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We propose a general and experimentally accessible framework to quantify transition timing in
discrete quantum systems via the time-of-flow (TF) distribution. Defined from the rate of population
change in a target state, the TF distribution can be reconstructed through repeated projective mea-
surements at discrete times on independently prepared systems, thus avoiding Zeno inhibition. In
monotonic regimes, it admits a clear interpretation as a time-of-arrival (TOA) or time-of-departure
(TOD) distribution. We apply this approach to optimize time-dependent Hamiltonians, analyze
shortcut-to-adiabaticity (STA) protocols, study non-adiabatic features in the dynamics of a three-
level time-dependent detuning model, and derive a transition-based quantum speed limit (TF-QSL)
for both closed and open quantum systems. We also establish a lower bound on temporal uncertainty
and examine decoherence effects, demonstrating the versatility of the TF framework for quantum
control and diagnostics. This method provides both a conceptual tool and an experimental protocol
for probing and engineering quantum dynamics in discrete-state platforms.

I. INTRODUCTION

Time plays a peculiar role in quantum mechanics:
while space is associated with self-adjoint operators and
measurable observables, time remains an external param-
eter. This fundamental asymmetry leads to challenges
in defining meaningful time-of-arrival (TOA) distribu-
tions, especially when compared to the clear probabilis-
tic framework for position measurements [I]. Numerous
approaches have been proposed for continuous systems
(see reviews [2, [3]), yet a consensus remains elusive due
to issues such as ambiguity in measurement interpreta-
tion, non-uniqueness, and divergence in limiting cases.
In contrast, the case of discrete quantum systems, rele-
vant to qubit-based platforms, spin chains, and trapped
ions, has received far less attention. Proposals such as
the Page and Wootters’ mechanism [4] or the quantum
clock approach, [Bl [6], where time is inferred from correla-
tions between a system and an auxiliary quantum clock,
are, in principle, applicable to discrete systems. Despite
their conceptual depth and promising implications, none
of these proposals have yet been explored experimen-
tally in the laboratory. Beyond being a purely concep-
tual problem, the notion of time is also crucial in mod-
ern quantum technologies, in particular for optimal con-
trol and decoherence, which both have great importance
in quantum computing [7], quantum control [§], quan-
tum simulation [9], quantum metrology [TOHI2], shortcut
to adiabaticity (STA) [I3HI5], and finite-time quantum
thermodynamics [16].

Different approaches offer a variety of methods for the
quantification of time, which can be used to help quan-
tum technology speed up processes. Quantum speed
limits (QSLs) [I7, (18] are useful concepts that tell us
how fast a transition could happen and have been used
for optimal control [I9], decoherence [20], and quan-
tum metrology [0, [I0]. However, while QSLs offer lower
bounds on transition times, they do not provide exper-

imentally accessible information about the time distri-
bution of the transition. Transition timing in discrete
quantum systems has been approached through quantum
trajectories [7], which model dynamics under continuous
monitoring by unraveling the evolution into stochastic
jumps or diffusive paths. While this framework cap-
tures decoherence and measurement backaction, it re-
quires open-system modeling and continuous observa-
tions, which can induce a quantum Zeno effect. Alter-
natively, first-detection protocols [2I] define transition
times as the earliest successful projective measurement
following stroboscopic sampling. This approach yields
useful timing statistics but focuses on first-event detec-
tion and relies on invasive monitoring or collapse-based
dynamics, limiting their generality and experimental ac-
cessibility in closed or control-oriented settings.

As seen above, the passage of time in discrete quantum
systems lacks a unifying framework that addresses both
theoretical and experimental challenges. Such a frame-
work should not only clarify conceptual issues, such as
the time-of-arrival problem, but also support practical,
yet fundamental, tasks in quantum engineering. In this
work, we propose a general and operationally meaning-
ful concept of time-of-flow (TF) distribution to bridge
the gap between these complementary aspects. The TF
distribution is defined from the absolute value of the
time derivative of the probability to occupy a target state
and is experimentally reconstructible via projective mea-
surements at discrete time steps on independently pre-
pared systems, thus bypassing the quantum Zeno effect
for continuous measurement protocols [22]. In monotonic
regimes, this TF distribution is interpreted as the time-
of-arrival (TOA) or time-of-departure (TOD) profiles
and yields expected results in limiting cases (delta pulse
model). Beyond conceptual consistency, we demonstrate
how the TF distribution provides a practical framework
to extract meaningful timing statistics. We apply this
approach to optimize shortcuts to adiabaticity (STA) |
and to analyze decoherence dynamics in open quantum
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systems described by Lindblad-type master equations.
This framework, therefore, offers both a theoretical tool
and an experimental protocol to explore quantum tim-
ing in discrete-state systems. In addition, we derive a
TF-based quantum speed limit (TF-QSL) and a new un-
certainty relation linking the temporal spread of transi-
tions to their energetic or dynamical generators. These
results position the TF distribution as both a practical
diagnostic and a fundamental tool for quantum dynamics
in discrete systems.

II. HEURISTIC, EMPIRICAL AND
THEORETICAL DEFINITION OF THE
TIME-OF-FLOW FOR DISCRETE
QUANTUM SYSTEMS

Heuristically, the time-of-flow (TF) distribution quan-
tifies how the probability of being in a given quantum state
changes in time. Operationally, it describes the rate at
which probability “flows into or out of” a chosen state
|k) during the system’s evolution. Unlike the standard
occupation probability pg(t), which tells us how likely
the system is to be in |k) at time ¢, the TF distribution
7k (t) captures when that probability changes most signif-
icantly. It can be empirically reconstructed by measuring
how the population of |k) varies across many trials, each
measured at a different time, and taking the magnitude
of its time derivative.

We now describe the experimental procedure for re-
constructing the TF distribution in a discrete quantum
system with eigenstates |1),...,|n) and an observable

A=Y a;15) Gl

1. Prepare initial state. Initialize the system in
a fixed quantum state py and let it evolve unitarily
under a given dynamics (open or closed systems).

2. Perform projective measurement at time ¢;.
At a chosen time t¢;, perform a projective mea-
surement of the observable M, = |k) (k| to check
whether the system is in the target state |k).

3. Repeat to obtain statistics. Repeat the mea-
surement independently over many trials (typically
N > 1) to estimate the empirical frequency

_ Ni(t))

fk(tj) N

where N(t;) is the number of detections in state
|k) at time ¢;. In the large-N limit, this converges

to the probability px(t;) = Tr(py, My) = (k| pt, |k) -

4. Sample over a time grid. Repeat the above pro-
cedure for a discrete set of times {t1,t2,...,tap}
to obtain a time-resolved profile of the population
pr(t). Importantly, each measurement is performed

on an independent trial and only once per trajec-
tory. This discrete-time sampling avoids continu-
ous monitoring and thereby prevents Zeno-like in-
hibition of the dynamics, making it experimentally
feasible in discrete systems such as qubit platforms.

5. Estimate rate of change. Compute the finite

differences

[ASe(ti)] = [fe(tjzr) — fu(t;)],
and define the empirical rate

filty) = 120

and define the normalized distribution

~ Afr(t;
multy) =N - 150,

where 8t = t;41 —t; is the sampling interval and N
is a normalization constant chosen so that the sum
over all time bins satisfies

M-—1 B
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This ensures that fi(t;) can be interpreted as a
properly normalized discrete approximation to the
TF probability distribution.

This empirical distribution can then be used to com-
pute statistical moments such as the mean y = Z;\il t;-

fk(tj), and any other higher-order momenta as p® =

Zj]vil th - fr(t;), as well as variance in the time of flow.
To construct the continuous-time TF probability distri-
bution from the discrete estimate 7 (¢;), we take the joint
limit where both the number of time steps M and the

number of measurement repetitions N tend to infinity:
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where A is a normalization factor and 7 () is the exact
continuous-time distribution.

This analysis suggests that to obtain an analytical ex-
act expression for the TF distribution and predict the ex-
perimental data obtained from the experiment described
above, one simply needs to calculate the time derivative
of the probability for the system to be detected in the
state |k)

e (0) :N‘jtpk(t)‘ :N‘jtTr (L) @

where A is the normalization factor (over time). If
pi(t) is monotonic, its derivative can be interpreted as a
time-of-arrival (TOA) distribution when increasing, or a
time-of-departure (TOD) distribution when decreasing.



For non-monotonic pg(t), we split the time domain into
increasing (TOA) and decreasing (TOD) regions, defin-
ing

d d

7TOA (1) :NAﬁpk(t)’ for %pk(t) 0, (3)
d d

™ P (8) = Np ZPe@)|, for —p(t) <0, (4)

with normalization constants A4 and Np over the re-
spective time regions. Note that for the non-monotonous
case, the TF distribution given by Equation captures
the distribution of times where the population in the
state |k) changes, without distinguishing between arrival
and departure. Note that the interpretation of Equa-
tions and as normalized quantum flux is analo-
gous to the time-of-arrival (TOA) distribution in contin-
uous systems (see [23] 24]). This connection is further
developed in the companion paper [25], where we intro-
duce a general concept of the time-of-flow (TF) distribu-
tion applicable to both continuous and discrete spectra,
and show that the TF distribution coincides with the
TOA distribution for a particle propagating in space.

By using the master equation 475, = £(p;), where £(-)
is the Liouvillian superoperator [26, 27], we can rewrite
Equation in a different form

= N (£ M) | = Nk £E)II (5)

For closed systems, we have L(p;) = —%[ﬁ,ﬁt], where
H is the Hamiltonian of the system, and we obtain the
following interesting alternative expression for the TOA
distribution

me(t) :N‘Tr (ﬁt fk)) :N‘;Tr (ﬁt[ﬁ,J\//fk]) . (6)

where Tr(ﬁt fk) = <¢t|fk\wt) is the quantum ex-

pectation value of the operator fk = —%[}AI , M\k] is
the analog of the current operator for continuous sys-
tems [25]. Hence, if one designs another protocol to mea-
sure the mean value of the operator fk at different times
ti,t2,--- ,tp, then we can reconstruct the TF distribu-
tion of the system. This protocol might offer a more di-
rect measurement of the TF distribution for discrete sys-
tems such as two-level spin systems, as we will see later.

III. THE TWO-LEVEL SPIN
TRANSITION MODEL

A. Theoretical Results

We first consider a two-level spin transition model

PN Tuw(t) ~

A =", ™)
where w(t) is a continuous function of ¢ > 0. The uni-
tary operator U(t) = e #Jo H()dt! e=i%5" s

cos (@ isin @) Gz, where Q(t fo t)at',
see Appendix [VIIT Al after Equation (A4), for details of

the derivation. Assuming an initial state |0), the solu-
tion to the solution to the Schréodinger equation reads

b)) = U, |0) = cos (M) |0) — i sin (%) [1), leading to

mU—WMW—m(W
) the TF distribution from state |0) to state |1) reads

m1(t) = N |w(t) sin (2(2))] . (8)

As we mentioned before, this distribution represents the
TOA distribution (resp. the TOD distribution) if the
derivative of p;(t) is positive (resp. negative). Note that
we can also use the Equation @ to find the expression
of the TF distribution considering a general initial state

|%0)
mL(t) = N Jw(t) - (] 7y )| = N [eo(t)

). Hence, from Equation

9)
where we used the commutator relation [0, |1) (1] = ig,
and where the second equahty was obtamed from the
Heisenberg representation p; = Ut pOU The first equal-
ity in @ implies that the measurement of the mean value
of the operator g, for ¢ > 0 multiplied by the factor
w(t)/2 and normalized provides us an estimate of the TF
distribution. The second expression in @ gives another
way to calculate explicitly the TF distribution without
taking the derivative of p;(t). To illustrate the TF dis-
tribution in a solvable setting, we consider a two-level
system with Hamiltonian H(t) = %UI and initial state
|1ho) = cos (£)0) +sin (4) [1). For 6 # 7/2, the system
evolves nontrivially toward |1), and the TOA distribu-
tion reads m () = % sin(wot), t <ty = J-. This yields
a mean arrival time (T7) = ¢;/2 and standard deviation
ATy =44, /1- 5.

We can show that for a more general initial state

) = cos (5 ) 100+ s (5 ) 1.

where 6 € [0,7], ¢ € [0,27), and w(t) is a smooth real-
valued function, the TF distribution reads

m1(t) = N-w(t) [cos(0) sin(Q(t)) — sin(6) cos(Q(t)) sin(¢)]

(11)
see details of the derivation in Appendix [VIIT Al Inter-
estingly, when 6 = 7/3 and ¢ = 7/2, see Figure I we see
a transition between two phases: the TOD phase where
the population in the target state decreases and the TOA
phase where the population of the target state increases

up to its maximal value.

(10)

B. Numerical Optimization

In Figure[2, we optimize a time-dependent control pro-
tocol w(t) driving a two-level quantum system governed

(0| U}, Uy |0) |,



TOA: (T) =2.6180, AT = 0.6837

TOD: (T) = 0.3623, AT = 0.2489
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FIG. 1. Visual representation of TOA and TOD in an
oscillating flow. We plot the TF distribution 7 (¢) (top) and
probability of occupation in the target state pi(t) (bottom)
for a driven two-level system with constant driving frequency
and fixed phases § = 7/3 and ¢ = 7/2 in , and we fixed
wo = 1. The vertical dashed line at t ~ 1 separates the time-
of-departure (TOD) regime from the time-of-arrival (TOA)
regime, corresponding to the change of sign in dp; /dt.

by the Hamiltonian . Starting from the initial state
|0), our goal is to deterministically reach the target state
|1) at time T', while ensuring that the transition probabil-
ity p1(t) increases monotonically over time. We construct
w(t) as a fourth-order polynomial w(t) = woJrZ;:l ap t?
and define a cost function

4
J[al,az,a3,a4] = (pl(T) - 1)2+>‘m0n0'Nfalse+>‘reg Zaf,
i=1

where p;1(T) is the final population of the target state,
Nealse counts the number of time points where dp; /dt <
0, and the last term regularizes the control coefficients.
The parameters Amono and Aoz are penalty weights for
monotonicity and regularity, respectively. The optimiza-
tion exploits the exact analytical solution of the time-
evolved state and provides both the population dynam-
ics and the corresponding TF-distribution 7 (¢), enabling
direct control over temporal detection statistics. This
framework offers a versatile and computationally effi-
cient approach to shaping quantum arrival dynamics us-
ing smooth, experimentally feasible controls.

C. The Two-Level Delta-Pulse Model: A
Limiting Case

To verify the consistency of our approach, we consider
the idealized delta-pulse model

~ wh_.

H(t) = T5,6(t — to), (12)

describing an instantaneous transition from |0) to |1) at
time ¢g. This model can be obtained from Equations

1.0 [w(t) =1.00 + 0.032t + 0.043t2 + 0.064t3 + 0.103t4]
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FIG. 2. Time-dependent control of a two-level quan-
tum system using a polynomial protocol w(t). We op-
timize the frequency w(t) = wo + 22:1 apt? to maximize
population transfer from |0) to |1) at time 7', while enforc-
ing monotonic growth of pi(t) and regularity of the control.
The cost function penalizes non-monotonic behavior and large
coefficients. The optimal protocol yields a smooth population
trajectory pi1(t) and the corresponding time-of-flow (TF) dis-
tribution 7 (), enabling precise shaping of detection statistics
through analytically tractable control functions.

and (§) with w(t) = 7 - e~ (t=1)/20% /\/2752 in the limit
limy o w(t) = wd(t —to). In this case, the population be-
comes p1(t) = 0(t — tp), leading to the TOA distribution
m1(t) = §(t — to), and mean TOA (T7) = tg, as expected.
The results obtained in this idealized, classical-like limit
support the use of the terminology “time of arrival”. In-
deed, satisfying this consistency condition, i.e., recover-
ing a Dirac delta distribution centered at the switching
time, is a minimal requirement for any approach claiming
to define a TOA distribution. Other definitions should
be able to reproduce this limit to justify the use of such
terminology. Further delta-pulse models are analyzed in

Appendix [VITTB]



IV. OPTIMIZATION OF SHORTCUT TO
ADIABATICITY (STA) PARAMETERS USING
TOA DISTRIBUTIONS
STA Model and TOA Distribution

Let us consider a generalized spin-STA Hamilto-
nian [13] 28]

Hsra(t) = & [~wo(sin (00) 3 + cos (6(1)) 32) + 0(1)3,

2
(13)
with a flexible angle parameterization
o)== (L S a0 (14)
=—|= «
2 T ) -
so that the target state is |+) = %(|O> + |1)).

By construction of the Hamiltonian, we know the ex-
act solution to the time-dependent Schrédinger equa-
tion |¢y) = €'t |n;), where the Berry phase is ¢; =

%fot dat' /1 + 0‘(57/3)2 and where |n;) = cos (@) 0) +

sin (@) |1) is the solution to the stationary Schrodinger

equation Hy(t) [n(t)) = Eo(t) [n(t)), with Eo(t) = F20.
From the overlap between the current state [¢;) and
the target state |+), we find the probability of occu-
pation of the target state to be py(t) = | (+|v) > =
5 -3):
the normalized TF distribution

ﬂ'octa_lwﬂ'ta P
7T+(t)_2T‘<T) COb<2<T> ),O_t_ y

(15
which can be regarded as a TOA distribution since the
analysis is restricted to a time interval where the occupa-
tion probability increases monotonically. For the linear
model where @ = 1 (see dashed line in Figure [3)) that is
commonly used experimentally [13], we obtain the exact

cos? ( leading to the following expression for

expression (T}) =T (1 - % ~ 0.363 T which shows a
discrepancy with the target STA time T as well as an im-
1/é—1—3 ~ 0.240 T.

Toow

In Figure[3] we show that different «v values lead to dis-
tinct scenarios: (i) mean TOA close to the target time
T with relatively small standard deviation for « = 5 and
a = 10; (ii) mean TOA closer to ¢t = 0 with relatively
large standard deviation for a = 0.7; and (iii) intermedi-
ate cases for « = 1 and a = 2. In this context, the op-
timal scenario is obtained for o = 10, as it minimizes
both the uncertainty and the difference between the tar-
get time T and the mean TOA, and is therefore more
reliable. However, as the standard deviation of the TOA
distribution decreases, the system becomes more non-
adiabatic, which can introduce perturbations and noise.
As a tradeoff, it may be preferable to choose a lower value
of a, even at the cost of a larger standard deviation in
the TOA distribution to make it smoother.

portant spread given by AT, =T

6 sees @=07, () =0267, 0;=0.229
a=1.0, (t)=0.363, 0;=0.240 ':
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FIG. 3. Normalized TOA distribution for different «
values. In this figure, we plot the TOA distribution
for different values of o and the respective mean/standard
deviation TOA (see legend within the panel) for 7' = 1.

V. THREE-LEVEL A MODEL WITH
TIME-DEPENDENT DETUNING AND
TEMPORAL MAGNIFIER

We consider a A system with ground(-like) states
{|1),]3)} and an excited state |2). The fixed Rabi cou-
plings are 7 on the |1) < |2) transition and 5 on the
|3) <> |2) transition. In the rotating frame and within the
rotating-wave approximation, the Hamiltonian reads

0 o0

BhonA@) M| (16)
0o M= 9

H(t) =

where A(t) is the time-dependent single-photon detun-
ing of the optical field driving |2). With fixed Rabi cou-
plings Q4 o and initial state |1), we sweep the detuning
once across resonance, A; < 0 < Ay, implementing the
standard A-scheme adiabatic passage [29] [30]. We model
the detuning as a linear ramp

Ay —A;

Aun(t) = A; + T

t, (17)
with total duration T'. To ensure adiabatic following near
the avoided crossing (typically around A = 0), the sweep
rate is chosen to satisfy a Landau-Zener-type adiabatic-
ity condition |A| < Q2 (as the non-adiabatic transition
probability is approximated by the Landau—Zener for-

mula Pz = exp (—WQgﬂ/Q\A|))7 where [A] = (Af —

A;)/T and Qe = 1/QF + Q3 is the effective coupling be-
tween the excited state |2) and the bright state |B) =
(Q113) + Q21))/Qeqr. In this regime, the intermediate-
state population ps(t) grows nearly monotonically, peak-
ing within a narrow time window centered on the avoided
crossing. This produces a single-lobed TF distribution
ma(t) = N|%p2(t)|, localized around the crossing point.



However, small-amplitude oscillations in pa(t) lead to sig-
nificant relative changes in population, which are cap-
tured as fine structure in the TF distribution (see Fig-
ure [4). Therefore, the TF distribution acts as a tem-
poral magnifier, revealing subtle non-adiabatic effects or
internal dynamics that are otherwise hidden in popula-
tion curves. While directly reconstructing mo () from the
derivative of pa(t) is experimentally challenging, particu-
larly when oscillations make the derivative noisy, we can
instead employ the alternative protocol described after

Equation @ Computing the current-like operator f‘,
one finds

. Q Q

[=——76P = —=% (~i[B) (2| +i|2) (B]) . (18)

see Appendix [VIIIC| for details. Thus, measuring the
expectation value (I') at different times provides a direct
way to reconstruct mo(t), effectively magnifying small
non-adiabatic features in the dynamics.

In Figure [d we consider two constant couplings ©; =
Qs = 27 x 1IMHz and a linearly swept detuning A(t)
from —10 to +10 MHz over 4us. Starting from state
|1), the instantaneous dynamics is solved from the time-
dependent Schrodinger equation, yielding population
transfer between the three states. The plot on the bot-
tom panel in Figure [4| displays the population dynam-
ics of all three states, P;(t), P2(t), P3(t), with the corre-
sponding TF mean and standard deviations included in
the legend obtained from the respective TF distribution
w;rF(t), j =1,2,3. This illustrates how the TF protocol
provides complementary timing information across the
whole three-level manifold, beyond what can be inferred
from instantaneous populations alone. The plot on the
top panel in Figure 4| reports the normalized distribu-
tion 74T (t), showing how the population of state 2 is
both gained and lost during the transfer. The fast, high-
amplitude oscillations observed in this figure also demon-
strate that the transition is rapid and non-adiabatic men-
tioned above.

This application showcases the TF distribution’s util-
ity in investigating non-trivial dynamics and opens fu-
ture avenues to numerically explore protocols that could
minimize such oscillations while maximizing population
transfer. One suggestion we make is the use of physics-
informed neural networks for this task [31].

VI. TIME-OF-FLOW DISTRIBUTION AND
DECOHERENCE IN OPEN SYSTEMS
A. Time-of-Flow Distribution for a General
Markovian System

Consider the Markovian master equation

b= L(p) = [, p] - > Sl Lyl (19)

where p; is the density matrix, Hisa time-independent
Hamiltonian, L; are time-independent Lindblad opera-

tors, and 7 are the coupling constants.
We recall that the TOA distribution at the fixed state
|k) is given by

() = 'dTrthk)

dt ’ (20)

where M, = |k) (k| is the projector onto the state |k).
From the master Equation , we find that

D 0x(puNty) = L Te(pu [~ H, ¥1)) + Te(pD(VEe))

= Tr(p LT (My)),

where the dissipator D(My) = — >, YIL;,[L;, Mg]] and
L7(+) is the Hermitian conjugate of the Liouville super-
operator. Hence, we find that

() = N|Te(pe L (M) (21)

where A is the normalization factor. Notice that for a
closed quantum system, we find the Formula @, as ex-
pected. Also, the operator I' = L'T(Mk) can be viewed
as the analog of a current operator, as in Equation @
and provides a more direct way to access the TF dis-
tribution, provided that I' is experimentally accessible.
An example will be discussed in Section [VIE]

B. Quantum Speed Limit Associated to the
TF Distribution

From the master Equation , we find that

d ) .
SPr(t) = Tr(pe LT (My)),

Hence, we find that

‘ d

(0] = G2 ))<= Y02 L 2

where we used the Cauchy—Schwarz inequality.
Integrating over time from 0 to 7 leads to

) =) < [ [G0] < Ty 082

After parameterizing pg(T) — pr(0) = 07 — 6y = 06, we
find
T >1rr = LA : (23)
Tr(LT(M)?)]

This time-of-flow-like QSL or TF-QSL for transition is
the analog to MT-like QSL for open quantum systems,
see [20]. Note that for closed system, we obtain the fol-
lowing TF-QSL

ho6

- o7 24
TTF 2AkH ) ( )
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FIG. 4. Three-level A model with linear detuning. In the bottom panel, we represent the time evolution of the populations

p1(t), p2(t), ps(t) for a linear detuning A(t)/2m = —10 — +10 MHz with constant couplings €y

= Qo = 1 MHz. The legend

includes TF statistics (T;) and AT} for each state, illustrating how the TF framework quantifies the characteristic durations
of state occupations during the non-adiabatic passage. In the top panel, we show the normalized TF distribution 73 ® (t) (state

2) is obtained from the population flux dp2(t)/dt.

where AL H = \/Tr(lff2 Mk) - TT(FI Mk)Q =

\/<k| H? k) — (k| H|k)® is the standard deviation
of the Hamiltonian with respect to the state |k).
To derive the bound from the bound , we
use that |Tr(CH(My)2)| = (1/0)|Te((H, My]?)| =
(1/m)|Te(HMyHMy) — Te(H2MP)| = (1/h)(AxH)?,
as M? = M, and Tr(AM;) = (k| A|k). This result
provides a transition-specific QSL framed in terms of
experimentally accessible observables via projective
measurements at discrete time steps on independently
prepared systems, avoiding Zeno inhibition. Unlike
traditional QSLs based on fidelity or Bures angle, this
bound focuses on the physical population of a target
state and connects naturally with experimentally mea-
sured quantities, such as the time-of-flow distribution. It
is particularly well suited for discrete quantum systems,
such as qubits, where occupation probabilities are the
primary observable of interest.

Other approaches related to observables, such as those
based on quantum speed limits (QSL) for observables [32]
33], have been previously explored; however, these typ-
ically emphasize “what you observe” by bounding the
rate of change of the expectation value of a Hermitian
operator A, using its variance with respect to the quan-
tum state. In contrast, the time-of-flow (TF) approach
addresses the complementary question of “when you ob-
serve” by focusing on the dynamics of the projective mea-
surement operator M}, independent of the state. The re-
sulting distribution 7 (t) = N|pk(t)| characterizes the
time statistics of detection events, from which we derive
an uncertainty relation and a quantum speed limit based
on the energy variance with respect to the measurement
operator. While the mathematical tools (e.g., norm in-
equalities) may be similar, the TF-QSL differs both for-
mally and conceptually from observable-based QSLs by
grounding the bound in a probabilistic and operational
measurement framework.

C. Lower Bound for the Standard Deviation of the
TF Distribution and Uncertainty Relation

By Chebyshev’s inequality, for any random variable 7T

with distribution 7(¢) and finite variance (A7T)?, we find
the following lower bound:
1 1
AT > (25)

3v/3 Tumax

see [25] for details of the derivation. This inequality
shows that the standard deviation At of the TF distribu-
tion cannot be made arbitrarily small if 7, is bounded,
enforcing a minimal temporal spread inversely propor-
tional to the peak height of the TF distribution. It pro-
vides a time-uncertainty relation that complements the
mean time analysis.

Now, combining the TF-QSL (23) with the lower
bound of the standard deviation ([25]), we find

1 00 1

AT > = - TTR,
3V3 .\ ime(ci(anyz)| 3V3

(26)

where §6 = p(T) — p(0). To find this result,

to note that mmax < Ny/|Tr(LT(My)2)|, as previously

shown, and that N~ = [T ‘dpk(t) dt > ‘ [ deelt) dt‘ =

pe(T) — pi(0).
Note that using the TF-QSL for closed systems given in
Equation , we find the following uncertainty relation

it suffices

AT -ALH >1n-h, (27)

1
The inequality . provides a novel and operationally
grounded uncertainty relation for the TF. This bound
emerges from a combination of Chebyshev’s inequality
and the TF-based quantum speed limit, and offers a



stochastic interpretation based on a clearly defined pro-
tocol that measures the TF probability distribution as-
sociated with the random variable 7. Crucially, it links
the temporal spread of the arrival distribution to both
the maximal sharpness of the distribution and the en-
ergy scale of the evolution, yielding a genuine Heisenberg-
like bound. This result shows that temporal resolution
in quantum transitions cannot be made arbitrarily small
without increasing the energetic resources or sacrificing
transition amplitude. As such, it offers a new tool for
assessing the performance and limits of quantum control
protocols and time-resolved measurements.

Note that in a companion paper [25], an alternative
time—energy uncertainty relation is derived, which de-
pends on the standard deviation of the Hamiltonian
with respect to the initial state pg, defined as AH =
V/Te(B250) — Tr(H o).
larly useful for Hamiltonians with continuous spectra.
The two uncertainty relations are complementary: the
one presented in this article, Equation , is applica-
ble to Hamiltonians with discrete spectra and provides
a bound for A7 that depends specifically on the energy
dispersion within the projector state and offers a direct
relation with the QSL as shown in , which is appli-
cable for open quantum systems. In contrast, the state-
dependent bound in [25], which extends naturally to both
discrete and continuous spectra, provides complementary
information on A7, as it is related to the energy disper-
sion within the state. Since it depends on the state trans-
fer 40, it is also measurement-dependent. Moreover, this
bound is restricted to closed quantum systems, whereas
the bound presented here can be naturally extended to
open dynamics, as shown in Equation .

This formulation is particu-

D. Dephasing Model and Quantum Speed Limits

We now illustrate the applicability of the TF distribu-
tion framework to open quantum systems by considering
a paradigmatic pure dephasing model governed by the
Lindblad master equation:

Chi= 16 (28)
with initial state pg = |+)(+|. The off-diagonal co-
herence elements in the density matrix decay expo-
nentially, with a characteristic decoherence time 7p =
(yAL?)~! =1/~ [34]. Within our TF distribution frame-
work, the probability of transition from |+) to the orthog-
onal state |—) evolves as

—e ), (29)

yielding the normalized TF distribution (see Equa-

tion (21)))

m_(t) = /\/'jtp (t)‘ = 2ve” 2t (30)

This distribution is properly normalized, and provides a
well-defined mean arrival time

1

(T-) =AT_ = 5 (31)
both equal to half the decoherence time 7p. This re-
sult demonstrates that the TF distribution captures the
temporal scale of decoherence via observable transitions.
We now evaluate the quantum speed limit (QSL) as-
sociated with this transition using the TF framework.
From with the projection operator M = |—) (—| and

LI(M) =~(c,Mo, — M) = vo,, we obtain

T (M)?] = 42Tx(02) = 292 (32)

Since p_(0) = 0 and p_(o0) = %, the population change
is 060 = 1/2. We obtain the TF-based QSL
1
TR = m
This result can be directly compared to the fidelity-

based Mandelstam—Tamm-type bound derived by del
Campo et al. [20], which yields

1
T™MT = —-
M V25

Our TF-based QSL is smaller by a factor 1/2, which re-
flects the fundamentally different physical quantities they
constrain: MT’s bound limits the distinguishability be-
tween initial and final states based on fidelity, while our
TF-QSL captures the minimal time required to realize
a detectable population transfer in a specified state via
projective measurements. In contrast to global overlap-
based speed limits, the TF-QSL directly links the dy-
namical generator £ and the projection operator M, of-
fering a physically transparent and experimentally acces-
sible temporal bound for open system transitions.

In addition to bounding the mean arrival time, the TF
framework also yields a fundamental lower bound on the
standard deviation AT_ of the TF distribution that we
can derive from Equation

(33)

(34)

1 1
AT,Zg\/g TTF 6\/67
This inequality reveals that the temporal spread of arrival
times cannot be made arbitrarily small, even in the ideal-
ized exponential decay regime. It complements the TF-
QSL by capturing a fundamental irreducible fluctuation
in the arrival statistics, which is effectively a Heisenberg-
type temporal uncertainty rooted in the transition prob-
ability and dynamical generator. In this example, we
found AT_ = 1/(2v), which is about 7.35 times the limit

in .

(35)

E. Explicit TF—QSL Bound in a Hadamard
Dephasing Model

To demonstrate the operational computability of the
TF-QSL bound in open dynamics, we now consider a
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minimal model consisting of a Hadamard-like rotation
with a Markovian dephasing channel along z with rate ~:
L = L(p) = L8, p) + L (3:p15- — o)
dt t t n s Pt ) zPtVz t) >
where the Hamiltonian is proportional to the Hadamard
gate h = (6, +6.)/V2

. Twy 64+ 5

H= :
2 V2

where the Hadamard gate h is transforming the compu-
tational basis {|0),|1)} to the diagonal basis {|+),|—)}
from the relations 2 |0) = |+) and h|1) = |=). Hence,
the strategy is to make a transition from the computa-
tional to the diagonal basis, thus we consider the initial
state |0) and the target state |+). To realize the protocol,
we then use the measurement projector My = |+) (+|.
The goal is to use the protocol to study the dynamics of
the transition between the initial and the target states
and to find a lower bound for the dispersion of the TF
distribution as well as an estimate of the minimal resolu-
tion of the detector to analyze this transition. From the
general TF-QSL and , we obtain the explicit
lower bound

(36)

(37)

1 1

00
TTF = ,
3V3 ' 3VB [ o
4 2

where 00 = po (T') — p+(0) is the net population transfer;
see Appendix [VIITD| for details of the derivation. This
bound immediately shows how the coherent drive wy and
the dephasing rate v compete in setting the minimal tem-
poral resolution of the transfer to |+).

To illustrate the behavior of the TF distribution and
its associated QSL bound across different decoherence
regimes, we numerically solve the open-system dynam-
ics defined by Equation . Figure [5| displays both
the normalized time-of-flow (TF) distribution 7 (¢) and

AT, > (38)

the population dynamics py(t) = Tr[p;My] for three
representative values of the dephasing rate /27 =
0,5,10 MHz. For each case, we extract the TF dis-
tribution from the transition probability curve using
i (t) = Nl|dpy(t)/dt|, where AN is the normalization
factor, compute its mean (T ) and standard deviation
ATy, and compare the latter to the theoretical bound
(38). The lower plot shows how increased dephasing
slows down the transition and reduces the effective angu-
lar displacement d6 = p (T) — p4(0), thereby enlarging
the minimal allowed time uncertainty. This provides a
concrete demonstration of the TF-QSL constraint under
dissipation, with the lower bound serving as a resolution
benchmark for the detection of population transfer in re-
alistic open quantum devices.

Note that the TF distribution 74 (¢) can be directly ob-
tained by measuring the expectation value of the current-
like operator

Wo
2

at different times, see Equation and Ap-
pendix [VIITD] Normalizing this quantity over time yields
the distribution 7 (t), providing a simple and direct
route to extracting a time distribution from experimen-
tal data.

o2

I

Gu (39)

Oy —

>

VII. CONCLUDING REMARKS

In this work, we introduced a general and operationally
meaningful definition of the time-of-flow (TF) distribu-
tion for discrete quantum systems. The TF distribution,
derived from the rate of change of population in a target
state, provides a unifying and experimentally accessible
framework to characterize the timing of quantum tran-
sitions. In monotonic regimes, it admits a natural inter-
pretation as a time-of-arrival (TOA) or time-of-departure
(TOD) distribution, and we verified its consistency by



recovering the expected delta-function behavior in the
limiting delta-pulse model.

We applied this framework to several scenarios: (i)
an analytically solvable two-level transition model, in-
cluding optimization of polynomial control protocols, (ii)
optimization of smooth shortcut-to-adiabaticity (STA)
protocols, (iii) characterization of multi-level dynamics
through a three-level A model with time-dependent de-
tuning, (iv) analysis of decoherence in open systems us-
ing the Lindblad equation, and (v) analysis of TF-based
quantum speed limits and uncertainty relations for a
Hadamard dephasing model. In each case, the TF dis-
tribution enabled both analytical insight and numerical
control over the temporal statistics of state transitions.

Beyond descriptive power, the TF distribution enabled
the derivation of two fundamental results: a quantum
speed limit (TF-QSL) specific to population transfer,
and a Heisenberg-like uncertainty relation that bounds
the temporal resolution of transitions in terms of the peak
height of the TF distribution and the system’s dynami-
cal generator. These results connect temporal features of
state dynamics to underlying physical resources, offering
new tools to assess and optimize quantum control strate-
gies.

Looking ahead, this framework can guide the de-
sign of robust STA protocols by minimizing the mean

10

TOA and its uncertainty while mitigating decoherence.
Cost functions combining mean time, standard devia-
tion, and fidelity offer principled criteria for optimiza-
tion. The TF distribution can also serve as a diagnostic
of non-adiabatic behavior and as an observable in future
experimental studies. Extensions to more multi-level sys-
tems, time-dependent noise, and machine-learning-based
optimization in the context of quantum computing are
natural next steps for this approach.

Looking ahead, the TF framework could guide the
design of robust STA protocols by minimizing both
mean transition time and its uncertainty and could
serve as a diagnostic tool for non-adiabatic dynamics in
near-term quantum devices. Extensions to multi-level
systems, mnoisy intermediate-scale quantum (NISQ)
architectures, and machine-learning-based optimization
represent natural next steps. Experimentally, the TF
distribution could be reconstructed in superconducting
qubits or trapped-ion platforms, providing direct bench-
marks of control protocols and new probes of temporal
quantum uncertainty.

Acknowledgments. We thank Lionel Martellini and
Lorenzo Maccone for insightful comments. We also thank
Simone Roncallo for drawing our attention to the math-
ematical identity leading to equation @

[1] W. Pauli et al., Handbuch der physik, Geiger and scheel
2, 83 (1933).

[2] J. G. Muga, R. S. Mayato, and I. L. Egusquiza, eds.,
Time in Quantum Mechanics — Vol. 1, 2nd ed., Lecture
Notes in Physics, Vol. 734 (Springer, Berlin, Heidelberg,
2008).

[3] G. Muga, A. Ruschhaupt, and A. del Campo, eds., Time
i Quantum Mechanics — Vol. 2| 1st ed., Lecture Notes
in Physics, Vol. 789 (Springer, Berlin, Heidelberg, 2009).

[4] D. N. Page and W. K. Wootters, Evolution without evo-
lution: Dynamics described by stationary observables,
Phys. Rev. D 27, 2885 (1983).

[6] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum
time, Phys. Rev. D 92, 045033 (2015).

[6] L. Maccone and K. Sacha, Quantum measurements of
time, Phys. Rev. Lett. 124, 110402 (2020).

[7] J. Gambetta, A. Blais, M. Boissonneault, A. A. Houck,
D. I. Schuster, and S. M. Girvin, Quantum trajectory
approach to circuit ged: Quantum jumps and the zeno
effect, Phys. Rev. A 77, 012112 (2008).

[8] H. M. Wiseman and G. J. Milburn, |Quantum Measure-
ment and Control (Cambridge University Press, Cam-
bridge, 2010).

[9] J. 1. Cirac and P. Zoller, Goals and opportunities in quan-
tum simulation, Nature Physics 8, 264 (2012).

[10] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum lim-
its to dynamical evolution, Phys. Rev. A 67, 052109
(2003).

[11] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum
measurement bounds beyond the uncertainty relations,
Phys. Rev. Lett. 108, 260405 (2012).

[12] G. T6th and I. Apellaniz, Quantum metrology from
a quantum information science perspective, Journal of
Physics A: Mathematical and Theoretical 47, 424006
(2014).

[13] X. Chen, I. Lizuain, A. Ruschhaupt, D. Guéry-Odelin,
and J. G. Muga, Shortcut to adiabatic passage in two-
and three-level atoms, [Phys. Rev. Lett. 105, 123003
(2010).

[14] S. An, D. Lv, A. del Campo, and K. Kim, Shortcuts to
adiabaticity by counterdiabatic driving for trapped-ion
displacement in phase space, Nature Communications 7,
12999 (2016).

[15] A. del Campo and K. Kim, Focus on shortcuts to adia-
baticity, New Journal of Physics 21, 050201 (2019).

[16] G. Watanabe, B. P. Venkatesh, P. Talkner, and A. del
Campo, Quantum performance of thermal machines over
many cycles, Phys. Rev. Lett. 118, 050601 (2017).

[17] L. Mandelstam, The uncertainty relation between en-
ergy and time in nonrelativistic quantum mechanics, J.
Phys.(USSR) 9, 249 (1945).

[18] N. Margolus and L. B. Levitin, The maximum speed of
dynamical evolution, Physica D: Nonlinear Phenomena
120, 188 (1998).

[19] S. Deffner and S. Campbell, Quantum speed limits: from
heisenberg’s uncertainty principle to optimal quantum
control, [Journal of Physics A: Mathematical and The-
oretical 50, 453001 (2017).

[20] A. del Campo, I. L. Egusquiza, M. B. Plenio, and S. F.
Huelga, Quantum speed limits in open system dynamics,
Phys. Rev. Lett. 110, 050403 (2013).

[21] Q. Liu, R. Yin, K. Ziegler, and E. Barkai, Quantum


https://doi.org/10.1007/978-3-540-73473-4
https://doi.org/10.1007/978-3-642-03174-8
https://doi.org/10.1007/978-3-642-03174-8
https://doi.org/10.1103/PhysRevD.27.2885
https://doi.org/10.1103/PhysRevD.92.045033
https://doi.org/10.1103/PhysRevLett.124.110402
https://doi.org/10.1103/PhysRevA.77.012112
https://www.cambridge.org/core/books/quantum-measurement-and-control/F78F445CD9AF00B10593405E9BAC6B9F
https://www.cambridge.org/core/books/quantum-measurement-and-control/F78F445CD9AF00B10593405E9BAC6B9F
https://doi.org/10.1038/nphys2275
https://doi.org/10.1103/PhysRevA.67.052109
https://doi.org/10.1103/PhysRevA.67.052109
https://doi.org/10.1103/PhysRevLett.108.260405
https://doi.org/10.1088/1751-8113/47/42/424006
https://doi.org/10.1088/1751-8113/47/42/424006
https://doi.org/10.1088/1751-8113/47/42/424006
https://doi.org/10.1103/PhysRevLett.105.123003
https://doi.org/10.1103/PhysRevLett.105.123003
https://doi.org/10.1038/ncomms12999
https://doi.org/10.1038/ncomms12999
https://doi.org/10.1088/1367-2630/ab1437
https://doi.org/10.1103/PhysRevLett.118.050601
https://doi.org/10.1088/1751-8121/aa86c6
https://doi.org/10.1088/1751-8121/aa86c6
https://doi.org/10.1103/PhysRevLett.110.050403

walks: The mean first detected transition time, Phys.
Rev. Res. 2, 033113 (2020).

[22] W. M. Itano, D. J. Heinzen, J. J. Bollinger, and D. J.
Wineland, Quantum zeno effect, Phys. Rev. A 41, 2295
(1990).

[23] M. Beau and L. Martellini, Quantum delay in the time
of arrival of free-falling atoms, Phys. Rev. A 109, 012216
(2024).

[24] M. Beau, M. Barbier, R. Martellini, and L. Martellini,
Time-of-arrival distributions for continuous quantum sys-
tems and application to quantum backflow, [Phys. Rev.
A 110, 052217 (2024).

[25] M. Beau,|Context-dependent time-energy uncertainty re-
lations from projective quantum measurements (2025),
arXiv:2507.23059 [quant-ph].

[26] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems (Oxford University Press, 2002).

[27] D. A. Lidar, Lecture notes on the theory of open quantum
systems, arXiv preprint arXiv:1902.00967 (2019).

[28] M. V. Berry, Transitionless quantum driving, Journal

11

of Physics A: Mathematical and Theoretical 42, 365303
(2009).

[29] K. Bergmann, H. Theuer, and B. W. Shore, Coherent
population transfer among quantum states of atoms and
molecules, Rev. Mod. Phys. 70, 1003 (1998).

[30] B. W. Shore, The Theory of Coherent Atomic Excitation
(Wiley, New York, 1990).

[31] A. Norambuena, M. Mattheakis, F. J. Gonzdlez, and
R. Coto, Physics-informed neural networks for quantum
control, [Phys. Rev. Lett. 132, 010801 (2024).

[32] L. P. Garcia-Pintos, S. B. Nicholson, J. R. Green, A. del
Campo, and A. V. Gorshkov, Unifying quantum and clas-
sical speed limits on observables, Phys. Rev. X 12, 011038
(2022)!

[33] B. Mohan and A. K. Pati, Quantum speed limits for ob-
servables, Phys. Rev. A 106, 042436 (2022).

[34] A. Chenu, M. Beau, J. Cao, and A. del Campo, Quantum
simulation of generic many-body open system dynamics
using classical noise, Phys. Rev. Lett. 118, 140403 (2017).

VIII. APPENDICES

A. Generalization of the Formula ((g))

Consider a two-level system evolving under the time-dependent Hamiltonian

~ huw(t
=", (10)
with initial state
9 io 0
[tg) = cos |0) + €' sin B 1), (41)
where 6 € [0, 7], ¢ € [0,27), and w(t) is a smooth real-valued function.
Let Q(t) = fo w(t')dt'. Since fI(t) X 0y, the time-evolution operator reads
N [ Q(t
O (t) = exp <—Z / H(t’)dt’) — exp (—i()ﬁ (42)
R Jo 2
First, let us prove the identity
e 1% = cos(¢)I — i sin(p)o, (43)

using Taylor series
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Q(t
Now, using the identity and setting ¢ = #, we find

U(t) = cos (Qg)> I — isin <Qg)> s

From the expression of the solution to the Schrodinger equation,

[4(8) = 0 (1) o)
= <COS

(€)= (52) s (3o ()
+ (e“ﬁ sin (Z) cos (Qg)> —icos (g) sin <Q§t)>> 1)

we can compute the probability of finding the system in state |1):

pat) = [(1[e(0))?

- (3o (32) e (3 (%)

_ % sin(ﬂ) sin(Q(t)) Sin(¢)'

Differentiating p;(t) yields the TF distribution:

%pl (t) = ? [cos(0) sin(§2(¢)) — sin() cos(2(t)) sin(¢)] ,
m(t) :N’jtp1<t)

)

where A\ is the normalization constant for the TF distribution.
When ¢ = 0, we obtain

d w(t)

ﬁpl(t) = cos(6) sin(€2(2)).

If w(t) = wp, we find after normalization and restriction in the TOA region (¢t < 7/wp)
m(t) = % sin(wot),
as shown in the main body of the paper. A particular case where § = 7/3 is shown in Figure @
When ¢ = 7/2, we obtain

%pl(t) - “’;t) sin(Q(t) — 0).

12

(45)

So, if w(t) = wp, we find that the TF distribution can be interpreted as a TOD distribution for 0 < ¢t < 6/wy and

(2k — )7+ 0)/wy < t < (2km + 6) /wy, see Figure [6]
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FIG. 6. Transition dynamics and time-of-flow distribution in a two-level system. Plots of the state occupation
probability p1(t) (bottom), the non-normalized time-of-flow (TF) distribution |‘%1 (top), and the time-of-arrival (TOA) and

time-of-departure (TOD) regions for a two-level system with constant Hamiltonian H(t) = '22&31 and initial state |¢o) =
cos(0/2) |0) + €*?sin(0/2) 1), with 6 = 7/3 and ¢ = 7/4. TOA regions correspond to “2L > 0, while TOD regions correspond
to dd% < 0. We fixed wo = 1.

B. Limiting Case: The Delta-Pulse Model

1
We can construct a similar model to fill the state |1) in two steps, e.g., p1(t) = 3 (0(t —to) + 0(t — t1)), which

means that half of the spins are expected to be observed in the state |1) between ¢y and ¢; and the other half after

- 1
t1. Note that this model can be obtained using a pulse model with a Hadamard gate (operator h = %(695 +6.)) to
obtain a |+) = %(|O> + 1)) state between to and #;, and then a combined Z-gate and Hadamard gate (h &, operator)
1
to obtain a |—) = E(K)} —|1)) and |1) after applying the Z-gate and the Hadamard gate subsequently.
to +11

1 1
Using Equation (2)), we now find m(t) = %pl(t) = 55(15 —to) + 55(15 — t1), whence (T1) =

, which can

be interpreted as the TOA distribution for %pl(t) > 0, see Figure [7l This means that we expect half of the spins
to arrive in the state |1) at tp and the other half at ¢;, and thus, the average time of arrival should be the average
between these two times, as is consistent with the proposed model. Also, the standard deviation for this two-step

1 1 1 1
model is non-zero, AT = \/21% + §t% - (§t0 + 5751)2 = 3(t1 — to), as expected.
We could of course generalize the approach to a multi-step model with py(t) = >, af(t — ), where ¢y < t; <
-+ < t, and where a¢; > 0, VI = 1,...,n can be interpreted as the change of probabilities of occupation of the state

|1) between two subsequent times ¢;_; and t;. Here we have ag+aj +---+a, = 1 and the probabilities of occupations
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1.00 1 —— py(t) =36(t—to) + 36(t — t)
0.75 1
™
~ 0.501
Q.
0.25 -
0.00
0 1 2 3 4 5 6
Time t

FIG. 7. Piecewise population function p;(¢{) showing the arrival in the state |1). The flow shows two steps corre-
1
sponding to two TOA regions for 0 <t < 4 and 2 < t < 6. As expected, the mean TOA is 5(150 + t1) = 3 and the standard

deviation is %(tl —to) = 1.

1.00 7 — pu(t) =36(t = to) = 36(t — t1) +36(t = t5)
0.75 -
S
~—, 0.50 -
Q
0.25 4
0.00 -
0 2 4 6 8 10
Time t

FIG. 8. Piecewise population function p; (t) with TOA and TOD. The flow alternates between TOA regions for 0 < ¢t < 4
and 4 < t <10, and a TOD region for 2 <t < 6.

at times ¢; are then Zin:O am- Of course, we can also construct TOD distribution by taking a; < 0, VI =1,...,n.
It is also possible to study non-monotonic cases, where the dynamics alternate between TOA and TOD phases,
1 1 3
resulting in an overall positive or negative net flow. For example, take p; (t) = 59(t —to)—=0(t—t1)+ Z@(t —t9) with

4
to =2, t1 =4, ty = 6, see Figure [8) where the flow alternates between TOA regions for 0 < ¢ < 4 and 4 < t < 10,

and a TOD region for 2 < ¢t < 6. So, the normalized TOA distribution is

TOA) _ 2

3
=0(t—to) + Z0(t = 12)

m
and the normalized TOD distribution is
PO — 5t —1).

2 22
Hence, the mean TOA is <T1(TOA)> = gto + gtz =5 = 4.4 and the mean TOD is (TI(TOD)) =t = 4. Also,
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2 3
the standard deviation of the TOA is \/St% + S —(1TOMy

5
TOD is zero.
Now, we can also find the TF distribution to analyze the flow without separating it between TOA and TOD regions.
In this case, the normalized TF distribution reads

~ 1.96 while the standard deviation of the

G
5

1 1 1
T = g0(t = to) + £8(t — t2) + 50(t — t2).

Hence, we obtain that the mean TF, which quantify the average time-of-flow of the dynamics, is 13/3 ~ 4.333 and
the standard deviation of the TF is v/29/3 ~ 1.795.

As we see from above, the mean and standard deviation we obtained for the TOA, TOD, and TF are the one
expected, showing that our approach is valid in these limiting cases.

C. Proof of the Compact Form of I" for the Three-Level Model

We define

- 1

['= - [H[2)¢, (48)

St

where the A-system Hamiltonian in the rotating-wave approximation is

A1) = ") 2l +12) (1) + R 2) 21+ B2 (13) 21+ 12) 31). (19)

Since the detuning term commutes with |2) (2|, it plays no role in the commutator. Using the general identity

[la) (0] ,12) (2] = db,2]a) (2| = da,212) Bl

we obtain
. 9] ) . Q . .
P e =2y @+ ) () — 2 (i ) 2+ ) 3D
Q Q
=g o - 5, (50)

where we introduced the Hermitian operators
&?E,“’b) = —ila) (b| +1|b) (al.

Next, we define the bright and dark states

Q1)+ Q|3 Q1) — Q|3
|B) = —| ) - | >, |D) = —l ) - | >, Qer = 1/ Q% + Q3. (51)
Sze Sze
In this basis one finds
Q Q
~(B,2 . . 1 ~(1,2 2 ~(3,2
O’Z(! ) = —i|B)(2|+i|2)(B| = EHJ?(J )+§O—g§ ), (52)

It follows immediately that

L0
I= _%ﬂ 5B, (53)

Thus, the current-like operator I' is Hermitian and constant in time (for fixed couplings 1, (3), acts only on the
{|B),|2)} subspace, and leaves the dark state |D) decoupled.



D. TF-QSL Bound for the Hadamard Dephasing Model

We have
~ 1A
LY (M) = 7 My ]+ 5 (0:My6. — My)
=N -5
272 Y 27"
Hence,

as {6,,6.} =0 and 62 = 62 = 62 = I. Hence, we obtain
R w2 A2
T [ (£hn)?] = <2 + L

Combining Equations , , and , we obtain Equation .
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(54)
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