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Abstract. We investigate the clustering of Primordial Black Holes (PBHs) within the frame-
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clustering probability decreases asymptotically with increasing clustering distance, while a
higher critical density threshold (barrier) leads to a suppression of clustering abundance.
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1 Introduction

Primordial black holes (PBHs) are hypothetical black holes that may have formed in the
early Universe from the gravitational collapse of large density fluctuations shortly after in-
flation [1-3]. When such overdense regions reenter the Hubble horizon during the radiation-
dominated (RD) era, they may collapse to form black holes with a mass roughly equal to the
mass of the horizon if their density contrast exceeds a critical threshold [4-6]. Due to Hawking
radiation [7], PBHs with masses larger than ~ 10!5 g have lifetimes longer than the age of
the Universe, and since they formed before matter-radiation equality, they are non-baryonic.
They could thus be considered candidates for dark matter (DM).

The discovery of gravitational waves (GWs) from black hole mergers by LIGO/Virgo
in 2015 [8] has revived interest in PBHs as DM candidate [9]. Furthermore, since PBHs
form on small scales, their abundance offers a unique probe of the curvature power spectrum
beyond the reach of the cosmic microwave background (CMB) and large-scale structure (LSS)
observations [10]. To produce PBHs, the power spectrum at small scales must be enhanced
significantly beyond the level observed at large scales through CMB measurements [11].

PBHs formation has been extensively studied through the Press—Schechter formalism
[12], peaks theory [13, 14] and the Excursion Set Theory (EST) [15-17|. However, the spatial
clustering of PBHs has received comparatively less attention [18-21| specially in the EST [22]
which is the main focus of this article. The clustering of PBHs could produce characteristic
imprints detectable via gravitational lensing, and their eventual mergers may be observed
through gravitational wave signals.

In our previous work [17|, we studied the first comprehensive numerical investigation of
PBHs formation under an enhanced power spectrum, developed within the EST framework.
A distinctive feature of that work was the introduction of the first-touch (FT) prescription for
PBH formation. Unlike the conventional first up-crossing (FU) prescription, FT accounts for
the fact that smaller PBH masses, corresponding to larger variances, re-enter the horizon and
form earlier. We therefore identified the number of trajectories that first touch the collapse
barrier at each variance with the abundance of PBHs of the corresponding mass. In addition,
unlike the standard EST treatment of DM halos, we adopted a constant collapse threshold and



incorporated the time dependence of PBH formation through the power spectrum evaluated
at the corresponding horizon-crossing scale. We demonstrated that a broad power spectrum
with a blue-tilted spectral index can yield a sufficient abundance of PBHs to account for all
— or a substantial fraction — DM [17]'.

Based on that, in this article, we analyze the clustering of PBHs in the EST approach.
Our methodology involves computing the joint probability of pairs of PBHs within a specified
clustering distance. Within the EST context, this corresponds to quantifying the probability
that two stochastic trajectories share a common history at scales larger than the clustering
distance.

The rest of the paper is organized as follows: Section 2 provides a detailed discussion of
PBH formation in the EST approach. In Section 3, we present the formalism for calculating
the clustering of PBHs using the EST. In Section 4, we present our main results. Finally,
Section 5 offers our conclusions and future suggestions.

2 Primordial Black Holes Formation

Primordial black holes (PBHs) can form from large density perturbations generated during
inflation. These perturbations may collapse into black holes upon re-entering the horizon
during the radiation-dominated (RD) era if their amplitude exceeds a critical density contrast,
0. We will discuss the effect of different barrier values in Section 4.

The mass of a PBH is related to the horizon mass, My, at the time of formation when the
perturbations re-enter the horizon (k = aH)
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where g, ; is a number of relativistic degrees of freedom at the time of formation (See our

earlier work for more details [17]).

According to Hawking radiation, PBHs with Mppn > 10'° g survive until today, making them

viable dark matter (DM) candidates. The abundance of PBHs at the time ¢; of formation,

B = ppgy (ti)/p(ti), is related to the present-day DM fraction in PBHs, fpeu = Qppu/Qou,

as follows [26]
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Constraints on the abundance of PBHs have been extensively reviewed in recent works
[27, 28]. In this study, we limit our analysis to PBHs with the following mass ranges. Part of
these mass ranges are probed by the gravitational lensing (e.g. Optical Gravitational Lensing

Experiment (OGLE) [29], and EROS/MACHO [30]), and the GWs observations [31].
e Sublunar mass range: 10713 Mgy < Mppy < 1079 Mg, [32],
e Barth-Jupiter mass range: 107 My < Mppn < 1073 Mg, [29],
e MAssive Compact Halo Objects (MACHOs): 1073 My < Mppy < 1071 Mg, [30],

e Intermediate mass range: 1 Mg < Mppy < 102 Mg, [31].

Tt is worth to mention that the broad blue-tilted power spectrum considered in this work is intended as
a benchmark model and that other forms of power-spectrum enhancement, such as log-normal spectra [23],
and peak in the power spectrum [24, 25].



2.1 Primordial Black Holes Formation in Excursion Set Theory

In the following, we will briefly review the formation of PBHs in the EST [17], which is
an extended version of the Press-Schechter formalism. Using the EST approach, the PBHs

abundance is given by
o

B= [ P(& R)ds, (2.3)
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is the probability distribution function of the linear density contrast, J, smoothed by k-space
window function, W?2(k, R), on a scale, R. The variance of J is given by

where

P(§;R) =

S(R) = i: Py (k) W2(k, R). (2.5)
Note that the variance is a monotonically decreasing function of R, which is equivalent to the
mass, M in Hubble patch. For the derivation of S(R), please refer to Eqgs. (12-15) of [17],
which is expressed as a piece-wise simple analytical equation. The density power spectrum in
Eq. (2.5) is related to the curvature power spectrum, Pr(k) = Ay (k:/ko)”s(k)_l7 in RD era,
at horizon crossing scale, Ry = (aH)™!, as follows [33]

16

Ps(k) = 31
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where In(10°Ay) = 3.044 4+ 0.014 and the spectral index ns (ko) = 0.9649 & 0.0042 are known
by the CMB observation at kg = 0.05 Mpc ™! [34]. If the power spectrum were scale invariant,
PBHs would be negligibly produced due to low amplitude. Thus, the power spectrum must
be enhanced on scales of PBHs formation, kpgy; e.¢. , through a blue-tilted spectral index
’ns(kpBH) > 1.

In the EST, the formation of PBHs is modeled as a stochastic process involving the
smoothed linear density contrast, d as a function of variance, S [35, 36]. Random walk
trajectories in the (6, S) plane begin at (0,0) and evolve in Markovian behavior. In this
mechanism, PBHs with mass, Mpgg, form when a trajectory exceeds a critical density con-
trast, d.. The number of trajectories that first up-cross (FU) the barrier at each variance will
give the abundance of PBHs with the corresponding mass. This probability distribution is
given by [37]
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This equation is valid only for Markovian (Brownian) random walk with zero drift and a
constant barrier. A scale-dependent barrier, on the other hand, may correspond to more
complicated gravitational collapse models®. Note that fry has a maximum in variance (See
Figure 1). Therefore, for significant PBHs formation, it is necessary to evaluate fpy near its

’In Ref. [17], we introduced the first-touch (FT) prescription to account for the fact that smaller PBH
masses re-enter the horizon earlier. Although FT provides the physically appropriate prescription for PBH
formation in this context, for the broad blue-tilted power spectra considered there the FT and FU distributions
exhibit nearly the same behaviour, with no considerable difference in the resulting abundance. We therefore
use the analytic FU distribution in Eq. (2.7) for practical purposes in the present analysis.



peak. For this task, we should enhance the power spectrum at the scale of PBHs formation
by a blue-tilted spectral index® [15-17]. By knowing the fpy for any given power spectrum,
one can find § and fppn (See Eq. (2.2)).

It is worth noting, we adopt a single-barrier critical density contrast, d., for all PBHs mass
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Figure 1. This figure shows the trajectories for different spectral indices, ny = [1.92, 2.05, 2.30] in
the density contrast versus mass plane, (6, M). The background colored trajectories for each specific
spectral index lead to the first up-crossing and PBHs production in a specific mass range. Higher
spectral indices lead to larger masses. The first up crossing distribution, fry, versus variance, S is
shown in the inset figure. See Eq. (2.7).

ranges. The value of the barrier is [1/3, 2/3] which broadly discussed in the literature [39-
42|. Specifically, we consider 6. = 0.47 [43]. In the following subsection, we will discuss the
theoretical basis of the single-barrier approach within the EST context as well as alternative
approaches.

2.2 Single Barrier vs. Two-Barrier Approach in Excursion Set Theory

In the classical EST for DM halos, the variance S serves as a monotonic decreasing function
of halo mass (or radius) and is independent of time (redshift). Temporal evolution is instead

3For a review of inflationary scenarios that can lead to the formation of PBHs through enhanced power
spectrum, see [38].



entirely embedded in the collapse barrier, given by d./D(z), where D(z) is the linear growth
function. Consequently, each redshift corresponds to a distinct barrier value, which allows
us to formulate a conditional probability that addresses the “cloud-in-cloud” problem and
the mass assembly history of the halo [35, 44, 45]. This framework effectively describes the
probability that a more massive halo forms from a less massive progenitor at higher redshift

through accretion and mergers®.

In contrast, for primordial black hole (PBH) formation, the variance S itself—as reflected
in Egs. (2.5) & (2.6)—involves both spatial and temporal evolution. This arises because PBHs
form at horizon crossing, where k = aH, intrinsically linking the PBH mass to the horizon
scale at the corresponding formation time. As a result, time and mass/radius are inseparable
in PBH calculations. Thus, unlike the EST for DM halos, the entire temporal dependence is
shifted into the variance, while the barrier remains a single, fixed threshold across all scales
and times. Consequently, a two- barrier conditional crossing cannot be employed for PBHs,
as one cannot assign two distinct, time-dependent barriers in this framework.

Given this fundamental distinction, we argue that adopting a two-barrier crossing ap-
proach for PBH clustering and mergers—as proposed in [15, 21]—is questionable. In those
references, the authors introduce a redshift-dependent barrier while simultaneously retaining
the time-dependent variance (Eq. (2.5)). This effectively accounts for the temporal effect
twice. By embedding time in both the variance and the barrier, the ratio of the two barrier
values entering the conditional probability (see Eqgs. (3.17) and (3.18) in [15]) becomes arti-
ficially suppressed, leading to a significant underestimation of PBH clustering and mergers.
This double counting is not only theoretically inconsistent but also conflicts with their own
results, which report that PBH mergers are rare even when an enhanced power spectrum
generates a substantial PBH abundance®.

A natural first idea is to use a single, constant barrier but to consider a trajectory’s
second up-crossing at a larger variance So. In this approach, the first crossing marks a more
massive PBH, while the second crossing at higher variance represents a less massive PBH that
later gains mass through mergers or accretion. This idea seems appealing at first because it
places all the time dependence solely into the variance, thus avoiding any double counting
of temporal effects. However, this approach suffers from a serious technical and statistical
flaw: the statistics of the second crossing are extremely sensitive to the step size used in the
random walks. Whenever we follow a trajectory that crosses the fixed barrier twice—first
at S and later at So—the probability of detecting that second crossing depends directly on
how we discretize the walk. In practice, changing the step size modifies the grid of accessible
variance values, which artificially raises the chance of finding a second crossing at a smaller
So. A finer step resolution will systematically pick up more clustering events, simply because
the exact position of the second crossing is shifted by the step spacing rather than by any
physical cause.

In the following section, we extend the approach proposed in [22] to calculate the joint
probability of finding a pair of PBHs within a clustering distance.

“See Section 2 and Figure 1 of [46] for a more detailed description.

SWe note that the PBH population, clustering, and merger rate are not directly correlated. For example,
an increased PBH abundance may suppress PBH mergers through three-body interactions. Nevertheless,
when the PBH population increases by several orders of magnitude, the merger rate is generally expected to
increase, even after accounting for such additional effects.



3 Clustering of Primordial Black Holes in Excursion Set Theory

In this section, we study clustering of PBHs that are generated by a blue-tilted power
spectrum. We introduce an approach for calculating the pair of clustered PBHs using two
trajectories with a common history. Then, we calculate the joint probability and correlation
function for pairwise PBHs.

3.1 Pairwise Primordial Black Holes with Common History

To quantify the clustering of pairwise PBH at a given clustering distance, we follow [22],
which considered two trajectories sharing a common history. The conceptual idea is illustrated
in Figure 2, where two Markov trajectories (blue and green), first up-cross the barrier at
variances, S1 and Sy (corresponding to the masses, My and Ma, respectively). In this figure,
the black trajectory is the shared common history of the mentioned trajectories at larger
radii. Two trajectories join at the clustering point, (S, dc1). Note that the density contrast
at this point must remain below the critical density. Hence, we exclude all trajectories that
up-cross the barrier before this clustering point, since such trajectories correspond to more
massive PBHs formed at later times.

To compute the clustering abundance, the joint probability of finding two PBHs at a
clustering distance is required. Then, we evaluate the product of the distribution function at
the clustering point, P(d.1; Se1), and two conditional first up-crossing distributions, fru—cond-
In the following, we argue that a forward-crossing approach is analytically straightforward in
comparison to the backward probability approach in [22|. Hence, we calculate the probability
for a Markov trajectory that evolves from the origin (0, 0) to the clustering point (S¢i, da1)
without crossing the barrier at smaller variance.

| 52 (26, — 6.1)?
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The right-hand side of the above equation gives the probability of reaching the clustering
point, excluding trajectories that cross the barrier before Sc(R.;). This probability should

then be multiplied by the conditional frpy_cona for each PBH, whose trajectories begin from
the clustering point and first up-cross the barrier at S1(M;) and Sa(Ma).

P(5c1§ Sc) =

f (S1.2, 00|81, 0a1) = O = Ol ex <—(50_5C1)2 ) (3.2)
FU-cond (91,2, 0c¢|Ocl Ocl) = ﬁ27r(51,2—5d)3/2 p 2(51’2_501) . .

In all the above equations, we assume a fixed barrier, . = 0.47, which enables an analytical
solution. To obtain the total probability of two PBHs at a certain clustering distance, we
integrate across all permissible density contrasts from i, to de.

dc
P2(S1, S2; Sa1) = /5 dd P(dc1; Se1) fru—cond (S1, 0¢|Sel, 0ct) fru—cond(S2, 0¢|Set, 0c1) - (3.3)

min

This equation gives the pairwise joint probability for the formation of two PBHs with masses
My and M> within a clustering distance R that share a common history up to the clustering
scale S.. It is important to emphasize that this quantity is distinct from the standard
two-point correlation function of the PBH population. As discussed in [22], this pairwise
quantity characterizes the probability of jointly forming two gravitationally bound structures,
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Figure 2. The conceptual framework for PBHs clustering considers two distinct trajectories (blue
and green) that share a common history (black trajectory) at lower variances, S < Sc;. The blue and
green trajectories evolve distinctively and collapse at different variances, S; and Ss, forming PBHs
with masses, M7 and My, respectively. These PBHs are expected to be clustered at point, (S¢i, dc1),
which corresponds to a specific clustering radius R¢. This clustering occurs in a regime where the
density contrast, d.1, remains below the barrier, d. (blue dashed line). The red dotted line indicates
the constraint for the closest clustering radius, R, = Ry + Ro.

rather than the statistical clustering of the entire PBH population. The conventional two-
point correlation function is recovered only after integrating the pairwise probability over the
full PBH mass distribution. Throughout this work, for brevity, we refer the pairwise joint
probability as “clustering”. To quantify the overall clustering of the entire PBH population
within a clustering radius, R we should integrate the two-point probability over all masses
from the threshold S to their respective upper bounds

S1 S2
P(Rcl) = /S dSl g dSQ 732(51, 52; Sd) 5 (3.4)
cl cl

which consequently, defines the correlation function &(R.) (see Eqs. 14-21 in ref.[22]). In
this work, we focus on the pairwise joint probability for two PBH masses to study the mass
distribution and statistics of PBHs masses for blue-tilted power-spectrum scenarios.

Note that the lower bound of integration is dy,i, instead of infinity, which is used in |22].



The minimum arises from the requirement that the cluster contains at least two PBHs with
a minimum total mass of My, = My + Ms. Higher density contrasts within the integration
bound correspond to clusters with masses larger than M > M; + M. This excess mass may
include accreted mass or additional PBHs in the cluster. The closest clustering radius is set
by the constraint Rg = R; 4+ Rs.

3.2 Joint-Probability and Correlation Function

The probability of finding two objects - regardless of their nature - separated by a clustering
distance, 7¢ is given by [47]
Py =n? (1+ &y, M, (rat)) (3.5)

where n is the population of each object which is equivalent to n = fry(S, d.) for PBHs. So
the cross-correlation function for two PBHs at a clustering distance is given by [22]

Po(My, Ma; Ra) = (14 &y, v, (Ra1)) fru(Ma, 6c) fru(Ma, 6c) , (3.6)

where &, ar, (Rer) is the excess clustering probability relative to the normal distribution.

It should be noted that there is a unique one-to-one correspondence between M and S
since the variance is a unique monotonically decreasing function of M and R (see Egs. (2.5) &
(2.6)). In Eq. (3.6), P2 and both frys are extremely small at large variances, so the correlation
function, £, increases divergently. Since fry goes to zero, the Po/ ng increases exponentially.
This large value is misleading since it indicates the correlation of “nothing” with “nothing”.
Therefore, for clustering of PBHs, the probability function, Ps, is more relevant than the
correlation function, £. In our numerical results, we focus on Ps in the vicinity of fry at its
peak, which reflects the true clustering abundance. In the next section, we will present the
results for Py for different parameters.

4 Results

We apply our extended clustering approach in Section 3 to calculate the abundance of pairwise
PBHs forming at a clustering distance. In our analysis, we assume PBHs form by horizon
re-entry during the RD era. Since PBHs formation with a scale-invariant spectral index is
extremely rare, the blue-tilted spectral index is required [17]. Crucially, this power spectrum
amplification must be applied across a broad range of small-scale wavenumbers kppy.

In Figure 3, we present contour plots of the joint probability, Py, for various spectral
indices. Each value of ns lead to PBHs formation within a distinct mass range: sub-lunar
mass range for ng = 1.68; Earth-Jupiter mass ranges for ng, = 1.92; MACHOs for n, = 2.05;
and intermediate mass range for ngy = 2.30. These results are computed for fixed critical
density contrast, . = 0.47, and clustering distance, R = 10(R; + Ra).

In Figure 3, the maximum of P, corresponds to equal-mass PBH pairs. As ng increases,
the location of the maximum shifts toward higher masses. The key result of this work demon-
strates that an increased spectral index not only promotes PBH formation but also results in
their clustering within a specific mass range. This finding aligns with our previous work [17],
and is further supported by Figure 1, where numerous trajectories exhibit first up-crossing
behavior across the specified mass range; i.e. more PBHs, more clustering.

Another noteworthy feature of the contours in Figure 3 is that the maximum value of Ps
remains approximately constant for all masses, with a fixed barrier and clustering distance.
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Figure 3. The contours of the joint probability function, Ps, illustrate the clustering behavior of two
PBHs with masses My and Ma, evaluated at a fixed clustering distance R, = 10(R; + Rz). Results
are shown for different values of the spectral index ng, each linked to a particular PBH mass range.
The critical density contrast is §. = 0.47.

This behavior results from the fact that a higher ng increases the variance at each mass range,
such that the variance peak coincides with the peak of the first up-crossing distribution.

In Figure 4, we explore the dependence of Py on clustering distance for fixed ng = 2.30,
and 0. = 0.47. This spectral index leads to PBHs formation/clustering for the intermediate
mass range. We investigate clustering distances R, = « (R1 + Rg) for a = [1, 10, 100, 200].
The contours reveal that P, decreases asymptotically with increasing R, approaching a
certain value at large distances. For instance, the results for &« = 100 and 200 are almost
indistinguishable. This feature occurs because the variance decreases exponentially at large
radii, leading to a negligible contribution to the integral. Additionally, the maximum of Ps
shifts toward lower masses as R, increases.

The left plot in Figure 5 presents similar results for the equal-mass case My = Ms, cor-
responding to the diagonal of contour plots in Figure 4. This figure confirms the convergence
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Figure 4. The contours of Ps, are illustrated for various clustering distances R for a fixed
barrier,d, = 0.47, and spectral index ng = 2.30, corresponding to the intermediate PBH mass range
M = [1, 10%] M. The contours demonstrate that the clustering probability, P, decreases asymptot-
ically with increasing clustering distance, approaching a certain value at larger distances.

behavior of the clustering probability as clustering distance increases. In the right plot of
Figure 5, we plot the maximum value of P2 as a function of clustering distance. The plot
confirms an asymptotic decline of Po_.x for larger distances.

An important consideration in evaluating Ps is the constraint on the clustering distance,
R¢ > Ri+Ry. In the EST framework, the radius/mass is intrinsically encoded in the variance
S, which can be directly derived from Egs. (2.5) & (2.6)

1
(ns + 3)R”s—1 .
The ratio of variance at clustring distance — evaluated for My = My (i.e. Rq = R1+ Ry = 2R)

— to the variance for each PBHs is given by

Sa(2R) 1
= = . 4.2
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Figure 5. The left plot represents P, at various clustering distances for M; = M,. The right plot
shows the maximum value of P, at different clustering distances, where « is the ratio of clustering
distance to R;+ Ro. The analysis is conducted for the intermediate PBH mass range and for ny = 2.30,
and . = 0.47.

For instance, for ny; = 2.30, this ratio is w ~ 0.4. This constraint has direct implications
for the results in Figure 5 of [22]. They showed the contours of correlation function, &,
versus dimensionless parameter, w (See Eq. 32 in [22]). It is important to emphasize that
substantial portions of their contour plots correspond to physically inadmissible regions, as
w > 0.4. Consequently, the dominant correlation peaks arise in regions that are physically
inadmissible and should be disregarded. It is worth noting that a scale-invariant power
spectrum (ns &~ 1), corresponding to w ~ 1, lies outside the viable regime for PBHs formation
and clustering.

Finally, in Figure 6, we investigate the impact of different barriers, ., on the clustering
probability. Contours are shown for §. = [1/3, 0.40, 0.50, 2/3], with fixed ns = 2.30 and
Rg = 10(R; + R2). The results indicate that Py increases as 0. decreases. This behavior is
expected since lowering the barrier increases the PBHs formation, leading to more clustering.
Moreover, a lower value of . results in the peak of P, moving toward higher-mass PBH pairs.

5 Conclusions

In this work, we have extended the Excursion Set Theory (EST) framework to compute
the joint probability of two PBHs to investigate their clustering at a specific distance. Our
approach is based on the evaluation of two Markov trajectories that share a common history
at scales larger than the clustering distance, R > R. After the clustering point, both trajec-
tories evolve independently and first up-cross the collapse barrier at variances corresponding
to PBH masses (See Figure 2).

In our prior study [17], we implemented an enhanced power spectrum by a blue-tilted
spectral index, which significantly increases the PBHs formation. Here, we computed the
clustering probability of PBHs and examined its dependence on key parameters: the spectral
index ng, clustering distance R.j, and barrier J..

The key result of our study is the direct correspondence between the spectral index and
the mass range of the PBHs formation and clustering (Figure 3). Increasing the spectral
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Figure 6. The contour of P is presented for different values of barrier, é., for fixed spectral index,
ns = 2.30, and clustering distance, R.; = 10(R1 + Rz). The contours show that decreasing the barrier
6. enhances the clustering probability, Ps. Additionally, the peak of P, shifts toward higher-mass
PBH pairs as 0. is reduced.

index ng leads to the formation of clustered PBHs in higher mass ranges. Additionally,
we observed that the clustering probability decreases asymptotically as clustering distance
R increases (Figure 4). We also demonstrated that reducing the barrier d. increases the
clustering probability and shifts its peak toward higher PBH masses (Figure 6).

The analysis emphasized that enhancement of the power spectrum at small scales plays a
crucial role in determining the population and clustering of PBHs, and offers further evidence
supporting the PBH as a dark matter candidate. These clustered PBHs may leave observable
signatures in gravitational lensing data and could be detected through their eventual mergers
in current and future gravitational waves surveys.

Future research could extend the EST formalism to compute merger rates of clustered
PBHs. Furthermore, tracking the hierarchical mergers of PBHs and their accretion could
shed light on their possible role as seeds of supermassive black holes.

- 12 —



Finally, we propose exploring PBH formation, clustering, and merger rates within a
non-Markovian framework. However, it should be noted that the non-Markovian scenario is
more complicated, as the correlated nature of their trajectories prevents the reconstruction
of a shared common history [48, 49|. Investigating alternative initial conditions, including
primordial non-Gaussianity and different mechanisms PBHs formation, may also provide novel
insights into PBH clustering and merger. Additionally, incorporating more realistic collapse
models, such as ellipsoidal collapse and time/scale-dependent barrier, could further refine
theoretical predictions.

Acknowledgments

We are grateful to Shant Baghram, and Ghazal Gheshnizjani for their insightful comments
on the manuscript.

EE is supported by the ITE-Scholar Rescue Fund, and the Perimeter Institute for Theoret-
ical Physics. Research at Perimeter Institute is supported in part by the Government of
Canada through the Department of Innovation, Science and Economic Development and by
the Province of Ontario through the Ministry of Colleges and Universities.

References

[1] Y. B. Zel’dovich and I. D. Novikov, “The Hypothesis of Cores Retarded during Expansion and
the Hot Cosmological Model,” Sov. Astron., vol. 10, p. 602, 1967.

[2] S. Hawking, “Gravitationally collapsed objects of very low mass,” Mon. Not. Roy. Astron. Soc.,
vol. 152, p. 75, 1971.

[3] B. J. Carr and S. W. Hawking, “Black holes in the early Universe,” Mon. Not. Roy. Astron.
Soc., vol. 168, pp. 399415, 1974.

[4] A. Escriva, F. Kuhnel, and Y. Tada, “Primordial Black Holes,” 11 2022.

[5] B. Carr and F. Kiihnel, “Primordial black holes as dark matter candidates,” SciPost Physics
Lecture Notes, p. 048, 2022.

[6] A. M. Green and B. J. Kavanagh, “Primordial black holes as a dark matter candidate,” Journal
of Physics G: Nuclear and Particle Physics, vol. 48, no. 4, p. 043001, 2021.

[7] S. W. Hawking, “Particle Creation by Black Holes,” Commun. Math. Phys., vol. 43,
pp. 199-220, 1975. [Erratum: Commun.Math.Phys. 46, 206 (1976)].

[8] B. P. Abbott et al., “Observation of Gravitational Waves from a Binary Black Hole Merger,”
Phys. Rev. Lett., vol. 116, no. 6, p. 061102, 2016.

[9] S. Bird, I. Cholis, J. B. Munoz, Y. Ali-Haimoud, M. Kamionkowski, E. D. Kovetz,
A. Raccanelli, and A. G. Riess, “Did LIGO detect dark matter?,” Phys. Rev. Lett., vol. 116,
no. 20, p. 201301, 2016.

[10] P. S. Cole and C. T. Byrnes, “Extreme scenarios: the tightest possible constraints on the power
spectrum due to primordial black holes,” JCAP, vol. 02, p. 019, 2018.

[11] M. Drees and E. Erfani, “Running-Mass Inflation Model and Primordial Black Holes,” JCAP,
vol. 04, p. 005, 2011.

[12] W. H. Press and P. Schechter, “Formation of galaxies and clusters of galaxies by selfsimilar
gravitational condensation,” Astrophys. J., vol. 187, pp. 425-438, 1974.

[13] J. M. Bardeen, J. R. Bond, N. Kaiser, and A. S. Szalay, “The Statistics of Peaks of Gaussian
Random Fields,” Astrophys. J., vol. 304, pp. 15-61, 1986.

~13 -



[14] C. Germani and R. K. Sheth, “Nonlinear statistics of primordial black holes from Gaussian
curvature perturbations,” Phys. Rev. D, vol. 101, no. 6, p. 063520, 2020.

[15] A. Moradinezhad Dizgah, G. Franciolini, and A. Riotto, “Primordial Black Holes from Broad
Spectra: Abundance and Clustering,” JCAP, vol. 11, p. 001, 2019.

[16] P. Auclair and V. Vennin, “Primordial black holes from metric preheating: mass fraction in the
excursion-set approach,” JCAP, vol. 02, p. 038, 2021.

[17] E. Erfani, H. Kameli, and S. Baghram, “Primordial black holes in the excursion set theory,”
Mon. Not. Roy. Astron. Soc., vol. 505, no. 2, pp. 1787-1793, 2021.

[18] J. R. Chisholm, “Clustering of primordial black holes: basic results,” Phys. Rev. D, vol. 73,
p. 083504, 2006.

[19] V. Desjacques and A. Riotto, “Spatial clustering of primordial black holes,” Phys. Rev. D,
vol. 98, no. 12, p. 123533, 2018.

[20] T. Suyama and S. Yokoyama, “Clustering of primordial black holes with non-Gaussian initial
fluctuations,” PTEP, vol. 2019, no. 10, p. 103E02, 2019.

[21] V. De Luca, V. Desjacques, G. Franciolini, and A. Riotto, “The clustering evolution of
primordial black holes,” JCAP, vol. 11, p. 028, 2020.

[22] P. Auclair and B. Blachier, “Small-scale clustering of primordial black holes: Cloud-in-cloud
and exclusion effects,” Phys. Rev. D, vol. 109, no. 12, p. 123538, 2024.

[23] A. D. Gow, C. T. Byrnes, P. S. Cole, and S. Young, “The power spectrum on small scales:
Robust constraints and comparing PBH methodologies,” JCAP, vol. 02, p. 002, 2021.

[24] S. Pi, M. Sasaki, V. Takhistov, and J. Wang, “Primordial Black Hole formation from power
spectrum with finite-width,” JCAP, vol. 09, p. 045, 2025.

[25] A.D. Gow, C. T. Byrnes, and A. Hall, “Accurate model for the primordial black hole mass
distribution from a peak in the power spectrum,” Phys. Rev. D, vol. 105, no. 2, p. 023503, 2022.

[26] B. J. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama, “New cosmological constraints on
primordial black holes,” Phys. Rev. D, vol. 81, p. 104019, 2010.

[27] B. Carr, S. Clesse, J. Garcia-Bellido, M. Hawkins, and F. Kuhnel, “Observational evidence for
primordial black holes: A positivist perspective,” Phys. Rept., vol. 1054, pp. 1-68, 2024.

[28] B. Carr, K. Kohri, Y. Sendouda, and J. Yokoyama, “Constraints on primordial black holes,”
Rept. Prog. Phys., vol. 84, no. 11, p. 116902, 2021.

[29] H. Niikura, M. Takada, S. Yokoyama, T. Sumi, and S. Masaki, “Constraints on Earth-mass
primordial black holes from OGLE 5-year microlensing events,” Phys. Rev. D, vol. 99, no. 8,
p. 083503, 2019.

[30] P. Tisserand et al., “Limits on the Macho Content of the Galactic Halo from the EROS-2
Survey of the Magellanic Clouds,” Astron. Astrophys., vol. 469, pp. 387-404, 2007.

[31] E. Bagui et al., “Primordial black holes and their gravitational-wave signatures,” Living Rev.
Rel., vol. 28, no. 1, p. 1, 2025.

[32] P. Pani and A. Loeb, “Tidal capture of a primordial black hole by a neutron star: implications
for constraints on dark matter,” JCAP, vol. 06, p. 026, 2014.

[33] D. H. Lyth and A. R. Liddle, The primordial density perturbation: Cosmology, inflation and
the origin of structure. 2009.

[34] Y. Akrami et al., “Planck 2018 results. X. Constraints on inflation,” Astron. Astrophys.,
vol. 641, p. A10, 2020.

[35] H. Mo, F. C. van den Bosch, and S. White, Galaxy Formation and Evolution. 2010.

~ 14 —



36]
37]
38]
30]
0]
ja1)
j42]
j43]

[44]

[45]

[46]

[47]
48]

[49]

A. R. Zentner, “The excursion set theory of halo mass functions, halo clustering, and halo
growth,” International Journal of Modern Physics D, vol. 16, no. 05, pp. 763-815, 2007.

J. R. Bond, S. Cole, G. Efstathiou, and N. Kaiser, “Excursion set mass functions for
hierarchical Gaussian fluctuations,” Astrophys. J., vol. 379, p. 440, 1991.

0. Ozsoy and G. Tasinato, “Inflation and Primordial Black Holes,” Universe, vol. 9, no. 5,
p- 203, 2023.

A. Escriva, C. Germani, and R. K. Sheth, “Analytical thresholds for black hole formation in
general cosmological backgrounds,” JCAP, vol. 01, p. 030, 2021.

A. Escriva, C. Germani, and R. K. Sheth, “Universal threshold for primordial black hole
formation,” Physical Review D, vol. 101, no. 4, p. 044022, 2020.

I. Musco, V. De Luca, G. Franciolini, and A. Riotto, “Threshold for primordial black holes. II.
A simple analytic prescription,” Phys. Rev. D, vol. 103, no. 6, p. 063538, 2021.

T. Harada, C.-M. Yoo, and K. Kohri, “Threshold of primordial black hole formation,” Phys.
Rev. D, vol. 88, no. 8, p. 084051, 2013. [Erratum: Phys.Rev.D 89, 029903 (2014)].

I. Musco, “Threshold for primordial black holes: Dependence on the shape of the cosmological
perturbations,” Physical Review D, vol. 100, no. 12, p. 123524, 2019.

H. Kameli and S. Baghram, “Mass assembly history of dark matter haloes in the light of h 0
tension,” Monthly Notices of the Royal Astronomical Society, vol. 511, no. 2, pp. 1601-1608,
2022.

L. Parkavousi, H. Kameli, and S. Baghram, “Voids and haloes-in-voids statistics as a probe of
the expansion history of the universe,” Monthly Notices of the Royal Astronomical Society,
vol. 526, no. 1, pp. 1495-1503, 2023.

H. Kameli and S. Baghram, “Addressing the too-big-to-fail problem and the void phenomenon
through a modified initial power spectrum,” Mon. Not. Roy. Astron. Soc., vol. 542, no. 4,
pp. 3331-3345, 2025.

P. J. Peebles, The Large-Scale Structure of the Universe. Princeton University Press, 11 1980.

F. Nikakhtar, M. Ayromlou, S. Baghram, S. Rahvar, M. R. Rahimi Tabar, and R. K. Sheth,
“The excursion set approach: Stratonovich approximation and cholesky decomposition,”
Monthly Notices of the Royal Astronomical Society, vol. 478, no. 4, pp. 52965300, 2018.

H. Kameli and S. Baghram, “Modified initial power spectrum and too big to fail problem,”
Monthly Notices of the Royal Astronomical Society, vol. 494, no. 4, pp. 4907-4913, 2020.

~15 —



	Introduction
	Primordial Black Holes Formation
	Primordial Black Holes Formation in Excursion Set Theory
	Single Barrier vs. Two-Barrier Approach in Excursion Set Theory

	Clustering of Primordial Black Holes in Excursion Set Theory
	Pairwise Primordial Black Holes with Common History
	Joint-Probability and Correlation Function

	Results
	Conclusions

