potentially be
applied to this and similar settings, the singular behavior of the inte-
grand in combination with the assumption J; > 0 a.e. means a direct
proof is better suited to demonstrate the unique features of this func-
tional. Indeed, the proof relies on convexity, weak L] . convergence of
Jacobians, and an application of the Monotone Convergence Theorem.

The last section, [7] is reserved for examples. In particular, we show
the strict inequality Jy > 0 a.e. is essential. In Example m, if we
allow J; > 0, Theorem [1.2[(1) and (3) may fail, and even if f is also
continuous up to the boundary, as in Example[7.2] Theorem[1.2)(2) may
fail.

2. PRELIMINARIES

The domains in this preliminaries section need not be Lipschitz. We
say X is a Lipschitz domain if for each z € 90X there exists a neigh-
borhood U, of z and a Cartesian coordinate system & = {x1,...,2,}
in U, such that X NU, = {& € U, : x,, > f(21,...,2,_1)} for some
Lipschitz continuous function f : R*™! — R.
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We begin by introducing the Lusin N condition, which, when con-
sidering physical applications, ensures that our deformation f cannot
create material from nothing. Mathematically, for instance, its value is
in its ability to relate the Jacobian of our map f to a degree function,
which counts the number of preimages under f of a given point, while
accounting for orientation.

Definition 2.1. Let X C R" be open. A map f : X — R” satisfies
the Lusin N condition if for every £ C X with |E| =0, |f(E)| =0

If the preimage of a null set is a null set, we say f has the Lusin N~}
condition.

Remark 2.2. Any f € W'™(X,R") with J; > 0 a.e. has both the
Lusin N and N~! conditions. The former can be seen by applying [8,
Theorem 4.5] with |E| = 0 and the latter is proven in [0, Theorem
5.32).

To extend the map f to X continuously, we prove that each com-
ponent of the extended map is weakly monotone as defined below. We
denote (f — ¢)* := max{f — g,0}.

Definition 2.3. A real valued function v € W' (X)) is weakly mono-
tone if for every ball B C X and all constants m < M such that
(u— M)* — (m —u)* € Wy''(B) implies that m < u(z) < M for
almost every = € B.

One of the central tools used to prove properties of our extended
map f: X — Y is the topological degree

Definition 2.4. Let X be a bounded, open subset of R” and let f :
X — R” be a continuous map. Then for any subset B compactly
contained in X and p € R™\ (f(0B)), the degree of f at p with respect
to B is
deg(f.p.B) = ), sgnJy(a)
z€yp~—1(p)NB

for any C! map v : B — R such that |[¢(z) — f(x)| < dist(p, f(OB))
for all z € X.

See [0l [14] for properties of this degree function. The Lusin N con-
dition pairs nicely with the topological degree as seen in the following
theorem

Theorem 2.5 ([6], Theorem 5.35). Let D C R" be a bounded, open set,
and let f € WH(D,R™) be a mapping such that J; > 0 a.e. © € D.
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If v € L*(R™) then for every open set G C D such that |0G| = 0, we
have

/ vo f(2)J;(x)d = / o(y) deg(f, 9, G)dy
i .

We modify this equality in section [5| to help prove various properties
of our extended map f.

3. TOPOLOGICAL LEMMAS

Before beginning the proof of the main result, we present some lem-
mas that are purely topological. We denote an n dimensional ball (and
(n — 1)-dimensional sphere in R™) with center x and radius r as B, ()
(and S"~!(x) respectively).

Lemma 3.1. Let f : X — R" be continuous, y € R", and let K C X
be a component of f~(y) such that K C X. Then

(1) there exists rx > 0 such that for every r € (0,7rx), the compo-
nent U, of f~Y(B,(y)) containing K satisfies U, C X.

(2) if K' # K is another component of f~'(y) such that K' C X
then there exists rx g > 0 such that for every r € (0,7x k)
the sets K and K' are contained in different components of

fH(B(y))

Proof. (1) Since K is a component of f~!(y), it is contained in a single
component of f~!(B,(y)). Suppose for the sake of contradiction that we
can build a sequence r; > ry > --- such that r;, — 0 and W NOX #10
for all 7.

Let C' := M;U,, and observe that K C C and C N dX # (). More-
over, W is a decreasing sequence of compact, connected sets, so its
intersection is nonempty, compact, and connected.

As f is continuous, f(U,, N X) — f(C N X) as r; — 0, and since
f(U..NX) C B,,(y), it follows that f(C' N X) C {y}.

Now, K is a connected component of f~'(y), and it follows that the
connected component of C'N X containing K must equal K. Then we
can find an open neighborhood U O K such that UN((CNX)\ K) = 0,
and since K C X, there exists an open neighborhood V of K such that
VcX.

Now, U NV and C \ (U U V) forms a separation of C, but C is
connected, so this is a contradiction.

(2) Suppose there exists a sequence r; > 1y > -+ such that r; — 0
and components U; C f~(B,.(y)) such that U;NK # () and U;NK" # ).
As K and K’ are connected, K U K’ C U;. By part (1), for every
r € (0,7;) the component U, containing K U K’ satisfies U, C X.
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Define C' := N;U,,. By the same argument as in (1), C' is a nonempty,
compact, and connected set containing K U K’. However, since f is
continuous, it follows that f(C) C {y}. Therefore, C' is contained in a
single component of f~(y), which is only possible if K = K. O

We use the following lemma in the next section to prove that our
degree function is well-defined on certain subsets of our domain.

Lemma 3.2. Let ¢ : X — Y be a homeomorphism in Wh"(X,R").
Suppose f € WH™(X,R") is a continuous map on X such that flox =
¢lox. Let A C R™ such that AN @(0X) = 0 and let C C f~1(A) be
connected. Then C C X.

Proof. Suppose for the sake of contradiction that C' N X # 0. Since

f is continuous on X, we have o(C N dX) N f(C) # (. However,
f(C) C A, so this implies

0£o(CNOX)NJF(C) C p(0X)NA=0

which is a contradiction. O

4. CONTINUITY UP TO THE BOUNDARY

We rely on the fact that X is a Lipschitz domain in order to extend
f: X — R"”to X. Then, we study the oscillation of our map to obtain
an oscillation estimate. The oscillation of a map f over any subset of
the domain is defined:

Definition 4.1. Let A C R" and let f : A — R". The oscillation of f
over a set A is

osc f = sup{|f(z) = f(y)| : 2,y € A}

Remark 4.2. For any homeomorphism ¢ : X — Y, and any B,.(r) C X

we have é)s(c) p < 628((3 : . Moreover, this property also holds for any

continuous Sobolev map that is weakly monotone [§].

To prove that the extended map ]7 X - R” _is continuous, we
prove an oscillation estimate for the extended map f and then apply a
Sobolev embedding theorem on almost every ball where this estimate

holds.

Proposition 4.3. Let ¢ : X — Y be a given homeomorphism in
Whn(X,R"). Suppose f € WL (X, R™) with J; > 0 such that f — ¢ €
I/Vol’n(X7 R™). Then f extends continuously as a map f: X — R”.
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Proof. Let x € 0X and set y := p(x). Since Y is a Lipschitz domain,
there exists some 7, > 0 and a bi-Lipschitz map L, that maps y to 0
and B,, (y)NJY onto an (n—1)-dimensional hyperplane, {(y1,...,yn) €
B, (0) : y, = 0} and Ly(B,,(y)NY) = {y € B,,(0) : y, > 0}. Similarly,
we can choose some r, > 0 and Lipschitz map L, so that L,(xz) = 0
and L, maps B, (z) N 0X onto an (n — 1)-dimensional hyperplane,
{(x1,...,2,) € R" : x, = 0}. Further, r, can be chosen so that
¢(B,,(z)NX) C B,,(y)NY because of uniform continuity of ¢ on X.

We identify B, (x) and B, (y) with their images under L, and L,
respectively. Using a standard reflection argument, we can then define

_ {gp B,.(0) N {z, > 0}
TN (@ =)y — (@t ey —20)) By (0) N {2 < 0}

where ¢; denotes the coordinate functions of . Using the ACL char-
acterization, ¢ € W(B,_(0),R"). Then define

. f Brz (0> N {xn > O}
T=4% B {z, <0)

Now, f — @ = f — ¢ on B, (0) N {z, > 0} and 0 otherwise. Since
f =€ W™ (X,R"), we have f — 3 € Wy (B,,(0),R").

We will show that ]?Z for 1 < i < n is weakly monotone on B;(0)
for a.e. s € (0,r;). Let m < M be real numbers and assume that

vi=(f; — M)" — (m — f;)* € Wy"(Bs(z),R"). Then

Vﬁ' otherwise

{0 m<fi<M
Vv =

Let E denote the set where Vv = Vﬁ. Since ¢ is a homeomorphism,
the maximum/minimum of ¢; is attained on 0B;(0), so Vo = 0 when

fi = @i. Consequently, £ C Bs(0) N {z, > 0}, so Jp=J;>0in E.
Then

ﬂj~ x)dr = MJ r)dx
/BS(O) |Df(z)|” 7o) /E|Df(f)|" 72
§/EJf(a7)da:
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Now,

/J(fla"'afn)(x)d$:/‘](flaf%'"7fi—17vafi+1a~~->fn)dx
E

E

:/ J(f17f27-"7fi*17vvfi+17'-'7fn>dx
Bs(0)

because of how v is defined. Further, v € W, ™(B,(0)), so by Stokes’

Theorem, J(fl, fg, “e 7fi—17 v, fi—l—l; ces 7fn)dflf =0.
Bs(0)
Thus, we’ve shown Vv = 0 almost everywhere in B(0), which implies

v is constant, but since v € Wy™(Bs(0)), v = 0 in B,(0). Hence
m < f; < M almost everywhere in B;(0).
For each 1 < ¢ < n, f; is a real-valued weakly monotone Sobol@vv

mapping, all of which satisfy the following oscillation estimate osc( : fi <

osc  f;. Then, since norms in a finite-dimensional vector space are
aB'rz/Q(O)

equivalent,

n

0SC f<z 0sc ﬁ

Brz/Q(O) i=1 BT:E/Q(O)
< osc 7
< +Vn osc ~
Lastly, we use the Sobolev embedding theorem on spheres [8, Theorem
A.18] to demonstrate continuity. Indeed, let r € (0,7,/4). For a.e.
r<s<r;/2 we have

0sC ~< 0sC f
By (x) f - Bs(z) f

<Vn osc f

OBs(x)
. 1/n
s<an”“(/ |wa)
9Bs(z)

[oscg, (2) f]"
S

which implies that

souwAB(JDﬂ”
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Since the above holds for a.e. s € (r,7,/2) we can integrate as follows

r2/2 n re/2 _
/ lose, @ /1", < C(n)/ / \Df|"ds
r S r OBs(x)

Observe that the right hand side is equivalent to integrating |Df|”
over the annulus B,, ; \ B, so we have that

re/ n .
/ s /1", o O(n)/ \Df|"ds

s B’I‘;E/Q(x)
Thus for r € (0,7,/2) we have
- C -
(4.1 e < s [ IfP
By (x) log (i) B, /»(x)

and, in particular, f is continuous on B, (z) for a.e. r € (0,7,/2). O

5. PROPERTIES OF THE EXTENDED MAP

In this section, we exclusively work with the extended map in Propo-
sition which we still refer to as f. We prove that our extended map
f : X — R inherits some properties of ¢, such as surjectivity. How-
ever, as we will see in Example [7.3] maps defined in Theorem may
not have injectivity in the classical sense. Instead, such maps will have
global invertibility in the sense of Ball [2] and monotonicity in the sense
of Morrey [13].

A primary tool in this section is degree theory. Since we’ve shown
that f extends continuously to the boundary, we can use a well-known
property of the degree function that if f = ¢ on 90X then

(5.1) deg(f,y, X) = deg(ep,y, X)

for all y e R*\ 9Y

Another significant property of the degree function is the ability to
compute the degree over a disconnected set by computing the degrees
over each of its components:

Definition 5.1. [6, Theorem 2.7] Let U C R" be an open subset and
let f:U — R™ be continuous. Let U = U;enU; be a union of open and
mutually disjoint U;. Then

deg(f,y,U) := Y _deg(f,y,U;)

for any y ¢ f(0U)

First, we prove a useful application of Theorem This proof does
not require f to be continuous on X, so we've stated it in full generality.
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Lemma 5.2. Let ¢ : X — Y be a homeomorphism in W'"(X,Y).
Suppose f € WH(X,R™) with J; > 0 a.e. and f —p € WOL”(X, R™).
Let V. .C R™ be an open, bounded, connected set such that dist(9Y,V) >
0 and |0V| = 0. Let U be a connected component of f~(V). Then
U C X and for everyy € V,

(5.2) deg(f,y,U) = % /U Jp(x)dx

Proof. Since dist(9Y, V) > 0, we have that 9Y NV = {), so by Lemma7
UcCX.

First, we show deg(f,y,U) is well-defined for all y € V: As a con-
nected component of f~!(V'), U is both closed and open in f~1(V), so
oun f~1(v)=0.

This implies f(OU) C R™\ V. However, since f is continuous on X
and U C X, we have that f(oU) C f(U) C V. Thus, f(0U) C dV so
deg(f,y,U) is well-defined for all y € V.

Now, |0U| = 0 because |0V| = 0 and f has the Lusin N~! condition

by Remark 2.2l By Theorem
/ Jy(x)de = / deg(f,y', U)dy’
U n

which can be simplified to

/ Jy(x)di = / deg(f, o/, U)dy
U 1%

because f(U) C V, so deg(f,y,U) = 0 for any y € R*\ V. The degree
map is constant on connected sets [6, Theorem 2.3(3)], so for all y € V,

U

Remark 5.3. The conditions ¢ — f € Wy™(X,R") and dist(dY, V) > 0
are only needed so that U C X. If apriori we have U C X then the
same proof applies if f is a continuous map on X with Lusin N1
condition and V' is an open, bounded, connected set with |[0V| = 0.

Using the multiplicity function N(y, f, X) := #{z € f~(y) N X}
and its relationship with the degree function, we prove surjectivity and
global invertibility of f.

Lemma 5.4. Let ¢ : X — Y be a homeomorphism in W'™(X,Y). Let

f e Wh (X, R") such that f is continuous on X, f =y ondX and
Jy >0 a.e. Then f maps X onto Y.
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Proof. By (5.1), deg(f,y,X) =1forall y € Y, so by [6, Theorem 2.4],
Y C f(X).

To show the opposite containment, let y € R”\ Y, and assume, for
the sake of contradiction, that there is some x € X such that f(z) = y.

By Lemma [3.1] there exists some r > 0 such that f~(B,(y)) C X,
and, shrinking if necessary, we can choose r such that B,(y) NY = 0.

Using local invertibility of W™ mappings as in [6, Theorem 6.1]
there exists an open set U around y such that N(y/, f, X) > 1 for a.e.
y' € U. Consider the open set B,.(y)NU. Combining [6l, Theorem 5.27]
and [6, Theorem 5.34] we have

/ N, f, X)dy =/ deg(f,y', X)dy' =0
Br(y)NU Br(y)NU
where the last equality follows from ( because ¥y € f(X)\Y.
However, since N(y/, f, X) > 1 for almost every 3 € B,.(y) N U, this
implies |B,(y) N U| = 0, which is a contradiction. Hence, f maps X
onto Y.

U

Lemma 5.5. Let o : X — Y bea homeomorphism in WH™(X,Y'). Let
f e Wh(X R™) such that f is continuous on X, f = ¢ on 0X and
Jy >0 a.e. Then f is globally invertible.

Proof. We prove global invertibility by showing . Previously, we
saw that implies Y C f(X). Thus, for any y € Y, we have that
N(y, f,X) > 1. For the sake of contradiction, assume that the set
Yo :={y € Y : N(y, f,X) > 1} has positive measure. Then by [8]
Theorem A.35]

[ s = [ N s X+ [ N s 0> Y
X Y\Yo

Yo

However, because f and ¢ are W™ mappings that agree on 90X, it
follows from Theorem 2.5 that

/ Jf(a:)dzvz/ Jo(z)dx = |Y|
b be
which is a contradiction. Thus |Yp| = 0, so (|1.1)) holds. O

Proof of Corollary[1.3, Tt follows from Lemma [5.5 and f having the
Lusin N ™! condition that X, := X'\ f~!(Y;) has full measure in X. O

To prove monotonicity, we will consider interior points and boundary
points separately.
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Lemma 5.6. Letp: X =Y bea homeomorphism in W'™(X,Y'). Let
f e Wh(X R™) such that f is continuous on X, f = ¢ on 0X and
Jy >0 a.e. Then f~(y) is connected for ally € Y.

Proof. Let yo € Y and suppose that f~!(y) is disconnected with
components K, Ko,.... Since the K; are open and disjoint, there
are at most countably many of them. Since yy is an interior point,
dist(yo, f(0X)) > 0 and for sufficiently small r, f=1(B,(yo)) C X. Ob-
serve that £(01(Bu())) C Of(f~ (B, (1)) = OB, () by Lemmal54
Thus, yo & f(O(f*(B.(y))) and the degree is well defined on f~!(B,(yo))
and its components of which there are at most countably many. Let U;
denote the components of f~'(B,(yo)) that contain K;. We can now
use Definition 5.1 to write

deg(fa Yo, fﬁl<Br<y0))) = deg(fa Yo, UT) + deg(fa Yo, ‘/T)

By deg(f,yo, X) = 1 because yo € Y. Observe that X \
f1(B,(yo)) contains no preimages of yo under f. By [6, Theorem
2.1] and Definition [5.1} deg(f, vo, f~1(B.(%0))) = deg(f, yo, X). Thus,
deg(f,y0, 1 (Br(v0))) = 1.

By Lemma and

/ Jp(@)dz = | B,(y0)| deg(f, vo, Uy)

Thus, deg(f,yo, U,) > 0 and similarly, deg(f,yo, V;.) > 0. However, the
degree function is integer-valued, so deg(f,vo, f~*(B,(y0))) > 2 which
is a contradiction. O

To show the boundary case, we require an extra lemma.

Lemma 5.7. Let ¢ : X — Y be a homeomorphism in W'"(X,R").
Let f € WY™(X,R"™) such that f is continuous on X, fox = @lox, and
Jp >0 ae Ify€dY, zo= ¢ '(y), and K is a connected component
of f~H(y) then zy € K.

Proof. We proceed by breaking this proof into cases.
Case 1: Assume that K NOX # (. Then since flox = ¢|ox, we have
o(K)N f(K) # (. As K is a component of f~(y) then f(K) = {y}.
Since f(K) contains one element and intersects the set ¢(K), it must
be the case that y € p(K), so zo € K.

Case 2: Assume K N OX = 0 and, by way of contradiction, that
7o ¢ K. By Lemma there exists some 7 > 0 and component U of
f~YB,(y)) such that K C U and U C X. Using Remark [5.3

T [ s = destr.0.0)
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which implies deg(f,y,U) > 0, so by [0, Theorem 2.1] B,(y) C f(U).
Now, since y is on the boundary of a Lipschitz domain, B,(y) NY # ()
and B,(y)NR™\ Y # (). However, f(X) C Y by Lemma , so it must
be the case that B,(y) "R™\ Y = (), which is a contradiction. O

Corollary 5.8. Let ¢ : X — Y be a homeomorphism in Wh( X, R").
Suppose f € W'(X,R") is a continuous map on X such that Jy >0
a.e. and flox = ¢lax. Then for every boundary point y € OY, the set
fX(y) is connected.

Proof. Suppose that the open sets (U, V) form a separation of f~1(y).
Without loss of generality, say zo € U.

Let K be a connected component of f~!(y). By Lemma , Ty €
K, and since U is an open set containing o, U N K # (. As K is
connected, VN K = (). Since K was arbitrary, V = (). Therefore,
I Hy) U (flox) *{y} is connected. O

6. MINIMIZING A NEOHOOKEAN ENERGY FUNCTIONAL

As an application of our results, we use the Direct Method of Cal-
culus of Variations to solve a minimization problem for a Neohookean
energy functional:

EPIf] :_/B\Df\uji? a>0

The term Neohookean refers to the fact that EP[f] approaches oo
as Jy — 07. In physical applications, this condition represents how
an infinite amount of work is required to compress a finite volume of
material into zero volume.

Given a homeomorphism ¢ : X — Y, we can define an admissible
class of deformations

AL ={f e W(X,R"): J; > 0ae, f—p € Wy"(X,R")}

When p = n, Theorem shows that such mappings are continuous
on X, surjective, and monotone. Global invertibility is also shown but
will not be featured in this section.

The main result of this section is that there exists some mapping in
AP which minimizes E%[f] subject to AP:

Theorem 6.1. Let p > n. There exists an fy € A@ such that

fierng[f] = E[fo]

Remark 6.2. It follows from [2] and Theorem that when p > n,
minimizing E%[f] subject to A? is the same as minimizing subject to
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{f: X =Y :feWX,R"),J; >0 ae., monotone, and f = ¢ on
0X}.
Lemma 6.3. For sequences in AZ}, the energy functional is weakly lower
semi-continuous, i.e. for fp — f
liminf E[fy] > E|f]
k—o0

Proof. Assume { fi.} C A7 converges weakly in W"(X,R") to some f.
As the L™ norm is lower semi-continuous with respect to the weak

topology
IDf ]l < limint Dl

so to show the claim, it suffices to show

liminf {|(J fi) = = [[(1/)]

Now, since ¢t~ is convex for o > 0, for all € > 0 we have that

! ! (- T

61 G e T TUFrer S (Jf;a)

Additionally, J; > 0 a.e. and € > 0 implies that € L2(X).

-

(Jf +g)otl
By [9, Theorem 8.4.2], since Jy, > 0 a.e. the sequence of Jacobians
{J},} are weakly convergent in L, (X, R"™), so the following limit holds

loc

li —(Jfi—Jf) =0
B J e e e )

Combining the above with Equation [6.1] we see

o | 1
h?ii?f/x T = /X Jf+o)°

Since this is true for all € > 0, select a decreasing sequence of €,, \, 0
so that by Monotone Convergence Theorem

(0%

it | o7 2 ), o

Hence

li]gg}fE[fk] = li;gioglf/x (]ka|" + (J;k)o‘>

n, L
2/X<|Df| +J?>

= Elf]
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Proof of Theorem [6.1. The p > n case is proven in [2]. Let {fy} C A7
be a minimizing sequence. By lemma [6.3] E[f] < oo so J; > 0 a.e.
The remaining properties follow from Lemma [6.3] and the following
chain of inequalities completes the proof.

nf, Elf] < B[f)] < Hminf E[f] = inf, E[f]

7. EXAMPLES

Example 7.1. Let D be the unit disk in C and define a sequence of
disjoint balls By (k =1,2,...) with centers wy := 1 — % and radii 2sy,
where s;, := 107%. On each B, define
W +2(r — sp)e? s <1 < 28y,
Grlwg +re®) = L wy, + log(]:# speH < < s

wy + 2 r < skff’€4

We claim the map G : D — C

G(2) = {Gk(z) 2 € B, k=1,2,...

2z otherwise

is not surjective nor can it be extended continuously to S*(0) when we
allow the Jacobian to be 0 on a set of positive measure. First, observe
that

IGllwieme) < C+ D IIDGK(2)] 25,

k=1
<o+ oo+
<O+ 1 + =
k=1
<SCH+0)Y (10—’“+ﬁ) <0
k=1
so G € Wh?(D,C) and moreover, since lim G(z) = w for all w €

T—w

0D\ {1}, the trace of G on the boundary must also equal the identity
mapping. Thus, G — id € W, *(DD, C).

The mapping is clearly continuous on D but since G maps the centers
wy of each By to wy + 2, which has real part larger than 2, it fails to
be continuous up to the boundary. Additionally, since G(D) \ D # 0,
G is not a surjective map.
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Example 7.2. Let D again be the unit disk in C and define G : D — D
as

2(r —1/2)e?? 1/2<r<1

1—2r r<1/2

Observe that G is the identity on the boundary and J; > 0 a.e. How-
ever, for any point z € (0,1) x {0}, G7!(z) is the union of a single
point in D \ B(0,1/2) and a circle of radius ro € (0,1/2), causing
monotonicity to fail.

G(re?) =

Example 7.3. Consider the rectangle R = {(z,y) € R?: |z| < 1,]y| <
2}. Define H : R — R?

(w1, |71 |22) lzo| <1

L2 = o1, 20ea] — 1) + 2= faal) ol sgn(as) 1< Jaa] <2

Despite having an almost everywhere positive Jacobian and being the
identity on the boundary OR, H is not injective.
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