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Abstract

We classify edge-to-edge tilings of the sphere by congruent pentagons
with the edge combination a*b and with any irrational angle in degrees:
they are three 1-parameter families of pentagonal subdivisions of the Pla-
tonic solids, with 12,24 and 60 tiles; and a sequence of 1-parameter fam-
ilies of pentagons admitting non-symmetric 3-layer earth map tilings to-
gether with their various rearrangements under extra conditions. Their
parameter moduli and geometric data are all computed in both exact
and numerical form. The total numbers of different tilings for any fixed
such pentagon are counted explicitly. As a byproduct, the degenerate
pentagons produce many new non-edge-to-edge quadrilateral tilings.

Keywords: spherical tiling, almost equilateral pentagon, pentagonal
subdivision, earth map tiling, irrational angle.
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1 Introduction

A lot of progress has been made on spherical tilings in recent years. Non-edge-to-
edge multihedral tilings of the sphere by regular polygons have been classified in
[2]. Edge-to-edge monohedral quadrilateral tilings of the sphere have been fully
classified in [4, 9, 10, 11]. In an edge-to-edge tiling of the sphere by congruent
pentagons, the pentagon can have five possible edge combinations [12, Lemma
9]: a?b%c,a’be, a®b?, a*b,a®. Tilings for a?b’c, abe, a®b?,a® were classified in
[3, 8, 12, 13], whose methods were further extended by Cheung, Luk and Yan
to classify a*b-tilings in a preprint [5] of 174 pages. Our strategy was devel-
oped independently and does not rely on their case reductions, reconstruction
arguments or classification proof. Agreement between the two classifications
provides an independent verification.

The present paper treats pentagons with at least one irrational angle in
degrees; the sequel [7] treats the rational-angle case using number-theoretic

*Corresponding author (wang.eric@zjnu.edu.cn). Research was supported by National Nat-
ural Science Foundation of China NSFC-RGC 12361161603 and Key projects of Zhejiang
Natural Science Foundation No. LZ22A010003.


https://arxiv.org/abs/2412.08492v2

methods. This totally new strategy was designed for this last and the most
difficult a*b-pentagon case originally, though our papers applying this strategy
to quadrilateral case [10, 11] were completed earlier since the trigonometric
Diophantine equations for pentagons are much harder to solve.

Together, our two papers give a shorter proof (45 + 23 = 68 pages) and
provide four new results:

1. full geometric data for all prototiles;
2. 3D illustrations of every tiling type; (https://github.com/sphericalltiling?2)
3. explicit counts of the tilings admitted by each prototile;

4. new non-edge-to-edge quadrilateral tilings obtained from degenerate pen-
tagons.

An a*b-pentagon is given by Figure 1, with normal edge a, thick edge b and
angles «, (3, v, 9, € as indicated. The second picture is the mirror image or flip
of the first. The angles determine the orientation. Conversely, the edge lengths
and the orientation also determine the angles. So we may present the tiling by
shading instead of indicating all angles. Throughout this paper, an a*b-tiling
is always an edge-to-edge tiling of the sphere by congruent simple pentagons
in Figure 1, such that all vertices have degree > 3. We call such a pentagon
almost equilateral. We assume a # b and allow straight angles.
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Figure 1: Pentagons with the edge combinations a*b.

We use o™ g"24"3§"4 ¢ to mean a vertex having n; copies of «, ny copies
of B, etc. The anglewise vertex combination(s), abbreviated as AVC, is the col-
lection of all vertices in a tiling. Then the notation T'(16ade, 83%y, 2¢?) means
the tiling has exactly 16 vertices ade, 8 vertices 2, and 2 vertices v*, and is
uniquely determined by them. In general there may exist several different tilings
with the same set of vertices. Then we use {4a3v, 14ade, 632y, 435¢, 2ay3, 2v%Je
3} to mean that there are 3 different tilings.

When an almost equilateral pentagon is symmetric about an axis through
a, i.e. =1, 0 = ¢, it can be divided into two congruent quadrilaterals along
this axis, and the corresponding classification has already been completed by
[9, 10, 11]. We translate it as the following theorem.

Theorem 1. All symmetric a*b-tilings are:

1. A l-parameter family of symmetric a*b-pentagonal subdivisions of the
tetrahedron with 12 tiles T'(12ade,433,4~3) (see the first picture of Figure
4 and Table 1).



2. A sequence of unique symmetric a*b-pentagons with five angles (§, 1-—
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each admitting a symmetric 3-layer earth map tiling T (2m a7, 2m Bde, 2m yde, 2a™)
by f = 4m tiles for any m > 4, among which each odd m = 2k + 1 case
admits two standard flip modifications (see Figure 2):

T (4k aBry, (4k + 2)Bde, (4k + 2)yde, 2051 5,205 1) | and
T((4k + 2)a By, (4k + 1) B¢, (4k + 1)yde, aF 13, ok 1y 20k 5e) .

Figure 2: A symmetric 3-layer earth map tiling and its two standard flip modi-
fications.

The pentagonal subdivision introduced in [12] replaces each triangular face
of the regular tetrahedron, octahedron or icosahedron by three congruent pen-
tagons determined by a freely chosen point V' (see Figure 3). The exact range
of V was studied in great detail in [8]. Only when V is on the perpendicular
bisector of AB will the pentagon become almost equilateral (see Figure 4). The
parameter t in Table 1 represents the signed spherical distance of V' to AB.

Figure 3: Pentagonal subdivision of a regular triangle face.

Henceforth, we only focus on non-symmetric a*b-tilings. We will prove:
Theorem 2. All non-symmetric a*b-tilings with general angles are:

1. Two 1-parameter families of pentagonal subdivisions of the octahedron and
icosahedron with 24 tiles T((24ade, 8v3,63*) and 60 tiles T'(60ade, 2073, 123%)
(see the second and third pictures of Figure 4 and Table 1).



Figure 4: Pentagonal subdivision of the tetra-, octa- and icosa-hedron.

Table 1: The geometric data of three 1-parameter families of a*b-pentagonal

subdivisions.

Vertices and tilings
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2. A sequence of 1-parameter families of pentagons (whose geometric data are
given in Table 2 and shown in Figure 5) each admitting a non-symmetric
3-layer earth map tiling T(4m ade,2m B2y,29™) with 4m tiles for any
m > 4, among which each odd m = 2k + 1 case always admits a standard

flip modification: T((8k+4)ade, 4k B2, 48+* 1) (see Figure 6). Moreover,

e For f = 16, the unique pentagon with angles (%,?jf, 5,0, 37” —9),
cosd = 4%/5’ cosa = VV2—1, cosb=v2vVV2— 1, admits a unique
flip modification: T (8ade, 8aB?, 8vde, 2v*) (see Figure 7).

o For f = 8k +4 (i.e. m = 2k + 1) with any k > 2, the unique
pentagon determined by o = = 7 — 47” (in Table 2), admits a lot

more modifications (shown in Table 8 and Figure 8, 9).

Table 2: A sequence of l-parameter families of pentagons admitting non-
symmetric 3-layer earth map tilings.

3:7747"77:7"‘f:47:1,(mz4)
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e=2r —a—0d,cosa= 2 e 3 , cosb is given in Lemma 12.
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When a € (arccos(q — 2¢%), ), the pentagon is convex.
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When f =16 and o = 0.6637, cosa = cosb ~ 0.779;
When f =20 and a =~ 0.6287, cosa = cosb =~ 0.776;
When f =24 and o = 0.57, cosa = cosb ~ 0.681;
When f = 24 and a ~ 0.5227, cosa = cosb ~ 0.706. (These 4 equilateral pentagons appeared in [3].)

a = 0457 a:;'. a = 1457
Figure 5: The 1-parameter family of non-symmetric 3-layer earth map tilings
with f = 16 for three particular parameter values.

The geometric data in Table 2 depends on the angle parameter o, and Figure
5 shows some examples in the family with f = 16: « is close to the lower bound

2arctan(y/—5 + 4v/2) ~ 0.437 in the first picture, is 7 in the second, and is



Figure 6: A generic non-symmetric 3-layer earth map tiling and its standard
flip modification.

Figure 7: A special flip modification when f =16 and a = § = 7.

Table 3: Various modifications of the non-symmetric 3-layer earth map tiling
with a == (1— %)ﬂ', f =8k +4, k> 2 if both ade, Bde appear.

Vertices and tilings

AVC 1 {4apBy, (8k — 2)ade, (4k — 2) 527, 48d¢, 207FFT 27F5e - 3}

AVC 2 T(2a27, 6a3y, (8k — 6)ade, (4k — 4)B2, 630¢, 4v*d¢)

AVC 3 T(2a27, 4a By, (8k — 6)ade, (4k — 4)B27, 835¢, 2ay*+1, 2v¥5¢)

AVC 4 T(2a%y, 5037, (8k — 6)ade, (4k — 4)B%y, TB5e, ay*+1, 3~ 5e)

AVC 5 {2a%y, 6By, (8k — T)ade, (4k — 5)3%y,8Bd¢, ary*+1,3¢%je : 2k — 2}

AVC 6 {4a*y, 6087, (8k — 10)ade, (4k — 6) 3%y, 1085¢, 4yFde : 2}

AVC 7 {402, 7aBy, (8k — 11)ade, (4k — 7) 5%y, 1130¢, 4v* ¢ : 3k — 5}

AVC 8 | {4a°y,8a/37, (8k — 12) ade, (4k — 8)B%y, 1285¢, 4v"de: (2(k — 1)(k —2) + [ E](k — [E])}

Figure 8: The only UFO for a tiling with AVC 1 and 60 tiles.



AVC 3, 3 UFO AVC 4, 3 UFO AVC 5

AVC 6, 4 UFO AVC 6, 4 UFO AVC 7,4 UFO AVC 8, 4 UFO

Figure 9: All modifications for the non-symmetric 3-layer earth map tiling with

20 tiles and o = § = 4?".



close to the upper bound 37” in the third. Note that the pentagon in Figure 7

corresponds to the parameter o = 7 in this family.

All tilings in Table 3 contain at least one special block called a UFO. Here
we use UFO (Unidentified Flying Object) to denote the symmetric 4-tile patch
bounded by the blue lines in Figure 8, since it looks like a flying saucer or
spaceship. Any UFO contains two e in the interior and is centrally symmetric
together with two mirror symmetries. Figure 9 shows all tilings with f = 20
and 8 types of AVC in Table 3, where the number of UFOs is also counted for
each tiling by playing with the 3D pictures in GeoGebra®. Note that only AVC
5,7,8 in Table 3 will admit more different tilings as f = 8k 4+ 4 becomes bigger.
However there are still only 4 UFOs for all these tilings with AVC 7,8, and only
3 UFOs for all these tilings with AVC 5. For all other AVC in Table 3, the
number of different tilings and the number of different UFOs are the same as
Case f =20 in Figure 9.

A sequel [7] of this paper will handle a*b-pentagons with all angles being
rational in degrees by solving some trigonometric Diophantine equations, to
complete our full classification of edge-to-edge tilings of the sphere by congruent
pentagons. It turns out that there are no more new prototiles, nor new tilings.
Therefore, this paper, its sequel [7], and the earlier papers [12, 13, 3] together
give all edge-to-edge spherical tilings by congruent pentagons. This is in sharp
contrast to the quadrilateral case [10], where there is an abundance of tilings of
quadrilaterals with all angles being rational.

Outline of the paper

The basic facts of tilings and basic techniques for complete classification are
presented in Section 2, including some technical results specific to a*b-tilings.
We call a vertex with three a-edges an a®-vertex, and a vertex with two a-edges
and one b-edge an a?b-vertex. Tilings with two different types of a?b-vertices
are studied in Section 3. Tilings with only one type of a?b-vertex are studied
in Section 4, 5 and 6. The non-edge-to-edge quadrilateral tilings induced from
degenerate pentagonal tilings in this paper are summarized in the last section.
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2 Basic Facts

For the basics of tilings, we adopt the definitions and conventions in the books
by Griinbaum and Shephard [6], and by Adams [1]. Angles are in units of =
radians, except in Lemmas 11 and 12, where they are in radians. All side lengths



are in radians. So the sum of all angles at a vertex is 2. We present some basic
facts and techniques in this section.

Let v, e, f be the numbers of vertices, edges, and tiles in a pentagonal tiling.
Let v; be the number of vertices of degree k. We have the following basic
formulas in [12].

f=12+2) (k—3)vp =12+ 204 + dvs + 605 + -+ , (2.1)
k>4

v3 =20+ Y (3k — 10)o = 20 + 204 + 505 + 8vg + -+ - . (2.2)
k>4

So f > 12 and v3 > f+ 8 > 20. The equality (2.2) shows that most vertices
have degree 3.

Lemma 3 ([12, Lemma 4)). If all tiles in a tiling of the sphere by f pentagons
have the same five angles a, 8,7, 6, €, then

a+tf+y+i+e=3+7,

ranging in (3, ?] In particular no vertex contains all five angles.

Lemma 4 ([12, Lemma 1]). Any pentagonal tiling of the sphere has a “special”
tile, such that four vertices have degree 3 and the fifth vertex has degree 3, 4 or
5.

Lemma 5 (Parity Lemma, [13, Lemma 10]). In an a*b-tiling, the total number
of ab-angles (i.e. 6 and €) at any vertex is even.

In a tiling of the sphere by f congruent tiles, each angle of the tile appears f
times in total. If one vertex has more « than /3, there must exist another vertex
with more 8 than «. Such global counting induces many interesting and useful
results.

Lemma 6 (Balance Lemma, [11, Lemma 6]). In an a*b-tiling, if either 62 - -
or €2--- is not a vertex, then any vertex either has no d,€, or is of the form

de--- with no more 6, € in the remainder.
Lemma 7. In an a*b-tiling, an a®-vertex and an a?b-vertex must both appear.

Proof. By Lemma 4, we know that either §--- or e--- is an a?b-vertex. If there
is no a3-vertex, then every degree 3 vertex is an a?b-vertex. By the equations
(2.1) and (2.2), we have #§ + #e > 2v3 > 2f in the tiling, contradicting
#O+ #He=2f. O

The very useful tool adjacent angle deduction (abbreviated as AAD) has
been introduced in [12, Section 2.5]. We give a quick review here using Figure
10. Let “I” denote an a-edge and “I” denote a b-edge. Then we indicate the
arrangements of angles and edges by denoting the vertices as |51516151. The
notation can be reversed, such as |BI81516] = 16151818l; and it can be rotated,
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Figure 10: Different Adjacent Angle Deductions of 3252,

such as IB1316161 = 181515181 = 16131815]. We also denote the first vertex in
Figure 10 as slg---, 618l---, Bl5---, 1516181 ---, and denote the consecutive
angle segments as 15, 16151, 518, 1616181

The pictures of Figure 10 have the same vertex 131816161, but different ar-
rangements of the four tiles. To indicate the difference, we write *6* to mean X, u
are the two angles adjacent to 6 in the quadrilateral. The first picture has the
AAD [23919 318 €1€5P|. The second and third have the AAD |*3%1* 3018 5€l€5P|
and 1°3%1%3°18¢1¢6°| respectively. The following useful lemma is from [12,
Lemma 10].

Lemma 8 ([12, Lemma 8)). Suppose an angle 6 does not appear at degree 3
vertices in a tiling of the sphere by pentagons with the same angle combination.
Then one of {0%,603p,05} is a vertex, where p # 0.

Lemma 9 ([9, Lemma 2.4]). In an a*b-tiling, the following inequalities hold.
1. If e <1, thena+28>1 and a+ 2y > 1.
2. If 5,0 <1, then 2a+~v > 1 and v+ 2¢ > 1.
3. Ify,e <1, then 2a+ 3 >1 and f+ 26 > 1.

Lemma 10 ([13, Lemma 2]). In an a*b-tiling, B > v is equivalent to § < e,
and B < 7y is equivalent to § > e.

Lemma 11 ([5, Lemma 18]). If the angles o, 3,7, 9, € and the edge length a of
an almost equilateral pentagon satisfy a € Zx, then

[((1 = cosB)sin(6 — ) — (1 — cosy) sin(e — Fa)) sin 3(6 — €)

— (1 —cos(B—"))sin2asin(6+¢)]cos2(6 +e—a) =0, (2.3)
sin Zasin £(8 — 7)(sin 2 Bsin d cos a — cos 33 cos §)
+ sin 3ysin $(6 —€) cos 3(6 + € — @) = 0, (2.4)
sin 2asin 2(8 — 7)(sin 2+ sin e cos a — cos 37 cose)
+sin$3sin (6 — €)cos 3(6 + e —a) =0. (2.5)

Conversely, if a, 8,7, 0, €, a satisfy the three equalities, and o, 8 — vy & 277, and
one of d,¢ & Zm, then there is an almost equilateral pentagon with the given
a7/87’>/75767a'

10



Lemma 12. Given «, 3, v and a, the following formula solves b:

cosb = Bycos*a+ Bscos®a+ Bscos?a+ Bycosa+ By (2.6)
By = (1—cosa)(l—cosB)(1—cosv)
B; = —Bj=sina(sin(8++v)—sinf —sinvy)
By = cosa(cos(f—7)—cosf —cosy—+1)—2cosBcosy+ cosf + cosy
By = cosfBcosy— cosasinfsin-y.

The proof is similar to [12, Lemma 11].

A vertex a™ "24"3§"4 ¢ can be effectively represented by its vector type
n = (ng,n2,n3,n4,n5) € N°. For convenience, both representations will be
alternately used later.

Lemma 13 (Irrational Angle Lemma). Given three different vertices k,l,m €
N° in an a*b-tiling with any irrational angle and f tiles, if k,I,m and u =
(11111) are linearly independent, then any other vertex m belongs to

2f

N°N3di sional affine subs taini k.l L .
1mensional atiine subspace con almng{ ,L,m, 3f + 4u}

In particular, the square matriz of k,l, m,u,n has zero determinant.

Proof. By Lemma 3 and the vertices k, [, m, n, the angles satisfy a linear system
of equations with the augmented matrix

1 1 1 1 1 3
ki ke ks ks ks
C=114L lo I3 1y s
myp M2 M3 M4 Ms
ny N2 M3 N4 Nj

SIS

O MO NN

If n is not a linear combination of k,l,m,u, then the system has a unique
rational solution, a contradiction. Therefore, the last row of C' must be some
linear combination of the other 4 rows, which implies that n lies in a three-

dimensional affine subspace containing 4 points k, I, m, %u. O

Since there is no b-angle, any degree 3 vertex is either an a3-vertex:
{0®,a®8,a%y,aBy, a8, av?, 5%, 8%, 677,77}
or an a’b-vertex:
{ad?, ade, ae®, 362, Bde, Be*, 62, yoe, e’ }.

Lemma 14. A non-symmetric a*b-tiling with general angles can have at most
two different types of a’b-verte.

11



Proof. For a?b-vertices with no a, Lemma 5 in [13] implies that there are at most
2 different types of such vertices, and that the only possible combinations of two
such vertices are {362, ve2}, {Bde,ve2}, or {B6%,vde}. Up to the symmetry of
exchanging 3 <> v, § ¢ ¢, it is enough to consider {362, ve2} or {Bde,ve?}.

If an a?b-vertex has «, then it is ad?, ade or ae?. These three vertices cannot
appear simultaneously (otherwise 0 = ¢ and the pentagon is symmetric). We
only need to show that the following six combinations of three a?b-vertices are
impossible:

1. ade, 62, ve? 2. ade, Boe, ve> 3. 62, 362, ~ve?

4. 0%, Bde, ye? 5. ce?, 862, ve? 6. cve?, Ble, ve?

Table 4: All possible cases with three a2b-vertex types.

‘ Vertex ‘ Angles ‘ Irrational Angle Lemma ‘ AAD ‘ Contradiction ‘
ade, 302, 7€ (%-%—%,2—2(54—1-%—25-%-%.5,%—5—%) 2ng +ng = 2ng +ny PBPsI6P | af--=aBy=d=¢
ade, foe,ye® | (1-26+ T'lf -2+ jif 5+ 3501 - e T4f) 201 + 2ng + ns = 2n3 + 3ny yabeler] No ay--- by the
a0, 3%, ye? (ff 30 éf + E‘Z —2¢,1— %e - %, €) 2nq + 2ng 4 3ng = 6ng + nyg irrational angle lemma
ad?, ;3(5?.75? (226, % + % -1+20+ %.5,% —-0- %) 2y +ng =203 +ny M aPlP5e1€671 No 3%

R (§5+§.2—25, %5+%.6,1—%6—%) 2n1 +2n3 + 3ng = 6ny + 5 | P’ PPN Noq2--
aé?, foe, v (%+§,37(5+%,%+§,5.1—%) Ny =ny [y TP No 62

Case 1. {ade, 352, v€?}

We will explain the first row of Table 4. The AAD of 1°32185¢16°| gives a3 - - -,
denoted by m with ny > 1,n, > 1. By the irrational angle lemma, we have
2ng9 +ns = 2n3 +ng > 2. Let R(af---) denote the remainder or “---” part
of the vertex af---. By the angle expressions in Table 4, we get R(af---) <
20,0 + €, 2¢, 2. By the parity lemma, we must have n, = n5 = 0. By the parity
lemma, we have ng =1, i.e. af--- = afvy. This new vertex implies f = 12. By
the angle equation (2.3) in Lemma 11, we get § = € = %, a contradiction.

The other five cases also lead to contradictions similarly following Table
4. O

In fact, the above proof also induces the following two lemmas.

Lemma 15. In a non-symmetric a*b-tiling, if there are only two a?b-vertex
types, then it must be one of the following (up to the exchange 8+ 7y, § <> €):

1.862%, v 2.B88e,ve®>  3.a0%, 562  4.ad%, B0 5.ad%, B2 6.a0%, 702
7.a0%,y0e  8.a0%, 7€ 9.ade, 6% 10.ade, Be2  11. ade, fde

Lemma 16. In a non-symmetric a*b-tiling, if there is only one a*b-vertex type,
then it must be one of the following (up to the exchange 5 <> 7, 6 <> €):

1. ad? 2.86%  3.46°  4.ade  5.[de

12



3 Tilings with two a’b-vertex types

To facilitate discussion, we denote by T; the tile labeled ¢, by 6; the angle 6 in
T;. When we say a tile is determined, we mean that we know all the edges and
angles of the tile.

For the eleven pairs of a®b-vertices in Lemma 15, this section will show that
only {ade, fde} admits tilings.

Proposition 1. There is no non-symmetric a*b-tiling with general angles, such
that both members of any one of the first ten pairs in Lemma 15 are vertices.

Proof. For each pair of a2b-vertices, we will first apply Lemma 8 to get a new
vertex, then apply the irrational angle lemma to control the AVC, and finally
try to get a contradiction by the AAD. We summarize such computations and
deductions in Table 5 and 6.

For example, when {ad?,ve?} are vertices, if 3 does not appear in degree
3 vertices, by Lemma 8, one of {af33, 3%y, 3%, 35} must appear. If 3 appears
in a degree 3 vertex, by Lemma 14, this vertex must be an a3-vertex i.e. one
of {a?B,a8%, aBy, 3%, 8%y, By*}. Applying the irrational angle lemma to each
case, we get the first ten rows of Table 6 for the pair {ad?, ve?}. We show the
case {ad?,ve?, B2} in detail.

By the irrational angle lemma, we have 6nq + 2nsg = 4ns + 3n4 + n5. The
angles are

2 46 16 4 26 8 1 0 4

e’ , B 3 + 3 + 3]“ y € + -+
The AAD of ["aPlP5€1<6°| gives 5% ---, denoted by n with ny > 2. By
R(B2 <) < a+,4y and 6ny +2n3 = dna+3ng+n5 > 8, we get ny > 2,n3 = 0.
Then 4ny +3n4+ns = 6ny > 12. So we get (ne —2) +ny4+ns5 > 1, contradicting

20+ 30 > 2,2+ 28+ > 2 and 2a+ 28 +€ > 2.

Therefore, Case {ad?,ve?, 3y} admits no tiling.

When the new vertex is afy, 53, 8* or 5°, we actually deduce a combina-
torial tiling of the sphere. However, there is no solution to (2.3), (2.4), (2.5)
in Lemma 11 (see also [5, Proposition 20]), i.e. there are no such pentagons
geometrically.

All other pairs are discussed similarly by Table 5 and 6. O

Proposition 2. All non-symmetric a*b-tilings with general angles, such that
ade, Bde appear as vertices, are the following:

o A unique tiling T (8ary?, 8ade, 835¢,23*) (see the second picture of Figure
1133

7) with f = 16, by the unique pentagon with angles (5,5,7,5 — €€),

cos(em) = 1/\‘75, and with sides cosa = V2 — 1, cosb = V2V V2 — 1.
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Table 5: All possible cases with two a?b-vertex types, part one.

Vertex Irrational Angle Lemma AAD Contradiction
o283 ny +ng = 2ny . No ay--- by
af 4ny + ny + 3ns = 2ng + 603 [yl edlPerl the irrational
a’f 2ny + 2n3 + 3ng = 6ng + ns angle lemma
ay ni +ns = 2ns

B6%, 7€ | ay ( 4ny + 3na + ns = 6ng + 2n3 19 ge185e1°6%1 Noag---
a’y 2n1 + 2ny + 3ns = 6ng + ng
afy No solution to
o 2ny + ns = 2n3 + ny (2:3), (24), (25)
ot in Lemma 11
a”
af’ 2n1 4+ ns = ng + 2n3 No ay---
o5 G+ 2n1 + 3ny + ng = 4na + 2n3
afy 2ny + ns = 2n3 + ng
BT E+3 2n; + 5ny4 + ng = 6ng + 2ng
30, ve? | oy [eyalredlPerl
ay” No §2---
ary ng = ny
a
o
a’
a’y
aBy (2—-26,2—-26,-2+46,6,1 -6+ if) 2ny + 2ng + ny = 4nz + ny
By
‘T(;:, (2-20,2~26,6,0,—1+25 + if) 2n1 + 2ng = ng + nqg + 2ns
ad?, B5? ;1'_ -
72,? (2-25,2-20,%,6-1+ 2 +4) 6ny + 6ny = 2ng + 3ny + Tns
e 2-202-20,2.0-3+3%+0)
AT (2-252-25, ,(5.7-§+35+}) 2ny +2ny = ny + 3ns
7 (2-252-25,2.6,-L+30+7) [ aB1Ase 1§81 No ...
2 ). 2ny + ng = 2n3 + nyg
2n; +ng = 2ng + ny
2n; + 4ny = 2ng + ny + 3ns
2n; + 6ny = 2ng + ny + Sns
ad?, Bde
ng =ns
2 =3 + nq lepgolredlPerl No~§---
[ 35 6n1 + 2ny = 4dnz + 3ng + ns
: : | R V] B No ae---
- { 3 2n1 +ng =20y +1 —
By C-%,2-550,1-511) M1 = e
ad?, B | a%y (2-25,4-65+ 30— %) 2ny + 6ng = 4dng + ng + 3ns
B p 2ny =ng +ns
ar 611 + ns = 2no + 2n3 + 3nyg No 32...
By E ‘7) 2ny + 2n3 + 3ns = 6ng + ny
T T 7
Y (2—25—1+°o+f§ﬁ;— -7
! 2n;1 + ns = 2ny + ny
o Q-2 -2+2+5205L-0-3) ! 2
(2—26,-2+46,2—-26,6,1 -6+ }i) 2ny +2n3 +ns = 4ny +ny
(2-26,6,2-26,6,-1+20+%) 201 4 2n3 = ngy + ny + 2n5
ad?,y6% tseress No €?
6n1 + 6ng = 2ns + 3ny + Tng | 071761671
2n1 + 2ng = nyg + 3ns
2n1 + ns = 2ng + ny No B2---
2ny +n3 = 2ng + ny
2ny + 4ns = 2ny + ng + 3ns
2n; + 6ng = 2ng + ng + 5ns
ad?,yde {
af Noe2---
af n3 =ns
53
il
&}
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Table 6: All possible cases with two a?b-vertex types, part two.

Vertex Angles Trrational Angle Lemma AAD Contradiction
(%zﬁ (2—26,-2+40,4 — 66 + 7.(5, —1+36 — %) 2ny + 6nz = 4ng + ng + 3ns af18geles°] No 82...
By 1 611 + 2ng = 4ng + 3ng + ns
af 2ny = ng +nyg
By ; ] ng +ns = 2n3 [eqredléer| No ay---
ad?,ye? [ af? 2-252.F+561--9) 611 +ns = 20y + 2n3 + 3ny
By (2-202-25—F, —4+65+ 7,63 -30 -1 2n1 + 2ny + 3ns = 6ng + ny
afBy (2-25,7.20—%.61-0+ 7‘) No solution to
5 95, 2 E3 )
5 =125 ) gy 4 s = 2 4 1 (2.3), (2.4), (2.5)
BT (2-29, 1 7 in Lemma 11
7 2-25,2,1 T B
a?y (B-0-%32-25,-1+20+%0,3+7) Ny + 2ng = 2n3 + ng Noaf---
aBy (l7%,2726.71+26+%.6.176+%) 2ng +ns = 2n3 + Ny
ay (4—46—7.2—2(5,—1+25+’7‘ 2+30+ %) 4ny + 2ng = 2n3 + ny + 3ns
ay (5-66—T72-25-1+20+7,6,-3+50+F) 6ny + 2ng = 2n3 + ng + o
ade, 36% | By (57(77‘17%,7.§+7.() 19321851671 No ¢
By Q-+ 7.5 1-71-7¢
By’ (i—f+‘7‘%+%‘§*7‘177.5) n =ns
”r" (,7(+*,‘+f§ R )
7 G-etistr31-79
7" (-e+5i+3.85-%9
Pz 13 n1+2n3 =2n3 +ns Nons---
afy o1 — 2ng + ng = 2n3 + ns
ay =, 0, — 37) 4ny + 2ny = 2n3 + 3ng + ns
ay 10— ‘7) 6ny + 2ng = 2n3 + dng + N5
ade, pe? | By -2 legolredlder]
! ! L ! 52...
By - No §
By’ L}% ny=ny
B +1
A ES
g .
v t7

e Many different tilings (see Table 8 and Figure 9) with f = 8k + 4 for each
k > 2, by the unique pentagon with a = =1 — % i Table 2.

Proof. If v does not appear at degree 3 vertices, by Lemma 8, one of {ay3, 873, v*,75}
must appear. If y appears in some a®-vertex, one of {a?y, a3y, ay?, %7, B2, 73}
must appear. In all cases, the irrational angle lemma implies ny = n5 and we

get Table 7. We discuss each case as follows.

Table 7: All cases when ade and [de appear.

‘ Vertex ‘ Angles ‘ Irrational Angle Lemma ‘ Conclusion ‘

a?y

afy (17%,17%7%,6,176+%) See page 18

B‘Z

« -

ge, 35 5 (7.7 1-1.62-0-%) See page 16
ade, Boe ’Vdd (é+%7%+%7§757%757%) ng =mns

ay 1,6 1,61_2¢53 6

3o G+4s+%3-365-0-9 See Table 9
q T 4T 41 3 [

v (T+7'77+7777677_6_7')
5 (3+£§+£§6§_§_£) S age 16

Y 5 7’5 2595 I €e page
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Case. {ade, 3de, 75}
If a™ ™23 is a vertex, then we have

2+ %)nl +(3+ %)HQ +2ng+ (- %)n4 =2.
Since ~° is a vertex, we get f > 12. We also have a = 3 > %,’y = %,5+e > 1—?.
This implies n; < 3,n9 < 3,n3 < 5,n4 = ns < 1. We substitute the finitely
many combinations of exponents satisfying the bounds into the equation above
and solve for f. By the angle values and the parity lemma, we get all possible
AVC in Table 8. Its first row “f = all” means that the angle combinations
can be vertices for any f; all other rows are mutually exclusive. All possible
tilings based on the AVC of Table 8 are deduced as follows. Note that the
AVC C {ade, Bde,v°} in the first row admits no solution satisfying the balance
lemma.

Table 8: AVC for Case {ade, 3¢, v°}.

f \ vertex

all ade, B6e, ~°

20 | a®y, apy, B2y, a®, By?, y%0e
60 o, a?B, ap?, g°

Table 8, f = 20.

We have the unique AAD ~° = [*~¢|@y¢|%y¢] ... By ae--- = ade and B2--- =
B2+, we can determine 16 tiles in Figure 12. This tiling is the non-symmetric
3-layer earth map tiling T'(20ade, 103%y, 2¢°). But there is no 3de in this tiling,
so it actually belongs to Section 6.

Table 8, f = 60.

We have the unique AAD for Bde = I317€®l€6P]. This gives a vertex ay--- or
~d - -+, contradicting the AVC.

In summary, Case {ade, Bde,y°} admits no tiling.

Cases {ade, Bde, 73}, {ade, Boe,v*} and {ade, Bde, ay?(By3)} are similar to
Case {ade, Bde,v°} and admit no tiling. We only give the AVC in Table 9, and
skip the details.

Case. {ade, Boe, ay*(Bv*)}

The angle sums of ade, Bde, ay?(Sy?) imply a = 3 = %,7 =1- %, S+e=2-8.
By 5 # «, we get f > 12 and 5 < . By Lemma 10, we have § > e¢. Then € < 1.
By Lemma 9, we know % = 2a+( > 1. This implies f < 24. We give the AVC
in Table 10. All possible tilings based on the AVC of Table 10 are deduced as
follows. Note that the AVC C {ade, e, ay?, 372} in the first row admits no
solution satisfying the balance lemma.
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Table 9: AVC for Cases {ade, e, v}, {ade, Bde,v*} and {ade, Bde, ay?(By3)}.

AVC for {ade, B¢, 7%} AVC for {ade, Bde,v*} AVC for {ade, Bde, av3(By®)}
f ‘ vertex f ‘ vertex f ‘ vertex
all ade, foe, v3 all ade, Boe, vt all ade, Boe, v, By3
24 | o*,0%B,0%8%, a3, 8 || 16 | oPy,aBv, 8%y || 20 | oPy,aBy,and, 8%y, B3, 206, 4P
60 a2ﬂ37 a362

Table 10: AVC for Case {ade, Bde, ay?(B+?)}.

f \ vertex
all ade, Bbe, ay?, By?
16 ot 0B, a?p%, af?, gt

Table 10, f = 16.

By the AVC, we know 3y --+,8---, ve--- and €?- - - are not vertices. If a?3? is
a vertex, we have the AAD for o252 = 8oV B3] 301 or 17 aP19 g7 P19 g,

The first case gives a vertex 42 ---. By a2, we get 4% --- = lal*y*|*y¢|. This
implies ye - - - is a vertex, contradicting the AVC. The second case gives a vertex
ay---. By ay?, we get ay--- = [7aP1%y¢l4l. This implies ve--- is a vertex,

contradicting the AVC. Similarly, we know a3, o3, and a* are not vertices.
Therefore AVC C {ade, Bde, av?, 72, 3*}. We have

(avﬁv’}/vé?e) = (%7%»%7% - 676)~

By the equations (2.3), (2.4) and (2.6), we get:

cosa=vVV2—-1, cosb=+v2v/vV2-1 (3.1)

(em) = 5
cos(em) = —,
V2
In Figure 11, the unique AAD

64 — |o¢ﬁ5|a65|aﬁ§|aﬂ§|

determines T%,T5,73,T4. Then asdy -+ = aodi€5 determines T5. Similarly,
we can determine Tg,T7,Tg. So dges -+ = a1pdgea or PBigdgez, which induces
two tilings in Figure 11 respectively. It is clear that flipping the lower half
of one tiling gives the other tiling. Their 3D pictures are given in Figure
7. The first tiling of Figure 11 is the non-symmetric 3-layer earth map tiling
T{16ade, 88v2,23*}. But there is no Ade in this tiling, so it actually belongs to
Section 6.

Table 10, f = 20.

By the AVC, we know 72---, ¥6---, ve--- and 6% --- are not vertices. If 53~
is a vertex, we have the unique AAD for 33y = [*3%|*3%|*3%|*4¢|. This gives
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Ea @ 5€a 5604 @ 56(1 eﬁ 656® ae(se 04656@ ae(se «
B B B B B B B B

Figure 11: For f = 16, T{16ade, 8372,28*} and T{8ade, 8 3¢, 8ary?,2/34}.

a vertex ad - --. By ade, we get ad--- = [7aP1851°€7]. This implies 72 --- is a
vertex, a contradiction.

If 237 is a vertex, we have the unique AAD for a?By = [7aP1° 3219 |y,
1Barlopdlegdlanel [7alld goley1d gl or 1Ba|opoloyel* 301, The first and sec-

ond cases give a vertex ad---. By ade, we get ad--- = [7aPlP51%7]. This
implies 72 --- is a vertex, a contradiction. The third and fourth cases give a
vertex B3 ---. By Bde, we get B --- = [°5I351%¢7]. This implies v --- is a

vertex, a contradiction.
If 3%y is a vertex, we have the unique AAD for a3%y = 18a71Ba71*301*~¢l,
"ol aB 10 gelene], 1 al 1P golYalleqel or 1Ba | 8018 a|*~¢l. The first case gives

a vertex By---. By aB?y, we get By--- = Ba7[7aP193%%~¢]. This implies
7%... is a vertex, a contradiction. The second, third and fourth cases give a
vertex 36 ---. By [de, we get 36--- = 198%1851%7]. This implies 4§ --- is a

vertex, a contradiction.

By the previous discussion, we know S --- is not a vertex.

If a3y is a vertex, we have the AAD for a3y = |*y¢l%a"lal. This im-
plies By--- or 2. is a vertex. This is a contradiction. Similarly, we know
a®, 0B, a35%, 0283, aBt, f° are not vertices.

Case. {ade, Boe, avy(afy, B*y)}

The angle sums of ade, 3d¢, a®y(a Sy, B?v) and the angle sum for the pentagon
imply
— B 4 — 8 — 4
oz—ﬂ_l—f, =7 5+e—1+f.

We have 1 > 8 > ~. By Lemma 10, this implies § < e. By the angle values
and n4 = ns, we have

AVC C {ade, Boe, %y, aB7, B2y, av ", By’ % 4% de,v5 ). (3.2)

By the balance lemma, aw%,ﬁw%,v% de or fﬁ must appear.

I .
Subcase. 77 is a vertex.

In Figure 12, the unique AAD of v = [l y5,1 - - - determines { tiles Ty, Tyry -« -
Then aqe--- = a10z¢ determines To; aqr€--+- = ay/09€ determines To.. Then
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B1B2 -+ = B1B27v3 and d1€o/ - - - = azdi€ar determine T3; aseg - - - = agdses deter-
mines Ty. The tiles Ty, T», T3, Ty together form a time zone. Similarly, we can
determine T3/, Ty, T3/, Ty. By repeating the process, we get the non-symmetric
3-layer earth map tiling T'(fade, gﬁQ% 2fy£). But there is no Sde in this tiling,
so it actually belongs to Section 6.

. . s I
Figure 12: The non-symmetric 3-layer earth map tiling T'(f ade, % B2y,277).

f+4

Subcase. gys is a vertex.

In the first row of Figure 13, the unique AAD of ﬂv% = |oyglaqsl - leqslo Bl

determines % tiles Th, T, -+ ,T53,Ty. Then R(Byy1---) = 7% and such

'y% determines % time zones (572 tiles). Then ayes - -+ = aydses determines

T5. These timezones together with 77 and 75 have % tiles, and form half of the

sphere with boundary vertices A, -+, A12. We have B5ys--- = %7 or 57%-

In the left of the second row of Figure 13, 8574 -+ = B58674. Then a5 --- =
asdger determines Tg, T7. Then R(Bvs---) = ’y% and such 7% determines
f% time zones (%—2 tiles). Then ad - - - = adeg determines Tg. These timezones
together with T, and Ty also have % tiles, and form exactly the other half of
the sphere. Its boundary vertices Ay, ---, Ajs can be glued with the Ay, ---
Ajs in the first row and form a tiling.

In the right of the second row of Figure 13, Bsv4--- = 57%. Then
R(Bsvys--+) = 7% and such 'y% determines % time zones (% — 2 tiles).
Then ase- -+ = asdge determines Ts. These timezones together with T4 and Tg
also have % tiles, and form exactly the other half of the sphere. Its boundary
vertices Ay, -+, Ao can be glued with the Ay, ---, Ao in the first row and
form another tiling.

These two tilings turn out to be equivalent after a rotation, and give the
standard flip modification T'(f ade, %ﬁQ’yAﬁ'y%) (see Figure 14 and 6) of
the non-symmetric 3-layer earth map tiling. But there is no Sde in this tiling,
so it actually belongs to Section 6.

3

Henceforth, we can assume

AVC C {ade, Bde,a®y,af, By, a7 s 75 de).
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Az Ay

Ag

Figure 13: The standard flip modification of the 3-layer earth map tiling.

Figure 14: The loop of edges dividing the sphere into two identical halves.
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f+a o,
Subcase. ay F is a vertex.

By the AVC, we get that €2--- is not a vertex. Then we have

av% = Pavleye] ..oy,
or Bavleyl. . ey |oye],
or 1Baleql ey @loqyel . |one]
or Balo~el. . loqel.
e In Figure 15, we have ay’™s" = 1Balleqgl - - 1eygl, which determines Ty, Tb,
T3, ---, Ty (% tiles). Then ages - -+ = aadses determines Tx; B2 - -+ = B2f576
determines Tg; aseg- - = asdreg determines Tr; Similarly, R(a1ysys--+) =

fyif_sm and such 'yf_812 determines % time zones (3f536 tiles). Then agds -+ =
agdaeg determines Ty.

By dges - - = [*7¢l .. 24€185¢1%€7] | we can determine Ty, - - - , Tho, altogether
determining % tiles. Then ageg- -+ = andiieg determines Ti1; Bgfi1--+ =
59511’)’12 determines T12; 11€12° " = 0111513612 determines Tlg. Then R(|B§§|5eg

loyel ... ) = 45" and such 4’5" determines L= time zones ((£ —2) tiles). Then
Qa7 = ayufy - = ayfry17 determines Th7; Ba€17 -+ = [4018€17 determines
Tis.
" . . a1 . _ i _
More I‘epetltl(f)ilf glve;:cile unique tiling with the AVC {4af, (f —6)ade, (5
4)B%7,486¢,2ay" 5,2y be}. In Figure 15, Ty, Ti7, Tig, Tig form a UFO (see
Page 8 for its definition and Figure 8 and 9).

Figure 15: ay’s = [8aleqal ... [eqel,

When f = 20, Figure 15 gives the second tiling with AVC 1 in Figure 9.

e In Figure 16, we have a’y% = laglysl- - [yg1~5l, which determines
Ty, -+, Ty (% tiles). Just like in Figure 15, we can also determine all tiles
except Tg, T7, Tg, Ty, which form a UFO and can be flipped.
One tiling is T'(2ay, 4837y, (f — 10)ade, (% —6)32, 830k, 20(7%,27% Je).
Figure 16 shows a tlhng with three UFOs: {T4, TS, Tg, T10}7 {T’67 T’77 Tg, Tg}
and {Tl, T4, Tlo, Tll}-
The other tiling has the AVC {2a27, 637, (f—11)ade, (g —7)3%y, 8 3¢, a’y% , 37% de}.
Flipping {Ts, T7, Ts, To} in Figure 16 gives three UFOs: {T5, T5, Tz, To}, {75,
1}7 Tg, Tg} and {Tl, T4, Tlo, Tll}-
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Figure 16: ay’s = 1Barleqa]. .. |eyalaqe],

When f = 20, Figure 16 gives the tiling with AVC 3 and the first tiling with
AVC 5 in Figure 9.

e In Figure 17, we have ay’*" = lagléygl - - leygloqgl- - 12y€l, which deter-

mines 11,15, , 13, Ty, -+ ,T5 (% tiles). Note that the position of 4 can
be any place not next to ;. Then just like in Figure 15, we can also deter-
mine all tiles except T7, Ty, Ty, T1g, which form a UFO and can be flipped.
So we get many tilings with the same AVC {2a?y, 6037, (f — 11)0&(56,(% —

fta f-a

7)3%y, 83d¢, aw%ﬁw%de} and T'(2a27, 5a37, (f—10)ade, (%—6)527, TB0e, ay s 3775 de).
Figure 17 giVGS a tlhng with three UFO: {T7, Tg, T’g7 T10}7 {T4, T’g7 Tlo, T11}

and {T1, Ts, Th4, Th5}. After flipping the UFO {T%, Ts, Ty, T10}, the new tiling

still has three UFO and the other two UFO are: {T3, Tg, To, T10} and {771, T,

T4, Tis}.

Asg CD
Az
A1 Ay As
A12 All
) "
Ag f A,
Ag

e

Figure 17: ay’ % = 18aleqal. .. |eqeaqe] ... Jane].

When f = 20, Figure 17 gives the tiling with AVC 4 and the second tiling
with AVC 5 in Figure 9.

e In Figure 18, we have ay’s = lay [*51245l - - - 1995l which determines
Ty, T3, , Ty (f;r4 tiles). Just like in Figure 15, we can also determine T5, - - - , Ty.
2 f+4
We have agyp -+ = oy, afy or ay™s .
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When agy; - - - = a2y, if aanyr = 1Pa 19817 ak?], this gives a vertex 3193 =
[9g|agolaye]. This gives a vertex dle---, contradicting the AVC. Therefore

aaoy; = aflee7ab?]. This gives a vertex B51%y .- = lal®3¥I*4¢l. Then we
have the AAD 6aes - - - = [982185¢1¢7] or 45 5e = 6421 - - - [¢42188¢19¢7]. Hence
we get Br7ys -+ = By or Bye---, contradicting the AVC.
Q| O |®
Boy
@)
: L4 B Q€ € 2
Figure 18: ay s = 1fa7|9¢l. .. 19| and aoy - - = a?.
When asvy; -+ = afy, just like in Figure 15, we can also determine all

tiles in Figure 19 which gives a tiling with the AVC {4ap7y, (f — 6)ade, (% —
4)B%y, 488,205, 2¢"5 5¢}. Tt has one UFO: {Ty, Ty, Ts, To}.

Ay

MECEEe

As A
pacac

A6®

Figure 19: a’y% = 1Bav|oyel .. 12y¢l and agyy - - = afy.

When f = 20, Figure 19 gives the first tiling with AVC 1 in Figure 9.
When asgy; -+ = a’y%, just like in Figure 15, we can also determine all
tiles in Figure 20 which gives a tiling with the AVC {4ap~, (f — 6)ade, (g —

4)B2, 488, 205" 2v'5 e}, Tt has two UFOs: {T1, Ty, T, To} and {Tb, Ts,
Tho, T11}

Ay

Lol e

Az A
pacac
Ag @

Az

Figure 20: ay’ s = [Ba719¢l ... 12| and agy; - = a5 .

When f = 20, Figure 20 gives the third tiling with AVC 1 in Figure 9.
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Henceforth, we can assume
AVC C {ade, Bde, a*y, afy, ,82’}/,’}/%56}.

[T
Subcase. 7 ® de is a vertex.

By the AVC, we get that €2-.- is not a vertex. Then we have four possible
AAD for 7% de:

e P L B [N L LIl B
or 19l 152 1B5 1P|,
or 192l syl eyclf510e],
oS Vil I L e IR L e N Rl
o In Figure 21, we have 7’5 de = 1995 - - 124£185¢19€] |, which determines
11,15, 13, , Ty (% tiles). Just like in Figure 15, we can also determine

all tiles in Figure 21 which gives the tiling T(2a2y, 63y, (f — 10)ade, (% -
6)5%7,686¢, 445" 8e). Tt has one UFO: {Ty, Ts, Tr, Tx}.

Ay
(o)l @l e
As)
As Ay

Ae
Az
Ay
As
Aoy

A2 Ay @

Figure 21: 475 e = [yl .. [ayelBseld ],

When f = 20, Figure 21 gives the tiling with AVC 2 in Figure 9.
e For the other AAD of 7% d¢, half of the sphere can be determined through
AAD. As shown in Figures 22, 23, 24, we get three different half spheres HS1,

HS2, HS3 from 1§1lealy§ -+ = 161 leal S - 159¢ ) or 161 lealoygl- - - Ieq @£l
or 161 leal sl - Ieq@longl - - - |9y§] respectively, but with the same boundary and
the same labeling of Ay, -+, Ajs. Similarly, the remaining half of the sphere

can also be determined by the AAD.

When f > 28, each of HS1, HS2, HS3 with boundary vertices Ay, ---, A1s
outside the parenthesis can be glued with any of HS1, HS2, HS3, including itself,
by matching the Ay, ---, Ayo inside the parenthesis.
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A12(As)
A1 (As)
10(As)

AQ(AG)
As (A7)

Figure 22: The half sphere HS1 from 75 de = 42| - - [cq2|85<19¢71.

Figure 23: The half sphere HS2 from 775" de = 64| - - [eq@ |y Bselo ],

Figure 24: The half sphere HS3 from 775" 8¢ = |4 .- [ane] ... [onelB5elden],
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There are two UFOs: {Ty,Ts,Ts,T7} and {Tg,T7,Ts,To} in HS1. There
are two UFOs: {Tg,T7,Ts,To} and {T5,T7,Ts,Ti0} in HS2. There are two
UFOs: {T%,Ts, Ty, T1o} and {T5,Ts, Ty, T11} in HS3. Whatever tiling is formed
by gluing these half spheres, there are always four UFOs in the end.

When f = 20, there is no HS3. Let HS2' denote the modification of HS2 by
flipping its UFO {7, T7, Ts, To}. Then HS1+HS1=HS2'+HS2’ gives the first
tiling with AVC 6 in Figure 9; and HS1+HS2=HS2+HS2’ gives the tiling with
AVC 7 in Figure 9; and HS1-+HS2’ gives the second tiling with AVC 6 in Figure
9; and HS2+HS2 gives the tiling with AVC 8 in Figure 9.

In conclusion, Case. {ade, Bde, a®y(aBy, 32v)} admits various modifications
of the non-symmetric 3-layer earth map tiling with f = 8k + 4, k > 2, sum-
marized in Table 3. In particular, we count the number of different tilings
associated to each possible AVC explicitly in this table. O

4 Tilings with a unique a’b-vertex type ad?, 36>
or v5°

Our strategy in the following sections is to first tile the partial neighborhood of
a special tile from Lemma 4.

Proposition 3. There is no non-symmetric a*b-tiling with general angles, such
that ad?, B62 or 62 is the unique a’b-vertex type.

Proof. Since € can not appear in an a?b-vertex (thus not in any degree 3 vertex),
the special tile must have a vertex of degree 4 or 5 at € and must have degree 3
vertices at the other four corners (see Figure 25).

By Lemma 8 and the parity lemma, we know that de® or €* is a vertex.

If a6? is the unique ab-vertex type, the partial neighborhood of a special tile
is shown in the first and second pictures of Figure 25. In both pictures d; - - - =
30102 determines T5. These two pictures show two possible arrangements of
Ty. In the first picture the degree 3 vertex 8173 --- = aBvy, B2y or Bv2. In the
second picture the degree 3 vertex 8183 --- = a32, 5% or 8?v. So three vertices
ad? + one of {§e3, et} + one of {aB?, aBy, 3, 3%y, 47?} must appear.

If 362 is the unique ab-vertex type, the partial neighborhood of a special tile
is shown in the third and fourth pictures of Figure 25. In both pictures d; - - - =
830102 determines T5. These two pictures show two possible arrangements of
T3. Then we have the degree 3 vertex (103 --- = (10304, which determines T}.
In the third and fourth pictures the degree 3 vertex af--- = o8, af? or afy.
So three vertices 392 + one of {de, €*} + one of {a?B, aBy, a3?} must appear.

If 462 is the unique a?b-vertex type, the partial neighborhood of a special
tile is shown in the fifth picture of Figure 25. In this picture §; -+ = 730192
determines T5, T3. The degree 3 vertex asf; --- = o28, a% or afy. So three
vertices 762 + one of {€3, €'} + one of {a?3, a8?, aBy} must appear.

For each combination of 3 vertices, we will apply the irrational angle lemma
and AAD to get Table 11. The proof is completed by the contradictions in the

4
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Figure 25: ad?, 62 or v2 is the unique a?b-vertex type.

last column of Table 11, similar to Proposition 1.

Table 11: All a?b-vertices are a2, 862 or ~v§2.

‘ Vertex ‘ Angles ‘ Irrational Angle Lemma ‘ AAD ‘ Contradiction ‘
ap? 611 + ns = 3ng + nz + 3ny "ol 1851681 111:52)1:’1 .a;xlxgkl)cyltcrlxl::ma
s5e3 | B O-F1-+Zy3+535-7 Ny = N3 - ] .
B (2-20,%2-1 %6 + %,6, 53— %0) 611 + ny = 4nz + 3ny I8 e P er]vedl No42---
» By (2-26,5 - +§5+7.5.§—§(5) 6ny + 4ng + ns = 8nz + 3ny
a0 By | (2-20-3+50+5.3-30- 7.0 30) | 6y +4ns+n5=8nz +3ny No gZ---
af (2—25,5,%4»%,6,%) 211 = ng + 1y alPgeles No .-
. B (2-260,3, ¢+ +%<5<%) 2n1 = ng + N4 !
< ek A-F1-9+5%5+73) e TN Perlelseredl NoA2---
By .0, 20y +ng = 2n3 + ny
By 4, 2ny +n3 = 2ny + ny a1 5I67 1 No 3%---
a?p B 3ny + ng + 3ng = 6ng + ns No By
5é [Tap ,0, 120, + 314 = 6ny + 8ng + 15 | 167 Peedl
362 afy 77 ny=ng
2B 5, %) ny +ng = 20y .
e [af + % 4ny + nyg = 2ny + 3ng Perredloer|vell No %+
afy (]7w+7.1——.7u§+47 ny =ns
RERNE ] 20, 4ny + 6nz + ns = 8ng + 3ny lesBle 10| red]
36t [Tap LR 0,0, % — 8ny + 3ny = 4ng + 613 + ng arete
~62 afy 3 3+ 53— z n1=ns [ P | No fe---
. n’/ﬁ E 7 : ,2—26,0, ; ny +2n3 = 2ny +ny PeleParlie) No 2.
€ aff (71+20+7.§7077,2726,6,. 2n1 +ng = no + 2ng
afBy (1—34»7.;3‘177‘%#»%‘%) ny = ny [y TP 5T<671 No fe---

5 Tilings with a unique a?b-vertex type [Bde

We divide the discussion into five cases in Figure 26, according to the location
of the vertex H of a special tile (indicated by e). The degree of H is 3,4 or 5.

Proposition 4. There is no non-symmetric a*b-tiling with general angles, such
that Bée is the unique a’b-vertex type and o8 is a vertew.
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Proof. By Lemma 8, one of {aBy, a?y, ay?, B2y, 872,73, a3, B3, 44,75} must
appear. In any of these cases, we have ny = ny by the irrational angle lemma.

If there is no degree > 4 vertex de---, by Bde being the unique a?b-vertex
type and ny = ns, we get §--- = de--- = Bde. Then #8 > #B6e + #a>p =
f+ #a?B > f, a contradiction. Therefore, we know degree > 4 vertex de- - -
must appear.

For each case of {a 3y, ay?, %7, B2, 73, av3, Bv3,+4*,7°}, we summarize the
computations of angle values in Table 12, excluding the symmetric (8 = ) Case

{Bde,a®B, a?v}.

Case. {Bd¢,a?8,~%}
The angle sums of 3¢, a?8,~3 and the angle sum for the pentagon imply

w @ e

Figure 26: Special tile for the edge combination a*

1 4 _ 4 8 _ 2 _ 2 8
—§+?,6—§—?,7—§,5+6—§+?.

By the angle values and ny = ns, we get §--- = B¢, a®de, ayde, §2€2 or a3fe.
If a?de is a vertex, then AVC C {Bde, 3,73, a*, a?d¢, 6%€?}. We have the
AAD I¢6%lal at o?8e. This gives a vertex 2--- or Bv---, contradicting the
AVC. Similarly, §%2¢2? and ode are not vertices.
If aryde is a vertex, then AVC C {Bde, a?3,v3, a®y, ayde}. We have the AAD

ayde = 1857 aPloyel or 185107V alley|. This gives a vertex aff--- =
[Pa”|Blal. This implies that 5% --- or Bv--- is a vertex, contradicting the AVC.
Therefore, we know de--- = [de, a contradiction. Then #8 > #pBde +

#a?B > f, a contradiction.

Case. {fd¢,a*B,av%}

The angle sums of Bde, a3, ay? and the angle sum for the pentagon imply

_ 8 —9_ 16 —1-_4 — 16
a—fa/B_ f,’y—l f76+€—f

By 8 # v, we have f # 12. By the angle values and n4 = ns, we get the

r+ s f—ds f—do e
AVC C {Bde,a?B,av*, a"s 1

2

where x = 0,1,2,--- ,L{L y=01,2,---, \_f+4j Then we know there is no
B%.-. and By--- vertex, which further implies that (by AAD) the AVC C

(Bde,a2B,a7?, arde,a’s y,at}.

4 £
v, at, a0 F € 5 ,a¥y0
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Table 12: Bde, o3 are vertices.

‘ Vertex ‘ Angles ‘ Trrational Angle Lemma ‘ Contradiction
aBy 1,2 41,2 ¢ s 4
By G+5l-F3+501-0+7%)
7 3 A1 6 56
B85y (g;r?fl,g*zy +§,6,375+1257)
ISP B O E N RN ETRR )
Bde, a*B B | B+ = L % ¥ ﬁjg‘ T o5+ ;fl) ng = ns No degree > 4 vertex de- - -
v G+31-F301-6+5)
v (g*%«f*f ~0-’*‘)+f>
7’ (%+%aj*7 aéﬁj*5+j)
AN P T X e

If ayde is a vertex, we have the unique AAD avyde = [7aPl2y€185¢1%€7]. This
gives a vertex aff - - - = [7aP17aP19 3. This gives a vertex 87 - - -, contradicting
the AVC. Therefore, we know de- - - = Bde, a contradiction.

The other cases lead to contradictions in a similar and much easier way. [

Lemma 17. In a non-symmetric a*b-tiling with general angles, if Bde is the
unique a’b-vertex type, then o3, a?v, aBy or ay? must appear. In each case,
three linearly independent vertices in Table 13 must appear.

Proof. By Proposition 4, we know that o?#3 is not a vertex. We divide the
discussion into five cases in Figure 26, according to the location of the vertex H
of a special tile. Our strategy is to identify three linearly independent vertices.

Case H=qay---

Let the first of Figure 26 be the center tile 77 in the partial neighborhood in
Figure 27. Since fde is the unique a?b-vertex type and H = o - - -, the degree

3 vertex €1 --- = [de determines T3, Ty. The two pictures show two possible
arrangements of T5. In the right-hand side of Figure 27, we have the degree 3
vertex (3105 - - - = [B105€6, which determines Tg.

Figure 27: H =y ---.

In the left-hand side of Figure 27, we have as3; - - - = a3% or afy, azyy - -+ =
a?y, afyoray®. By 8 # v, weget (asfi -+ ,azm -+ ) = (af? a’y), (afy,a*y)
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or (afy,aBy). If asfy -+ = agy; - = afy, then we get
H = {3, 0o a38,a%y,a%52, a0, 0%, a®, a* B, aty, a3 B2, 0262, a3de, a3 €?,
B0, Be?, a?y8?, alvye? ad’e, aded}.

In the right-hand side of Figure 27, we have asvy; -+ = agasyy, azfsy; or
a37y17y2. Each case induces the following H respectively:

H = {apy,07*, af?y, 0By, a7’, af®y,af?y?, aBy?, aByé®, afye’, an*, ay’6?,
ay?e, ay?e?}
or {a?y, vy, av6?, a'y, a?y6%, a’ye?, ay?6?}
or {a?y,ay, a? By, ande, ave?, oy, a3 By, a? B2y, a?y82, a~de, a’ye® ).

Case H=0,---

Let the second of Figure 26 be the center tile 77 in the partial neighborhood
in Figure 28. Since Bde is an a®b-vertex and H = f3; ---, we have the degree
3 vertex €1 --- = (3de, which determines Ty, T5. The four pictures show four

possible arrangements of T3.

Figure 28: H =01 ---.

In the first picture, we have a1 f3--- = 8% or af~y. In the second picture,
we have a3 - -+ = oy, afBy or ay?. If ai7vs - - - = a?v, we have

H = {aB? aBy,a?B% aB°, afy,afy?, 20%, pv6%, a2 B, aft, aBy, af??,
aB?6?, aB’e?, aBy?, aByé?, apye, 362, 82462, B2 6%}

3

In the third and fourth pictures, we have ajas - -- = o or a?y.

Case H =" ---

Let the fifth of Figure 26 be the center tile 77 in the partial neighborhood in
Figure 29. Since f(de is an a’b-vertex and H = ~; ---, we have the degree 3
vertex € --- = [de, which determines T3. The two pictures show two possible
arrangements of Ty. In the first picture of Figure 29, we have the degree 3 vertex
agfy - = ayB18s or ayfiys, which determines as. In the second picture of
Figure 29, we have the degree 3 vertex 194 - - - = Sde, which determines T5.
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Figure 29: H =, ---.

In the first picture of Figure 29, we have ajas - - - = o or a?v. In the second

picture of Figure 29, we have a;vs--- = a2y, aBy or ay?. Each case induces
the following H respectively:

H = {aBy,a?, aB®y,aBy?, ar®, Bv6%, 7262, v 0e, af, a4, aBy?, aByé?,
afve?, ant, an?8?, an? e, ar’e?, B2yd?, B2, 72 6%, v de}
or {a?y,ay, ay0?, aty, a?y6%, a®ye?, ay?5?, v6t, yide}
or {a?y, &y, By, ayd?, ayde, ave?, aty, a® By, a? By, a?v6°, a®yde, a’vye?,
a5762,7636,75262,7663}.

Case H=206;---

Let the third of Figure 26 be the center tile T} in the partial neighborhood in
Figure 30. Since (de is an a?b-vertex and H = §; ---, we have the degree 3
vertex € - - - = (de€, which determines Ty and Ts. The three pictures show three

possible arrangements of Tj.

Figure 30: H =67 ---.

In the first picture, we have o184 -- = aB? aBy. In the second pic-
ture, we have ayy3--- = o2y, afy or ay?. If a1y4--- = a?y, then By --- =
aB?, afBy, B2, %y, 472 In the third picture, we have asy; --- = afy or ay?,

aray - = o’ or ay.

Case H=¢;---

Let the fourth of Figure 26 be the center tile 77 in the partial neighborhood
in Figure 31. Since Bde is an a?b-vertex and H = €; - - -, we have the degree 3
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vertex dy - -- = Bde, which determines T5. The four pictures show two possible
arrangements of T5. In the second, third and fourth pictures, we have the degree
3 vertex 3103 - - - = Bde€, which determines T. In the second picture, we have the
degree 3 vertex aivyy -+ = a1asys, which determines a. In the third picture,
we have the degree 3 vertex a17y4--+ = 18574 , which determines T5. In the
fourth picture, we have the degree 3 vertex ay4 - -+ = @19475, which determines

Figure 31: H =¢;---.

In the first picture, we have asf3; --- = aff? or afy, aray - - = a® or a?y.
In the second picture, we have v, - -- = aBv, ay?, B2y, B2 or +2.
In the third picture, we have asy; --- = a?v or afy. If asy, --- = afy, we
have
H = {a®6¢, 6%, a5¢, ad3e, ade®, 53¢}
In the fourth picture, we have a7y - - - = a2, aByor ay?. If asyr - - = ay?,

we have
H = {a*0e, ayde, %€, 663, a3e, a’yde, ay?de, ad?€?, ad’e, ade® 452 e?, voe ).

By the previous discussion, we get Table 13.
O

Proposition 5. There is no non-symmetric a*b-tiling with general angles, such
that Bée is the unique a’b-vertex type and o~ is a vertex.

Proof. By Lemma 17, one of the vertices in the last column of Table 13: {a3?,
afy, ay?, B, B2y, By, 4%, a?B2, af®, af?y, af?, an®, B26°, Byd?, 426,
V2o, 23, afit, afPy, a2, aff?6?, af?e?, aBy?, afyd?, afye’, ant, ay?é?,
ay?8e, ay?e?, 362, 322, B262, v32, v30e} must appear.

For each combination of 3 vertices, we will apply the irrational angle lemma
and AAD to get Table 14. The proof is completed by Table 14, 15, 16, 17, 18,
19 and 20.

Case. {Bde, a*y, f7*}

By the irrational angle lemma, we have ny = ns. The angle sums of 3de, a%y, 32
and the angle sum for the pentagon imply

a=1-4 f=2-18 4 8% gy 16
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Table 13: 3de as the unique a?b-vertex type.

[ @®b-Vertex [ H | a’-Vertex | Vertex
o | 9PaBy.00%.aB%, aBy . v, aB Y. aBP R a By af 0%, o
v avt, ay?62, ay?de, ay?e?
«@ B o?,at, 3B, a3y, a%0%, ade, o?e?, ay0?, a”, a1 B, a’y, a3 B2, 0362,
Py a3de,a3e?, a2 B6%, a2 Be?, a?yi2, a’ye?, ay?6?, ade, ade?
ay® a®y, 0?8y, ande, aye®, o'y, o’ By, o’ 7y, a’167, aPyde, aPye®
a2y af? afy, ay?,o?B% o, af?y, afy?, 767, Byd?, o 5%, aBt, afy,
3 af?y?, By, af?8?, af?e?, afy?, afye?, B35°, B2102, frP6°
afy o®
an? %
ﬂ&e de aﬂz
o? aB? afy,an® af?y,apy? a’, 67,7767, 7% 0e, By, af?y?, aBy?,
T | By apye ant, ar?%, an’ e, ane?, 390%, 51707, 162, 1 0e
7 afy | a® 0y, ayé, oy, aPy6%, aPyer, an?6E 46T y8%e
o oy, 0By, aybe, ayd?, ane?, oy, o By, ¥ B2y, a? 762, o e, aPye?,
! afye?, y0%, y0%€?, yoe’
a%y aB? aBy,ar?, 5%, 8%, By°
) afy o3
an? o®
% af?
. oty apf? aBy,an?, 7, By, 7
afy a3, 08¢, 0%¢,a30e, ad3e, ade®, y63¢e
ay? a?8e, ayde, 0%€%, 663, a3de, a?yde, ay?de, ad?e?, ad’e, aded, vo2 €2, yied
Table 14: 8¢, oy are vertices.
Vertex ‘ Angles ‘ Irrational Angle Lemma ‘ AAD ‘ Contradiction
af%e Zle) ng = ng 2
7 5 A 2. by
afye 1+0— %) 2nz = na+ns Pererl.. irr'aljizfa] antrl]); ]t;lima
ay?e? -5 °
P
1) ng =ny
5 47)
1+1)
R
+6+7) 2ng =ng +n5 185¢16°1 - .- No €2+
o+ 1)

o~
Ral N

|gslef!

o~

"~

ng = ns

2ng + ng = 3ny

F ] 0 | s |
R

Bde, oy

o
| e

ng = N5

No degree > 4 vertex de- -
(Similar to Proposition 4)

See Table 15

See Table 16

See Table 17

See Table 18

See Table 19

See Table 20

See page 32

1 5,0,6),f=20

See page 35
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Table 15: AVC for Cases {Bde,a?y,aB?}, {Bde, a?y,aBy(8%y)} and

{Bde, oy, 57}

AVC for {Bde, a”y, 3%}

AVC for {Bde, oy, 3%} AVC for {Bde, 0y, aB~(8%7)}
f vertex f vertex f vertex
all all all Bde,a%y, B°
165 +12,8 =1,2,--- 8s+4,5=23,-- f
245 +12,5 =2,3,-- | afy* ™, o !
d74«+2 ey e
518, dle or ele, contradicting the AVC

By the balance lemma, 7¥d¢ must appear. Its AAD gives ald, ale,

Table 16: AVC for Cases {Sde, a®v, a8} and {Bde, oy, aBy?}.

AVC for {Bde,a’y, aB%} I AVC for {Bde,a’y, aBy?}
f vertex H f vertex
all Bde, a? 7, af? all Bde, a2y, afy?, 32>
Ms+20,5=1,2,--- | B+, afy Py PS8 B5as gly2stl 28 ﬂ’ﬂZA[’33"1,’}’256“’74,/7’75,77
5y 3543 dz 4543 d’\,%“ 0545 s+15€ 36 B83,~36¢, 0", By, 4°
8s+4,5=5,6,- a’y“’l Bryot2, A2t 75—156
0, ale, d|5 ole or e|e contradicting the AVC

By the balance lemma, 7¥e must appear. Its AAD gives a

Table 17: AVC for Cases {Sd¢, oy, a3y} and {Bd¢, a®y, a33v}.

AVC for {Bde, a%v, a7}

AVC for {Bde, oy, a7} I
f vertex ‘ ‘ f vertex
all Bde, a?y, af?y, By all Bde, a’y, a3, 85
165+ 4,5 = 2.3, | aBy™1,an2 ), By il 92 2500 | s 445 =2,3,--- | afPy L, aBy a,)‘iﬂ»l 87y 1 B2t
Byt /4s+1ﬁe(}€ 93 35+1 g s+l gasetl ,yﬁs+1‘,ys(;€

By the balance lemma, 7¥d¢ must appear. Its AAD gives ald, ale, dle, 515 or ele, contradicting the AVC

Table 18: AVC for Cases {3de, oy, a4} and {Bde, oy, aB?+?}.

AVC for {Bde, a?v,aB"} T AVC for {Bde, a%v, af?y%}
f ‘ vertex ‘ ‘ f vertex
all Bée, oy, a7t all
325+ 28,5 =1,2,--- aBiystl a2yt afyts Syttt 44 ap? 2 de,
BTyt G025 H1 GoaBet2 giydsts, 60 85,
[yt 26545 3 Tst6 8stT stise || 165 412, a2, ay 3 y5e

| 4,5,
By the balance lemma, 7*de must appear. Its AAD gives ald, n\e le, 816 or ele, (ontradlctmg the AVC

Table 19: AVC for Cases {d¢, oy, a3} and {Bde, a®y, ay?de}.

f vertex ‘ ‘ f vertex
all Bde, a? 7 aBy3, 820 all Bde, a’y, ay?de, 3622
36 af?y,v%0e, an°, By, dz,‘/z /3'}/ 'y 28 B2, avt, ad?e?, 4P de,v83 €3, 47
44 aB? 33 2 3(55 a'yﬁ 3*/ 'y 36 B3, a7°, 5363, ~405¢, 47
52 3, ')456 ay”, B0,y 8s+4,s=5,6,--- st BysTL 425t s H26e
60 33 753, a'yg 3710 15
85 +4,5=8,9--- Wsﬂﬁ,ys“ A2 525
By the balance lemma, 7¥de must appear. By the balance lemma, 3+* must appear.
Its AAD gives ald, ale, 516, 6le or ele, contradicting the AVC || Its AAD gives alB, 813 or §le, contradicting the AVC

Table 20: AVC for Cases {Bd¢, a?y,v?de} and {Bde, a2y, y35e}.

AVC for {Bde,a?y,v35¢}

AVC for {Bde, a’y,~v%de} i
vertex ‘ ‘ vertex
Bde, ay,~v%5¢ Bde, a?y,v35e
B2, 6262 By%, v, ayde, 0, y6%e?
873, 62¢%, 45
By a0, BT
8s+4,5 =234, 8s, L))
8s + «~,L2“;IJ)A
By = 0,1, )
3, ald, ale, 15, dle or ele, contradicting the AVC

By the balance lemma, 554" or a8%4" must appear. Its AAD gives alf,
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By the angle values, we get the

f—8z+4 f—8x+t4 f-4y f-4y
16 16

YOI eTE

AVC C {Bde, 0%y, aBy, 8%, ar "=, ay"6 e

where z = 0,1,2, - - ,Lf;'4j7 y=0,1,2,--- ,L{J. If f # 4k(k > 3), we know

a8 T T Aus S e’ are not vertices. Then &--- = Bde. By the
parity lemma, we have 3--- = 8de. Therefore 72 is not a vertex, a contradic-

tion.
If f=12, weget 8=~ = %, a contradiction. If f = 16, by the equation
(2.3), we have

a=4 B=17=4 tan(dm) = CYRHNOIEVE _ ¥F 4 41923,
e=1-6r~0.7182, cosa— GYZOVIEBOVE | V3 _ 1 (8182

Here § and € are normalized by 7, while a is in radians. Its 3D picture is shown
in Figure 32. Therefore AVC C {Bd¢, a2y, aBy, 72, 5%€%, v25e}. The AAD of
B2 is 12 Bolanclqyl, [ goleyaloqel or 12301y ]€y@]. This implies ad - -- or ae- - -
is a vertex, contradicting the AVC.

g

Figure 32: Case {3d¢, oy, fy?} for f = 16.

If f > 20, we get four solutions of § to the equation (2.3), but none of them
lies in (0,1). In other words, there is no such pentagon.

Case. {fd¢,a*y, ay3}

The angle sums of 3de, a?y, ay® and the angle sum for the pentagon imply

a=3, B+0+e=2v=1% f=20.

Subcase. 8 <7y

By Lemma 10, we have § > e. By Sde, we can obtain that § + ¢ > % and § > %.
By R(e---), R(6%--+) < all angles and the parity lemma, we get §--- = Bde.
Therefore AVC C {Bd¢, a?y, ay3,~v°}.

The AAD is a?y = a?lPa---, a®Ya--- or &?1%y.... This implies af - - -,
B%--- or By--- is a vertex, contradicting the AVC.
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Subcase. 1 > 3 > v

By Lemma 10, we have 6 < e¢. By fde and 1 > 8 > ~, we know d + ¢ > 1.

By § < e wegete> 2. By R(e€2--+) < 3, 25, § + ¢, 2 20, a+7, 37,

we get €2--- = y2e2. If ¥2€2 is a vertex, by the angle value, we have o = %,
B+d= %7 v = %, €= % Applying the irrational angle lemma to this case, we
have ng = n4. Then B--- = 3§ --- = Bde. Therefore, v%€? is not a vertex. We

get that €2 - - is not a vertex. By R(ade---) < a, 3, v and the balance lemma,
we get no ae---. The AAD of ay? is [2y¢1%y€lyl or [¢4*1%y€lyl. This implies

ae--- or €2 --- is a vertex, a contradiction.

Subcase. 3 >1 >~

By Lemma 10, we have § < e. By 8de and 8 > 1 > =, we know d + € < 1. By
6 <€, wegetd< % By the angle values, we get 3--- = Bde, 6%, aBd, fy6™
or By25m. If B2 is a vertex, it actually belongs to Case. {3d¢,a?y, 8v%}. By
the balance lemma, we get 3--- = de. Therefore, AVC C {Bd¢, a®y, ay3,+°}.
We get the same contradiction as Subcase 8 < 7.

Similar to Case {3de, ay,ay®}, three other cases {Bde, a®y, ay?}, {Bde, oy,
3} and {Bde, a®y, ay*} admit no tilings.
O

Proposition 6. There is no non-symmetric a*b-tiling with general angles, such
that Bée is the unique a’b-vertex type and oy is a vertes.

Proof. By Lemma 17, one of the vertices in the last column of Table 13: {a3,
at, B, aly, o262, o%de, a?€?, ayd?, %€, o, a'B, aty, aB%, a2, ade,
ade®, ale?, a?B6%, a?Be?, a’y6?, a’ye?, ay?8?, adde, vo*, v53€} must appear.
For each combination of 3 vertices, we will apply the irrational angle lemma
and AAD to get Table 21. The proof is completed by the contradictions in the

last column of Table 21 and the last row of Table 22.
O

Proposition 7. There is no non-symmetric a*b-tiling with general angles, such
that Bée is the unique a’b-vertex type and ay? is a vertex.

Proof. By Lemma 17, one of the vertices in the last column of Table 13: {a3,

ol 2 25 52 S 2 5262 563 ot 3 3 2 32 2,52
v, o By, afde, ayd®, ayde, aye®, 7€, de°, aty, a’By, a’de, a7y, atyd®,

a?yde, a?ye?, afye?, adle, ad?e?, ade®, v53e, y6%€2, y6€3} must appear.

For each combination of 3 vertices, we will apply the irrational angle lemma
and AAD to get Table 23. The proof is completed by Table 23, 24, 25, 26 and
27, similar to Proposition 1.

O

Proposition 8. There is no non-symmetric a*b-tiling with general angles, such
that Bée is the unique a’b-vertex type and o is a vertes.
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Table 21: Bde, afv are vertices.

Vertex Angles Irrational Angle Lemma AAD Contradiction
22 — ES
@ ; - 5 O")l(; 16 +(5/) . ny+ng =n3+ns
a’pe 2 +Uf"" - +47) § § e No 6%+ by the
ave 30+ 501-047) 201 + 3nq = 203 + 3ns irrational angle lemma
a“ye 9 _ 16 51 4 ) ng =2 5
e ,2—20+ fjnl r5+l) 2n1 + ng = 2n3 + n5
a?%§ s+ 3.0,
- I ny +ns =ng +n
o253 T35+ P T
5 + 2511 2n1 + 3ns = 2n3 + 3ny
ayd . . ;
(;F 7177_% ny =ns 185elesh] - .. Noe2-..
—
Bde, afy ‘;;"E (1-26—41-425+ 201+ ns = 2n3 +na
an?y o 4 L
Wg‘f (2()*%1*%,1*2!)7 2ny +ng = 2n3 + ns
~6T (1+40+7.1-5.2-4551-0+7) Any +ng = 4dng + ns
o (%,17%A§+%,5,1*5+%)
35 T — T 85— E
@t (Ji+.‘sf‘1 p3tapdl-0+7) No degree > 4 vertex de- -
a® CE1-32+251-6+95) s it
_ LA AR A I, (similar to Proposition 4)
a™p Gral-7.3+361-6+7%)
T, I35 s 2
o Gl-F.5+701-0+7) e = s
o’y (1-21-4 1464571 541 X
75, 2o plopatpo 7
ade See Table 22
ay 1 4 4 24 16 ¢ 54 4
e G-apl-F3+t3p01-0+%)
a3 (W,l—%,l+%,6,l—6+§)

Table 22:

AVC for Cases

{Bde, apy, a’},

{Bde, aBy, a'y(a3de)} and {Bde, aBy, a’B?}.

{Bde, afy,a’y(a?de)},

AVC for {Fde, 087,07}

AVC for {39, a7, a°1(a%5e)}
rtex

AVC for {33, aBy, a1 (@%3e)}

AVC for {Bde, By, a®57}

f verf i I vertex vertex
all Boe, L’ all Boe, affy, a’y, a’de all Boe, aBy,a’y, a’de Bde,afy,a’F
36 ~2de,a7® 36 ¥ 16 a?B?,0°8, a8 %
.. | a5t3 035438 o35ty 03 5e
By the balance lemma, 720 must appear. || By the balance lemma, a?d¢ must appear. Can not balance.

Its AAD gives ale, 3
contradicting the AVC

B

or ele,

s AAD gives 418, 116 o
contradicting the AVC

Table 23: 3de, ay? are vertices.

Vertex Irrational Angle Lemma AAD Contradiction
e
ny =ny
a?ye?
o€ Pepel... No 82--- by the irrational angle lemma
a0es 2ny +ns = 3ny
~0€’
afye 2ny = ng +ng
ayd’
o3 Nz =ns
° 1951671 .- - No e
ao’e 2ny +ny = 3ng
~67€
Boe,ay® [ avyde 4
- F:0,
ad%e d See Table 24
8% 1.9,
B~ z )
o i f,} o
< 3 Y b ik ny =mns See Table 25
o’ 57 (7( I
a“oe 0,
= See Table 26
a’de ( )0,
Zn 5 E)
ayde Fik See Table 27
~6%€ 70,
a d.
%y Similar to Proposition 5 Case {3d¢, a®y, ay®}
T
aly
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Table 24: AVC for Cases {Bde,av? ayde(ad?e?)}, {Bde,av?, 6%€*} and
{Bde, v, a® B}

AVC for {Bde, ar?, ayde(ad®c?)} AVC for {Bd¢,an*,0°€*} AVC for {Bde, an”, 0?87}
f vertex f vert vertex
all Bde, ar?, ayde, ad’é’ all all Bée,an?, a?B

8s+4,5=2,3,-- | a®F %80y, a5 de || 85,5 =2,3,--- 28 Lo’
36 B3, a5 B,a®

8s+4,5=5,6,--- | o>t a**2p a5ty o 1je
By the balance lemma, a®3 must appear. Its AAD gives 813 or Ay, contradicting the AVC By the balance lemma, a"de must appear.

Tts AAD gives 118 or qle, contradicting the AVC

Table 25: AVC for Cases {3de, ay?,aBy} and {Bde, ay?, a?3%7}.

AVC for {Bde, a2, o33} H AVC for {Bde,an?, a2}
f I vertex i f I vertex

all Bée,an?, By, a’ 32 all Boe, an?, [, o’ 3t

36 a?be, ay, aBt a’B%,a73, 44 3 By, a8, aly,a’B3, a7 B2, a8, all

44 B2y, %8¢, 0?83, %y, a88, alt 60 a’de, 5°, v, a®y,ab6% %82 a'?B, al®

52 af?, atde,a’y,a’B, a3, 16s + 12,8 = 4,5, -+ ast3 o33 02352 st E8 0528y,

60 B3, 08¢, a®y, 03, a'® a?t2y a’de
8s+4,s=8,9,-- a?tl s t38 a5ty 026

By the balance lemma, aFde must appear. Its AAD gives 70 or ~le, contradicting the AVC

Table 26: AVC for Cases {Sde, ay?, a?de} and {Bde, ay?, a3de}.

AVC for {8d¢,ar”, a®de} I AVC for {Bde, ar?, a®de}
f ‘ vertex ‘ ‘ f ‘ vertex
all Bde, an?, a?de all Bde, ay?, ade

o?f,at, 6% 20 a?B, oy, aryde, a’, ad?e?
8s,s Q7B (= 0,1, ,5) 24 3B, 0%, a°
85 44, ¢ Q=g (= 0,1, .8 85,5 =14,5,- a8 (p = 0,1,
QTR (y = 0,1, , | 8s+4,s=3,4,--- a?Hl=3ege(p = 0,1, -

@ HIBUBUA(y = 0, 1,
By the balance lemma, aF Bl or (1""[1’[7 must appear. Its AAD gives BI3, Bly, 118, 1le, 418, 6le or €le, contradicting the AVC

Table 27: AVC for Cases {8d¢, ay?, a?vde} and {Bde, ay?,v6%€?}.

AVC for {Bde, an?, a®yde} H AVC for {Bde, ay?,v0%e?}
f ‘ vertex ‘ ‘ f ‘ vertex

all Bde, ar?, avde, a’d%e? all Bde, ay?,v62e?

28 a?B,aty,v6%€%,a”, a’de, ad®e® || 165+ 12,5 = 1,2,--- | a*+3 as+t13, o252y a5ty e,

36 3B, a’y, %3, e, a2, a?t16%e2 02533
8s+4,5s=5,6,-- a®t o718, a5ty a1 26e

By the balance lemma, a*# must appear. Its AAD gives 515 or Bly, contradicting the AVC
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Proof. By Lemma 17, one of the vertices in the last column of Table 13: {a3%, a8y, ay?}
must appear. By Proposition 6, 7, we may assume that a7, ay? are not ver-

tices. So a3? is a vertex. By the irrational angle lemma, we have ny = ns. The

angle sums of Bde, a®, 3% and the angle sum for the pentagon imply

a:%76:%,7:%+%35+62%

By 8 # v, weget f>14. By y < R(de---) =a =3 < 27,6 + € and ny = ns,
we have §--- = Je--- = [3de since Bde is the unique ab-vertex type. Then
#B > #B6e + #ap? = f + #aB? > f, a contradiction. O

6 Tilings with a unique a?b-vertex type ade

This section is devoted to the classification of edge-to-edge tilings of the sphere
by congruent pentagons with the edge combination a?b, where ade is the unique
a’b-vertex type. By Lemma 7, we know that there exists an a®-vertex around
the special tile. This means one of {a?, 32, v3, o283, a?y, a2, av?, 5%y, B2,
af~} must appear. Up to the symmetry of interchanging 8 <> v and § + e, it
is enough to consider the following cases {a3, a®y, av?, aBy, 82v,7%}.

Proposition 9. In a non-symmetric a*b-tiling with general angles, if ade is the
unique a’b-vertex type and B>y is a vertex, then the tiling is the non-symmetric
3-layer earth map tiling T'(4m ade, 2m B2y, 2y™) with 4m tiles for some m > 4,
or its standard flip modification T((8k + 4)ade, 4k %7, 487" +1) for odd m =
2k + 1.

Proof. The angle sums of ade, 3%y and the angle sum for the pentagon imply

— — 4 -8
at+d+e=2, =1 7 =3
2

We have 1 > 3 > £ > v. By Lemma 10, this implies § < e. We divide the

discussion into three cases.

Case. a>1
Then §,e < 1. By Lemma 9, we get 5 +25 > 1 and v+ 2¢ > 1. By R(a---) =
0+e < B+7,8+20,v+2¢ and the parity lemma, we get o« - - = ade, ay®(z > 2)

or ay¥6*(z > 2).

If ay® is a vertex, by the irrational angle lemma and ade, we have ng = ns
and av¥* cannot be a vertex. Then we have the unique AAD avy--- = ay® =
[YaPlleyel .. 1y*] since o --- and af3--- are not vertices. This gives a vertex
Be---. By f+25 > 1 and v+ 2¢ > 1, we get R(3de---) < v+ 6 +e. By
R(B% )=y <ay=0+e¢, weget 2.+ = 3%y. Then fBe--- = Bde--- = By¥de
or 36%€2. Both possibilities will lead to some contradiction in the following,.

By aly--- = afl¢y--. or a?l%y--., we have the AAD Ble--- = B6%€* =
1087016818 5e10€], 193217l €581Vl €68 or 193217 I0eV186¢l¢6P]. This gives
a vertex 32193 or [*B%l¢4®|.... Then 2198 .. = B2y = |*B%193*|*~¢|. This
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gives a vertex a?---, a contradiction. Then 1980lyal ... = 24 By5" or

ByYde. Either one gives a vertex a?--- or af8---, a contradiction. Therefore,
B62€? is not a vertex.

We have the unique AAD fle--- = By¥5e = 121l l€5P 4| . . . [¢y|. This
gives a new [*B170l. .. = By¥de = 12B017€ll€5Plyl- ... This gives a vertex
a?--- or aff---, a contradiction. Therefore, 37Yde is not a vertex.

In summary, ay® is not a vertex and a--- = ade or ay¥0*(z > 2). To
balance o and §, we have a--- = ade. By the angle values, we have AVC C

f+4 £
{ade, B2y, By , 77}

Case. a<land e >1

By R(e--+)=a+0d <1<2pB,5+r, the parity lemma and the balance lemma,
we get €. =0 = ade or Y de(x > 2). If % e is a vertex, we have the unique
AAD ~+*6e = [79l6P 1%yl - - . |*~¢| since Be--- and €2--- are not vertices. This
gives a vertex 127198 ..., By a = 2y > 2y and yle - - - = 4%5e = vVe- - we
have the AAD 18719821 = a¥By%(2 > 0) = lal - - - 18719 g>leye] . . . Jeye],

By R(B?--+) = vy and a = a7y > 27, we get 32--- = B2vy. Then we get
the unique AAD (2y = 123°|*3%|*~¢| since 62 --- and éle--- are not vertices.
Therefore there is no a?l?a--- and By--- = B2y or a¥By*(y > 0).

Then AAD o®l7a--- implies a vertex [°4%|%y¢l ... = a¥B~*. This gives a
vertex Be--- or Y17+, or ele---, or dle-- -, a contradiction. Therefore there
is no a®"a - --. This implies that there is no alala--- and ala--- = a?Va---.

Then we have the unique AAD 171952 ... = afy* = 1B 19y . .. ey

Similarly, we have the unique AAD alf - - = a¥f7* = al®s--- = 1B 19 3]y .
However, the AAD a9 3%]¢y2] . .. [¢42| implies a new [Pa?1*3%] - .. The con-
tradiction implies o193 - - is not a vertex.

In summary, v*de is not a vertex. Then €--- = ade. By the angle values, we

have AVC C {ade, %y, By %" 41},

Case. a<land e< 1

Then it is convex and a4+ > 1, 6 + € > 1. By Lemma 9, we get a + 2y > 1,
20+v>1,2a+8>1and B+25 > 1. By R(e?---) < a, 3+ 7,20 and the
parity lemma, we get €2--- = y%e(x > 2). If 4%€? is a vertex, by the irrational
angle lemma, we have n; = ny. Then AAD 7% = €9l%- - - implies that 6% - - -
is a vertex. By n; = ny4, we have 62 --- = 22 - -, contradicting 2a + 2§ > 2.
Therefore y%€? is not a vertex. By R(de---) = a < 1 < 23, 3+~ and the parity
lemma, we get €--- = Je--- = ade or vYoe(y > 2). Then the same proof as Case

a <1and e > 1 gives AVC C {ade, 827, By'% 74}

In all three cases above, we get AVC C {aée,ﬁQ%BW%,fﬁ}. Then we get
the non-symmetric 3-layer earth map tiling and its standard flip modification by
exactly the same proof as the “Subcase. ’ﬁ is a vertex” and “Subcase. ,B*y%

is a vertex” on page 18.
O
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By Proposition 9, we can assume that 32y and 572 are not vertices anymore
in the rest of this section.

Proposition 10. In a non-symmetric a*b-tiling with general angles, if ade is
the unique a?b-vertex type and v> is a vertex, then all tilings are

1. Pentagonal subdivisions of the octahedron T'(24ade, 83, 63%), with 24 tiles.

2. Pentagonal subdivisions of the icosahedron T (60ade, 2073, 123%), with 60
tiles.

Proof. Note that the pentagonal subdivision of the tetrahedron is not included,
because it is symmetric. We will first apply Lemma 8 to get a new vertex - - -
(excluding 327, $7?), then apply the irrational angle lemma to control the AVC,
and finally try to get all tilings by the AAD. We summarize such computations
and deductions in Table 28, excluding the symmetric (3 = 7) case {ade, 3, 83}.
The proof is completed by Table 28 and 29, similar to Proposition 1.

Table 28: ade,y* are vertices.

Vertex Angles ‘ Irrational Angle Lemma ‘ Contradiction
2 —2 ES T 2z
a’ﬁ ( f,‘+£. 10, % 6+[)
af ( a3ty ’6’575+7) ng =ns See Table 29
e O35+ 75.01-6+%)
a0t o[- 1512510+
B3y (2-0—¢€5.2,0,6), [ =36 Similar to Proposition 5 Case {3d¢, a®y, ay’}
ER 2-0—¢€z2,2.0,¢),f=24 . . . . o
5 Z—0—c 2 25.0.7=60 Admit the unique pentagonal subdivision tiling

Table 29: AVC for Cases {ade,v3,a?B}, {ade, 73, aB?}, {ade,v3, aBy}, and
{ade,r?, af}.

AVC for {ade,+*,a*B} [[ AVC for {ade,73, a8} | AVC for {ade,7* aBr} || AVC for {ade,v%, ap%}
f ‘ vertex ‘ ‘ f ‘ vertex ‘ ‘ f ‘ vertex ‘ ‘ f ‘ vertex

all ade,v>,a?f all ade, v, af? all ade, 73, afy all ade, v, af?
60 a3, B¢, 8° 24 B4, B%5¢, 622 36 B3y, B25e 60 a?B, B%5e, B°

8%, Byde
60 B°, B36¢, 862>
By the balance lemma 8%3¢, Gvde or 5F6%€% must appear. Its AAD gives ala, aly, Bly, 416 or dle, contradicting the AVC

Case. {ade,?, *}

The angle sums of ade, >, 3% and the angle sum for the pentagon imply 8 =

% <v= % By Lemma 10, we have § > e.

Subcase. § > 1

By R(de---) = a < 28, B+, 2v and the parity lemma, we get §--- = de--- =
ade. Therefore AVC = {ade,v3, B}

41



Subcase. 6 <1, a>1

By the angle values, we get a--- = ade, a3? or ae®(x > 4). By the previous
discussion, we get that a2 is not a vertex. Then we know a--- = ade or
ae®(x > 4). By the balance lemma, we have a--- = ade. Therefore AVC =

{ade, v, 1}

Subcase. 6 <1, a <1

By a <1, we get §+¢ > 1. Then by R(6%---) < a, 28, B+7,27, 25,6 +¢,2¢ and
the parity lemma, we get that §2--- is not a vertex. By R(de---) = a < 24,
B + 7, 27 and the parity lemma, we get §--- = de--- = ade. Therefore AVC =
{ade,y*, B}

In conclusion, we always have AVC = {ade, 73, 31}.

Similarly, for Case {ade,v3, 3%}, we get AVC = {ade,~3, 35}. Therefore,
we can easily obtain pentagonal subdivisions of the octahedron and icosahedron
(see Figure 4 for 3D pictures, see Table 1 for geometric data). Three pentagonal

subdivisions and their moduli spaces were described in [8].
O

Proposition 11. There is no non-symmetric a*b-tiling with general angles,
such that ade is the unique a’b-vertex type and o, oy or ay? is a vertex.

Proof. For each case, we will first apply Lemma 8 to get a new vertex - --
(excluding 3%y, (7?), then apply the irrational angle lemma to control the
AVC. We summarize such computations and deductions in Table 30, excluding
the symmetric (3 = 7) ones: Case {ade, a?y,a?3}, Case {ade,ay?, af?} and
{ade, ay?, aBy}. The proof is completed by Table 30 and 31.

O

Proposition 12. There is no non-symmetric a*b-tiling with general angles,
such that ade is the unique a’b-vertex type and aBvy is a vertex.

Proof. By Proposition 9, 10, 11, we may assume that o, o2y (a?3), avy? (a3?),
B2y (Bv?), 72 (82) are not vertices. Then ade, a3y are the only degree 3 vertices.
By (2.1) and (2.2), #a > vz = 2043, 5 ,(3k—10)vx > f=12+2% 7, (k—3)vy,
a contradiction. O

7 Some non-edge-to-edge quadrilateral tilings

All pentagonal prototiles in Theorem 1 and 2 have fixed 3, v values, and may
degenerate to quadrilaterals when a, 4, or € equals 7 as shown in Figure 33.
Then it induces some non-edge-to-edge quadrilateral tilings as follows:

1. Three pentagonal subdivisions of the Platonic solids with 12, 24 and 60
tiles and o = 7 in Figure 34, and two pentagonal subdivisions of the
Platonic solids with 24 and 60 tiles and 6 = 7 in Figure 35;
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Table 30: All possible cases with o2, a2y or ay?.

Vertex Angles Contradiction
wsr | GP3-Boi-0. -1
! and all vertices have degree 3
zé 2 21,4 54
R (3 53+t5063-90)
ade, o B33
o RSN ET)
B3y Z ——%,%+‘7’$6,%—6) No degree > 4 vertex dc - - -
B , “%Jr%.,é,é —9)
e zI5y %15,7 —9) (Similar to Proposition 4)
(yﬂz (:,,W‘+%_é+%75 75+W)
SO Wi B s s £ 3 AU ELES S
Rt ] G-733+75653-0+7%)
7 T s
g (11077’§“"+7-’5T(§*‘5+7)
afy (1-71-3,3,61-0+7%)
B3 ((,f,7%+%’5’;,(5+£> See Table 31
33 _ sz 14 2 _ g
B (RS SAES RS EIES)
a®f | ( *q,g+7,g‘+’7,5: *0+q)
ade, ay? B’ | G — 5705 T 5f :?>+?7’6‘r 75+ﬁ)
% T T T
By (1*7y§*?7§+’f’~,5v1*5+17) No degree > 4 vertex de- - -
B A-F33+501-0+9
5 ES 1 56 N
B G-753+7.62-0+7)

Table 31: AVC for Cases {ade, oy, aBvy}, {ade, oy, 33} and {ade, av?, 33}.

AVC for {ade, a*y, aBv} [ AVC for {ade, oy, 3%} | AVC for {ade, an?, 57}
f ‘ vertex H f ‘ vertex H i ‘ vertex
all ade, a’y, afy all ade, o all ade, a’v ,d
8s+4,5=2,3,-+- | ay*tl, Bystl 425+ 455 || 60 ay®, y26e, v 24 9
36 |
60 ~0, 435, 522

y the balance lemma, ¥ must appear.
Its AAD gives B8, Ble, dle or 5\( contradicting the AVC

By the balance lemma, v*de, 7¥6%€2 or fyde must appear.
Tts AAD gives ala, alg, ly, 815, Ble or dle, contradicting the AVC

B

>,

a

a

b

Figure 33: Some quadrilaterals as degenerate pentagons.
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2. A sequence of unique pentagons with o or € = 7 admitting non-symmetric
3-layer earth map tilings T'(4m ade, 2m 3%y, 2y™) with 4m tiles for any
m > 4 (see the first and third pictures of Figure 36), among which each
odd m = 2k + 1 case always admits a standard flip modification: T'((8k +
4)ade, 4k 3%y, 487" 1) (see the second and fourth pictures of Figure 36).

Figure 35: The pentagonal subdivisions of the Platonic solids with § = .

Figure 36: The degenerate non-symmetric 3-layer earth map tilings with 20 tiles
and their standard flips.

References

[1] C. Adams. The Tiling Book: An Introduction to the Mathematical Theory
of Tilings. American Mathematical Society, Providence, RI, 2022.

[2] C. Adams, C. Edgar, P. Hollander, L. Jacoby. The non-edge-to-edge tilings
of the sphere by regular polygons. Discrete Comput. Geom., 72:1029-1085,
2024.

44



[3] Y. Akama, E. Wang, M. Yan. Tilings of the sphere by congruent pentagons
II1: edge combination a®. Adv. Math., 394 (2022), 107881.

[4] H. M. Cheung, H. P. Luk, M. Yan. Tilings of the sphere by congruent
quadrilaterals or triangles. Preprint, arXiv:2204.02736, 2022.

[5] H. M. Cheung, H. P. Luk, M. Yan. Tilings of the sphere by congruent
pentagons IV: edge combination a*b. Preprint, arXiv:2307.11453, 2023.

[6] B. Grinbaum, G. C. Shephard. Tilings and patterns. W. H. Freeman and
Dover, 1987 and 2016.

[7] J. Liang, Y. Liao, W.C. Hu, E. Wang. Tilings of the sphere by congru-
ent pentagons V: edge combination a*b with rational angles. Preprint,
arXiv:2507.07038, 2025.

[8] J. Liang, E. Wang, M. Yan. Moduli spaces of pentagonal subdivision tilings.
J. Geom. Phys., 222 (2026), 105773.

[9] Y. Liao, P. Qian, E. Wang, Y. Xu. Tilings of the sphere by congruent
quadrilaterals I: edge combination a?be. Chin. Ann. Math. Ser. B, 45(5),
2024, 733-766.

[10] Y. Liao, E. Wang. Tilings of the sphere by congruent quadrilaterals II:
edge combination a®b with rational angles. Nagoya Math. J., 253 (2024),
128-163.

[11] Y. Liao, P. Qian, E. Wang, Y. Xu. Tilings of the sphere by congruent
quadrilaterals III: edge combination a3b with general angles. Forum Math.
2024; 36(5): 1159-1186.

[12] E. Wang, M. Yan. Tilings of the sphere by congruent pentagons I: edge
combinations a?b?c and a3bc. Adv. Math., 394 (2022), 107866.

[13] E. Wang, M. Yan. Tilings of the sphere by congruent pentagons II: edge
combination a®b?. Adv. Math., 394 (2022), 107867.

45


https://arxiv.org/abs/2204.02736
https://arxiv.org/abs/2307.11453
https://arxiv.org/abs/2507.07038

	Introduction
	Basic Facts
	Tilings with two a2b-vertex types
	Tilings with a unique a2b-vertex type 2, 2 or 2
	Tilings with a unique a2b-vertex type 
	Tilings with a unique a2b-vertex type 
	Some non-edge-to-edge quadrilateral tilings

