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Spacetimes with metrics admitting an expansion in terms of a combination of powers of 1/r and
ln r are known as polyhomogeneous spacetimes. The asymptotic behaviour of the Newman-Penrose
quantities for the vacuum polyhomogeneous spacetimes is presented under certain gauges. The
Bondi mass is revisited via the Iyer-Wald formalism. The memory effect of the gravitational radiation
in the vacuum polyhomogeneous spacetimes is also discussed. It is found that the appearance of
the logarithmic terms does not affect the balance law and it remains identical to that of spacetimes
with metrics admitting an expansion in terms of powers of 1/r.
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1. INTRODUCTION

Over a century ago, Einstein predicted gravitational waves based on an analysis of the linearised field equations of
general relativity [1]. However, due to the complexity of diffeomorphisms, the existence of gravitational waves caused
a huge controversy for quite a long time [2, 3].

Bondi et al. solved this debate theoretically by proposing the Bondi-Sachs (BS) framework [4, 5]. The asymptotic
behaviour of metric functions in the BS coordinate system is obtained by solving the Einstein field equations using
the formal series expansions in powers of 1/r, where the coordinate r denotes the luminosity distance. Within the
BS framework, the Bondi mass was successfully defined and it satisfied the well-known mass loss formula [4, 5]. The
Bondi-Metzner-Sachs (BMS) group is the asymptotic symmetry group and the Bondi mass possesses a uniqueness
property [6]. Newman, Penrose and Unti also used the formal 1/r expansions with r the affine parameter of a future-
oriented null geodesic to study the asymptotically flat spacetimes within the Newman-Penrose (NP) formalism [7–10].
Bondi et al. excluded the logarithmic terms in the asymptotic expansions by precluding the appearance of 1/r2

terms in some of the metric functions.This assumption is known as the outgoing radiation condition. Newman et al.
used the condition that the asymptotic behaviour of the Ψ0 component of the Weyl tensor is O(r−5). If a slower
decay assumption for Ψ0 is adopted, the logarithmic terms will appear in the asymptotic expansions. In this paper,
we referred to a spacetime which can be asymptotically expanded in terms of 1/r as a smooth asymptotically flat
spacetime.

In the celebrated work of the nonlinear stability of the Minkowski spacetime, Christodoulou and Klainerman
proved that a generic asymptotically flat spacetime may admit a slower decay with Ψ0 falling off as O(r−7/2) [11].
This scenario strongly suggests that the purely 1/r expansions are not adequately general. The limitations of the
1/r expansions have been noticed by many researchers and it seems natural to combine the powers of both 1/r and
ln r in the asymptotic expansions [12–17]. Roughly speaking, a spacetime which can be expanded asymptotically in
terms of r−i(ln r)j is called a polyhomogeneous spacetime, cf. [15] for the precise definition. Chruściel, MacCallum
and Singleton systematically analyzed the structure of polyhomogeneous spacetimes by a Bondi-Sachs type method
[15]. They showed that the assumption of polyhomogeneity is formally consistent with the Einstein equations. Later,
Valiente Kroon managed to construct the logarithmic Newman-Penrose constants for polyhomogeneous spacetimes
[16, 17]. Gasperin and Valiente Kroon investigated the relations between the polyhomogeneous expansions and the
freely specifiable parts of time symmetric initial data [18]. Fursaev et al. found that a spacetime generated by the
cosmic strings admits asymptotically polyhomogeneous form [19]. Recently, Geiller, Laddha and Zwikel studied the
symmetries of the gravitational scattering in the absence of peeling within the Bondi-Sachs framework [20].

The notion of mass in general relativity is a quite subtle issue. Iyer and Wald established an effective framework to
naturally introduce conserved quantities, including the mass [21]. This formalism works well in various diffeomorphism-
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covariant theories of gravity. Within the Iyer-Wald formalism, it was shown that the Arnowitt-Deser-Misner (ADM)
mass is simply the Hamiltonian conjugate to the asymptotic time translation in spacetimes that are asymptotically flat
at spatial infinity. To study the conserved quantities at null infinity, Wald et al. introduced a modified Hamiltonian
and discussed the BMS charges in the conformal (unphysical) spacetime [22, 23]. In the current paper, we reexamine
the Noether charge associated with the asymptotic time translation at null infinity in a direct way in the physical
spacetime and no conformal compactification is required. It is shown that, for smooth asymptotically flat spacetimes,
the Noether charge associated with the asymptotic time translation turns out to be the Bondi mass in the BS
framework and the Newman-Unti (NU) mass respectively in the Newman-Penrose formalism. Moreover, the notion
of mass at null infinity in polyhomogeneous spacetimes is discussed.

Gravitational wave memory is a significant prediction of general relativity which was firstly found by Zel’dovich
and Polnarev [24]. This type of memory is produced by the change of quadrupole moments and is referred to as the
linear memory. In the 1990s, Christodoulou and Frauendiener found the nonlinear memory of gravitational waves
[25, 26]. Recently, for smooth asymptotically flat spacetimes, Nichols et al. proposed a BMS method to calculate
the gravitational wave memory [27, 28]. Cao et al. applied the BMS method to calculate the gravitational memory
produced by binary black hole coalescence [29, 30]. One of the essential steps in the BMS method is deriving the balance
law [29, Eq.(15)], which relates the mass aspect to the asymptotic shear and thereby shows how gravitational radiation
reduces the Bondi mass. The gravitational wave memory and the balance law for polyhomogeneous spacetimes are
discussed in this paper. It is shown that the appearance of the logarithmic terms does not affect the balance law and
it remains unchanged as the one that for smooth asymptotically flat spacetimes.

The organization of this paper is as follows. In Section 2, we make use of the NP formalism to derive the asymptotic
behavior of NP quantities, including the metric coefficients, the spin coefficients, and the tetrad components of the Weyl
tensor for vacuum polyhomogeneous spacetimes. Section 3 focuses on the investigation of the asymptotic symmetries
of polyhomogeneous spacetimes. In Section 4,we review the Iyer-Wald formalism and reexamine the charge associated
with asymptotic time translations at null infinity for smooth asymptotically flat spacetimes, utilizing a direct approach
avoiding conformal compactifications. In Section 5, we address the problem of how to generalize the Bondi mass to
polyhomogeneous spacetimes via the Iyer-Wald formula. In Section 6, the gravitational wave memory and the balance
law of polyhomogeneous spacetimes are established. Conclusions are presented in Section 7.

We adopt the geometric units c = G = 1 throughout this paper. Following the convention established in the
Newman-Penrose formalism [7], we choose to use the Landau-Lifshitz timelike convention for the signature of the
spacetime metric, (+,−,−,−). However, we shall make one exception to this convention in Section 4 to have the
metric signature (−,+,+,+) which Bondi et al. used. This is because it is more convenient for readers to revisit the
relevant formulae for smooth asymptotically flat spacetimes in [4, 5, 31].

2. ASYMPTOTIC BEHAVIOUR OF NEWMAN-PENROSE QUANTITIES

We start with introducing a family of null hypersurfaces parameterised by u = constant with u satisfying the
Eikonal equation

gab∇au∇bu = 0.

Then we take u as the x0 coordinate and the first null vector will be chosen as

la = ∇au.

Since the {u = constant} hypersurfaces are null, the la’s are tangent to a family of curves lying within the hypersur-
faces. These curves are null geodesics and their tangent vectors la satisfy

la∇al
b = 0.

Associated with these null geodesics lying in the {u = constant}hypersurfaces, an affine parameter r can be taken as
the x1 coordinate. The two remaining coordinate x2 = θ, x3 = φ will label the geodesics.

We follow the notions in [7]. In addition to the null vector la, another null vector na and the other two complex
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null vectors ma, m̄a can be written as

la = (
∂

∂r
)a,

na = (
∂

∂u
)a + U(

∂

∂r
)a +Xθ(

∂

∂θ
)a +Xφ(

∂

∂φ
)a,

ma = ω(
∂

∂r
)a + ξθ(

∂

∂θ
)a + ξφ(

∂

∂φ
)a,

m̄a = ω̄(
∂

∂r
)a + ξ̄θ(

∂

∂θ
)a + ξ̄φ(

∂

∂φ
)a.

(2.1)

where U,XA(A = θ, φ) are real quantities, and ω, ξA are complex quantities. All these quantites are functions of
u, r, θ and φ.

The directional derivatives are defined as

D = la∇a =
∂

∂r
,

∆ = na∇a =
∂

∂u
+ U

∂

∂r
+X2 ∂

∂θ
+X3 ∂

∂φ
,

δ̂ = ma∇a = ω
∂

∂r
+ ξ2

∂

∂θ
+ ξ3

∂

∂φ
,

¯̂
δ = m̄a∇a = ω̄

∂

∂r
+ ξ2

∂

∂θ
+ ξ3

∂

∂φ
.

(2.2)

Here we use δ̂ to denote the directional derivative along ma, and the notation δ is reserved to represent the variation
in Sections 4 and 5.

For later convenience of calculation, we adopt the following gauge on the NP tetrad

κ = ϵ = π = 0, ρ = ρ̄, τ = ᾱ+ β, (2.3)

where κ, ϵ, π, ρ, τ, α and β are spin coefficients [7]. This gauge condition follows from the fact that la = ∇au is a
gradient field and it implies that the tetrad vectors ma and na are chosen to be parallel-propagated along la. Note
that the gauge choice (2.3) we adopt here is slightly different with the one used in [17, Eqs.(13) and (14)].

Within the Newman-Penrose formalism, the 38 NP equations (including the metric equations, the spin coefficient
equations and the Bianchi identities) can be solved order-by-order. For this purpose, we need Ψ0 on an initial null
hypersurface N0 [16].
The most general polyhomogeneous form for the physically reasonable Ψ0 [17] is

Ψ0 =
∑
k=3

Ψk
0r

−k, (2.4)

where

Ψk
0 =

Nk∑
j=0

Ψk,j
0 zj , (2.5)

with z = ln r.
When solving the NP equations, one usually needs to calculate both the derivatives and the products of the

polyhomogeneous functions [16]. Let h and g be two polyhomogeneous functions as

h =
∑
i=1

hi(z)r
−i,

g =
∑
i=1

gi(z)r
−i,

(2.6)

where the coefficients hi(z), gi(z) are polynomials in z = ln r. Then we have

hg =
∑
i=2

i−1∑
k=1

hk(z)gi−k(z)r
−i,

∂

∂r
h =

∑
i=2

[
h′
i−1(z)− (i− 1)hi−1(z)

]
r−i,

(2.7)
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where ′ denotes the differentiation with respect to z.
For polyhomogenous spacetimes, all the NP quantities can be expanded in terms of r−i(ln r)j . For instance,

ρ =
∑
i=1

ρir
−i =

∑
i=1

(
∑
k=0

ρi,kz
k)r−i,

σ =
∑
i=1

σir
−i =

∑
i=1

(
∑
k=0

σi,kz
k)r−i,

(2.8)

where ρi,k and σi,k are functions of u, θ and φ. We will denote by # the degree of a polynomial in z and use the
convention that the zero polynomial has degree −∞.

In the following, we will solve the NP equations order-by-order. The procedure is similar to the one done in [7, 17].
We only give the details for the solving process of the first two equations in the NP hierarchy which are

Dρ = ρ2 + σσ̄,

Dσ = 2ρσ +Ψ0.
(2.9)

From the above two equations we can get the following recurrence relations

ρ′i−1 − (i− 1)ρi−1 =

i−1∑
k=1

[ρkρi−k + σkσ̄i−k],

σ′
i−1 − (i− 1)σi−1 = 2

i−1∑
k=1

ρkσi−k +Ψi
0.

(2.10)

For i = 2, the recurrence relations are reduced to

ρ′1 − ρ1 = ρ21 + σ1σ̄1,

σ′
1 − σ1 = 2ρ1σ1,

(2.11)

since Ψ2
0 = 0. This leads to the consequence that ρ1 and σ1 must be polynomials of degree zero, which in turn yields

−ρ1 = ρ21 + σ1σ̄1,

−σ1 = 2ρ1σ1.
(2.12)

The above equations imply that

ρ1 = −1, σ1 = 0. (2.13)

For i = 3, (2.10) gives

ρ′2 = 0,

σ′
2 = Ψ3

0.
(2.14)

Hence ρ2 is a polynomial of degree zero in z. By the affine freedom in the definition of the radial coordinate, ρ2 can
be set to zero if necessary. Noting that

σ′
2 =

∑
j

(j + 1)σ2,j+1z
j , Ψ3

0 =
∑
j

Ψ3,j
0 zj , (2.15)

we have

(j + 1)σ2,j+1 = Ψ3,j
0 , (2.16)

where j = 0, 1, · · · , N3, whence

#σ2 = N3 + 1

and

σ2,j+1 =
Ψ3,j

0

j + 1
, (j = 0, 1, · · · , N3). (2.17)
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All the coefficients of σ2 can be determined by Ψ3
0 on N0 except for σ2,0.

For i = 4, (2.10) gives

ρ′3 − ρ3 = σ2σ̄2,

σ′
3 − σ3 = Ψ4

0

(2.18)

and

#ρ3 = 2N3 + 2, #σ3 = N4. (2.19)

The first equation in (2.18) yields

(j + 1)ρ3,j+1 − ρ3,j =

j∑
k=0

σ2,kσ̄2,j−k, (j = 0, 1, · · · , 2N3 + 1)

−ρ3,2N3+2 = σ2,N3+1σ̄2,N3+1.

(2.20)

This implies that ρ3(z) is determined by σ2(z) and further it is completely determined by the initial data Ψ3
0(z) and

σ2,0.
The second equation in (2.18) gives

(j + 1)σ3,j+1 − σ3,j = Ψ4,j
0 , (j = 0, 1, · · · , N4 − 1)

N4σ3,N4 = Ψ4,N4

0 .
(2.21)

It follows that σ3(z) is completely determined by the initial data Ψ4
0(z).

For i = 5, (2.10) gives

ρ′4 − 2ρ4 = σ2σ̄3 + σ3σ̄2,

σ′
4 − 2σ4 = 2ρ3σ2 +Ψ5

0.
(2.22)

From these two equations, one arrives at

#ρ4 = N3 +N4 + 1, #σ4 = max{3N3 + 3, N5}. (2.23)

The first equation in (2.22) gives

(j + 1)ρ4,j+1 − 2ρ4,j =

j∑
k=0

(σ2,kσ̄3,j−k + σ̄2,kσ3,j−k), (j = 0, 1, · · · , N3 +N4)

−2ρ4,N3+N4+1 = σ2,N3+1σ̄3,N4 + σ̄2,N3+1σ3,N4 .

(2.24)

This implies that ρ4(z) is completely determined by σ2(z) and σ3(z), which in turn is determined essentially by the
initial data Ψ3

0(z), σ2,0 and Ψ4
0(z).

The second equation in (2.22) gives

(j + 1)σ4,j+1 − 2σ4,j = 2

j∑
k=0

(ρ3,kσ2,j−k) + Ψ5,j
0 ,

(j = 0, 1, · · · ,max{3N3 + 3, N5} − 1)

(2.25)

when N5 = 3N3 + 3,

N5σ4,N5
= 2ρ3,2N3+2σ2,N3+1 +Ψ5,N5

0 ; (2.26)

when N5 > 3N3 + 3,

N5σ4,N5 = Ψ5,N5

0 ; (2.27)

when N5 < 3N3 + 3,

(3N3 + 3)σ4,3N3+3 = 2ρ3,2N3+2σ2,N3+1. (2.28)
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Therefore σ4(z) is determined by ρ3(z), σ2(z) and Ψ5
0(z), which in turn is determined essentially by the initial data

σ2,0, Ψ
3
0(z) and Ψ5

0(z).
The above process can be continued up to any desired order in 1/r. For the remaining NP equations, similar

analysis can be carried out. We summarize the final results as follows.
The asymptotic behaviour of the spin coefficients are

σ =
σ2(z)

r2
+

σ3(z)

r3
+

σ4(z)

r4
+ · · · ,

#σ2 = N3 + 1, #σ3 = N4,
#σ4 = max{3N3 + 3, N5}, · · · ,

σ2 = σ2,0(u, θ, φ) +

N3+1∑
i=1

σ2,i(θ, φ)z
i,

σ2,j =
1

j
Ψ3,j

0 , (j = 1, 2, · · · , N3 + 1).

(2.29)

ρ =− 1

r
+

ρ3(z)

r3
+

ρ4(z)

r4
+ · · · ,

#ρ3 = 2N3 + 2, #ρ4 = N3 +N4 + 1, · · · ,

ρ3 =

2N3+2∑
j=0

ρ3,jz
j ,

ρ3,2N3+2 = −σ2,N3+1σ̄2,N3+1,

ρ3,j = (j + 1)ρ3,j+1 −
j∑

k=0

σ2,kσ̄2,j−k, (j = 2N3 + 1, · · · , 1, 0).

(2.30)

α =
α1

r
+

α2(z)

r2
+ · · · , #α1 = 0, #α2 = N3 + 1, · · · ,

α1 = α1,0 = −cot θ

2
√
2
,

α2 =

N3+1∑
j=0

α2,jz
j ,

α2,N3+1 = −β1,0σ̄2,N3+1, β1,0 =
cot θ

2
√
2
,

α2,j = (j + 1)α2,j+1 − β1,0σ̄2,j , (j = N3, · · · , 1, 0).

(2.31)

β =
β1

r
+

β2

r2
+ · · · , #β1 = 0, #β2 = N3 + 1, · · · ,

β1 = β1,0 =
cot θ

2
√
2
,

β2 =

N3+1∑
j=0

β2,jz
j ,

β2,N3+1 = −α1,0σ2,N3+1,

β2,j = (j + 1)β2,j+1 − α1,0σ2,j −Ψ3,j
1 , (j = N3, · · · , 1, 0).

(2.32)

τ =
τ2
r2

+
τ3
r3

+ · · · , #τ2 = N3, · · · ,

τ2 =

N3∑
j=0

τ2,jz
j ,

τ2,j = ᾱ2,j + β2,j , (j = 0, 1, · · · , N3).

(2.33)
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λ =
λ1

r
+

λ2

r2
+ · · · , #λ1 = 0, #λ2 = N3 + 1, · · · ,

λ1 = ˙̄σ2,0,

λ2 =

N3+1∑
j=0

λ2,jz
j ,

λ2,N3+1 = −µ1,0σ̄2,N3+1 =
1

2
σ̄2,N3+1,

λ2,j = (j + 1)λ2,j+1 +
1

2
σ̄2,j , (j = N3, · · · , 1, 0).

(2.34)

µ =
µ1

r
+

µ2

r2
+ · · · , #µ1 = 0, #µ2 = N3 + 1, · · · ,

µ1 = −1

2
,

µ2 =

N3+1∑
j=0

µ2,jz
j ,

µ2,N3+1 = −(λ1,0σ2,N3+1 +Ψ3,N3+1
2 ),

µ2,j = (j + 1)µ2,j+1 − σ2,jλ1,0 −Ψ3,j
2 , (j = N3, · · · , 1, 0).

(2.35)

γ =
γ2
r2

+
γ3
r3

+ · · · , #γ2 = N3 + 1, · · · ,

γ2 =

N3+1∑
j=0

γ2,jz
j ,

γ2,N3+1 = −1

2
Ψ3,N3+1

2 ,

γ2,j =
1

2

[
(j + 1)γ2,j+1 − α1,0τ2,j − β1,0τ̄2,j −Ψ3,j

2

]
, (j = N3, · · · , 1, 0).

(2.36)

ν =
ν1
r

+
ν2
r2

+ · · · , #ν1 = 0, #ν2 = N3 + 1, · · · ,

ν1 = −Ψ2,0
3 = ð ˙̄σ2,0,

ν2 =

N3+1∑
j=0

ν2,jz
j ,

ν2,N3+1 = −1

2
Ψ3,N3+1

3 ,

ν2,j =
1

2

[
(j + 1)ν2,j+1 +

1

2
τ̄2,j − λ1,0τ2,j −Ψ3,j

3

]
, (j = N3, · · · , 1, 0).

(2.37)

The asymptotics of the metric coefficients are

U =U0 +
U1

r
+

U2

r2
+ · · · , #U0 = 0, #U1 = N3 + 1, · · · ,

U0 = −1

2
,

U1 =

N3+1∑
j=0

U1,jz
j ,

U1,N3+1 = γ2,N3+1 + γ̄2,N3+1,

U1,j = (j + 1)U1,j+1 + γ2,j + γ̄2,j , (j = N3, · · · , 1, 0).

(2.38)
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XA =
XA

2

r2
+ · · · , #XA

2 = N3, · · ·

XA
2 =

N3∑
j=0

XA
2,jz

j ,

XA
2,N3

= −1

2

[
τ̄2,N3

ξA1,0 + τ2,N3
ξ̄A1,0

]
,

XA
2,j =

1

2

[
(j + 1)XA

2,j+1 − τ̄2,jξ
A
1,0 − τ2,j ξ̄

A
1,0

]
, (j = N3 − 1, · · · , 1, 0).

(2.39)

ω =
ω1(z)

r
+

ω2

r2
+ · · · , #ω1 = N3 + 1, · · · ,

ω1 =

N3+1∑
j=0

ω1,jz
j ,

ω1,j+1 = − 1

j + 1
(ᾱ2,j + β2,j), (j = 0, 1, · · · , N3),

ω1,0 = ð̄σ2,0 − ð̄Ψ3,0
0 + ð̄σ2,1 + 2ω1,2,

ω̇1,0 = ð̄σ̇2,0, ω̇1,2 =
1

2
ð̄Ψ̇3,0

0 .

(2.40)

ξA =
ξA1
r

+
ξA2 (z)

r2
+ · · · , #ξA1 = 0, #ξA2 = N3 + 1, · · · ,

ξθ1 = ξθ1,0 =
1√
2
,

ξφ1 = ξφ1,0 =
i√

2 sin θ
,

ξA2 =

N3+1∑
j=0

ξA2,jz
j ,

ξA2,N3+1 = −σ2,N3+1ξ̄
A
1,0,

ξA2,j = (j + 1)ξA2,j+1 − σ2,j ξ̄
A
1,0, (j = N3, · · · , 1, 0).

(2.41)

The asymptotics of the tetrad components of the Weyl tensor are

Ψ0 =
Ψ3

0(z)

r3
+

Ψ4
0(z)

r4
+ · · · , #Ψ3

0 = N3,
#Ψ4

0 = N4, · · · ,

∂Ψ3
0

∂u
= 0,

∂Ψ4
0

∂u
=

1

2
(Ψ3

0)
′ −Ψ3

0 + ðΨ3
1.

(2.42)

Ψ1 =
Ψ3

1(z)

r3
+

Ψ4
1(z)

r4
+ · · · ,

#Ψ3
1 = N3,

#Ψ4
1 = max{N4 + 1, 2N3 + 2} · · · ,

Ψ3
1 =

N3∑
j=0

Ψ3,j
1 zj ,

Ψ3,N3

1 = ð̄Ψ3,N3

0 ,

Ψ3,j
1 = −(j + 1)Ψ3,j+1

1 + ð̄Ψ3,j
0 , (j = N3 − 1, · · · , 1, 0).

(2.43)
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Ψ2 =
Ψ3

2

r3
+ · · · , #Ψ3

2 = N3 + 1, . . .

Ψ3
2 =

N3+1∑
j=0

Ψ3,j
2 zj ,

Ψ3,j
2 =

1

j

[
ð̄Ψ3,j−1

1 − λ1,0Ψ
3,j−1
0

]
, (j = 1, 2, · · · , N3 + 1),

Ψ̇3
2 = ðΨ2

3 + σ2Ψ
1
4,

∂Ψ3,0
2

∂u
= −ð2 ˙̄σ2,0 − σ2,0 ¨̄σ2,0.

(2.44)

Ψ3 =
Ψ2

3

r2
+

Ψ3
3

r3
+ · · · , #Ψ2

3 = 0, #Ψ3
3 = N3 + 1, · · · ,

Ψ2
3 = Ψ2,0

3 = −ð ˙̄σ2,0,

Ψ3
3 =

N3+1∑
j=0

Ψ3,j
3 zj ,

Ψ3,N3+1
3 = −ð̄Ψ3,N3+1

2 ,

Ψ3,j
3 = (j + 1)Ψ3,j+1

3 − ð̄Ψ3,j
2 + 2λ1,0Ψ

3,j
1 , (j = N3, · · · , 1, 0).

(2.45)

Ψ4 =
Ψ1

4

r
+

Ψ2
4

r2
+ · · · , #Ψ1

4 = 0, #Ψ2
4 = 0, · · · ,

Ψ1
4 = −¨̄σ2,0,

Ψ2
4 = −ð̄Ψ2,0

3 = ð̄ð ˙̄σ2,0.

(2.46)

Here ð and ð̄ are the spin-weighted operators [32].
For later usage, we list the expression of ξθ2 and ξφ2 here:

ξθ2,N3+1 =− 1√
2
σ2,N3+1,

(j + 1)ξθ2,j+1 − ξθ2,j =
1√
2
σ2,j , (N3 = 0, 1, · · · , N3),

ξφ2 =− i

sin θ
ξθ2 .

(2.47)

The above formulae can be obtained from (2.41).

3. ASYMPTOTIC SYMMETRIES OF POLYHOMOGENEOUS SPACETIMES

In this section, we study the asymptotic symmetries of the polyhomogenous spactimes. From the relation

gab = lanb + nalb −mam̄b − m̄amb, (3.1)

one can get the contravariant metric components gµν within the NU coordinates {u, r, θ, φ} as

gµν =


0 1 0 0
1 2U − 2ωω̄ Xθ − ωξ̄θ − ω̄ξθ Xφ − ωξ̄φ − ω̄ξφ

0 Xθ − ωξ̄θ − ω̄ξθ −2ξθ ξ̄θ −ξθ ξ̄φ − ξ̄θξφ

0 Xφ − ωξ̄φ − ω̄ξφ −ξθ ξ̄φ − ξ̄θξφ −2ξφξ̄φ

 . (3.2)
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More explicitly, by using the asymptotics obtained in last section, we have

g11 =− 1 +
2U1

r
+

2U2 − 2ω1ω̄1

r2
+ · · · ,

g12 =

(
Xθ

2 − ω1√
2
− ω̄1√

2

)
1

r2
+ · · · ,

g13 =

(
Xφ

2 +
iω1√
2 sin θ

− iω̄1√
2 sin θ

)
1

r2
+ · · · ,

g22 =− 1

r2
−
√
2
(
ξθ2 + ξ̄θ2

) 1

r3
+ · · · ,

g23 =

(
i(ξθ2 − ξ̄θ2)√

2 sin θ
− ξφ2 + ξ̄φ√

2

)
1

r3
+ · · · ,

g33 =− 1

r2 sin2 θ
+

i
√
2

sin θ

(
ξφ2 − ξ̄φ2

)
1

r3
+ · · · .

(3.3)

Furthermore, straightforward calculation shows that the covariant metric components in the NU coordinate system
are

g00 = 1− 2U1

r
+ · · · ,

g01 = 1,

g02 =

(
Xθ

2 − ω1 + ω̄1√
2

)
+ · · · ,

g03 =

(
Xφ

2 +
i(ω1 − ω̄1)√

2 sin θ

)
sin2 θ + · · · ,

(3.4)

and

g11 = 0,

g12 = 0,

g13 = 0,

g22 = −r2 +
√
2(ξθ2 + ξ̄θ2)r + · · · ,

g23 =
sin θ√

2

(
iξ̄θ2 − iξθ2 + sin θ(ξφ2 + ξ̄φ2 )

)
r + · · · ,

g33 = −r2 sin2 θ − i
√
2 sin3 θ(ξφ2 − ξ̄φ2 )r + · · · .

(3.5)

Let ξµ be a vector field that generating an infinitesimal transformation preserving the metric forms of (3.4) and
(3.5), i.e.,

Lξguu = O
(
r−1(ln r)N3+1

)
,

Lξgur = Lξgrr = LξgrA = 0,

LξguA = O
(
(ln r)N3+1

)
,

LξgAB = O
(
r(ln r)N3+1

)
.

(3.6)

Solving the above asymptotic Killing equations, we find

ξu =f(θ, φ) +
1

2
(DAY

A)u+ · · · ,

ξr =− 1

2
(DAY

A) r + · · · ,

ξθ =Y θ + · · · ,
ξφ =Y φ + · · · ,

(3.7)

where f(θ, φ) is an arbitrary smooth function on the 2-sphere, DA stands for the covariant derivative of the standard
unit 2-sphere, and Y A depends only on θ and φ satisfying

LY qAB =
1

2
(DCY

C)qAB (3.8)
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with qAB the round metric on the unit 2-sphere. Equation (3.8) implies that Y A is actually a conformal Killing vector
field on the round sphere. Moreover, if ξa1 and ξa2 are both asymptotic infinitesimal symmetries, i.e., the components
of ξa1 and ξa2 admit the form (3.7), direct calculation shows that [ξ1, ξ2]

a is also an asymptotic infinitesimal symmetry.
The above results are exactly the same as those obtained in the smooth asymptotically flat spacetime.

4. BONDI MASS OF SMOOTH ASYMPOTICALLY FLAT SPACETIMES

In this section, we reexamine the charge associated with the asymptotic time translation at null infinity of smooth
asymptotically flat spacetimes via the Iyer-Wald formula within the Bondi-Sachs coordinate system.

For the theory of general relativity, the Lagrange 4-form reads [21]

Labcd =
R

16π
ϵabcd, (4.1)

which yields a symplectic potential 3-form

Θabc = ϵdabc
1

16π
gdegfh(∇fδgeh −∇eδgfh). (4.2)

For an asymptotic Killing vector field ξa, one has the associated Noether current 3-form

Jabc =
1

8π
ϵdabc∇e(∇[eξd]) (4.3)

and the associated Noether charge 2-form

Qab = − 1

16π
ϵabcd∇cξd. (4.4)

When ξa is an asymptotic time translation, if there exists a 3-form Babc such that

δ

∫
∞

ξ ·B =

∫
∞

ξ ·Θ, (4.5)

Iyer and Wald defined the canonical energy as [21, Eq.(83)]

E ≡
∫
∞

Q− ξ ·B. (4.6)

We make use of
∫
∞ to denote the integral over a 2-sphere at null infinity lim

r→∞

∫
Sr

in the rest of this paper.

Within the Bondi-Sachs coordinate system {u, r, xA}(A = 2, 3), the line element of an asymptotically flat spacetime
is given by [31, Eq.(2.1)]

ds2 = −UV du2 − 2Ududr + r2hAB(dx
A +WAdu)(dxB +WBdu), (4.7)

where [31, Page 6]

U = 1− 1

16r2
CABC

AB + · · · ,

V = 1− 2m

r
+

1

r2

(
1

3
DANA +

1

4
(DACAB)(DEC

BE)

+
1

16
CEFC

EF

)
+ · · · ,

WA =
1

2r2
DBC

AB +
1

r3

(
2

3
NA − 1

16
DA(CEFC

EF )

− 1

2
CABDECBE

)
+ · · · ,

hAB = qAB +
CAB

r
+

qAB

4r2
CEFC

EF + · · · .

(4.8)
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Here, the indices are contracted, raised, and lowered with respect to the round metric on the unit sphere qAB ,
m = m(u, xA) is the mass aspect, NA = NA(u, xA) is the angular aspect, and CAB = CAB(u, xA) is the shear tensor.
The news tensor NAB is defined as

NAB =
∂CAB

∂u
. (4.9)

It follows from Eqs.(4.7) and (4.8) that

ds2 =

(
− 1 +

2m

r

)
du2 − 2

(
1− 1

16r2
CABC

AB

)
dudr

+

[
DECAE +

1

r

(
4

3
NA − 1

8
DA(CEFC

EF )

)]
dudxA

+ r2
(
qAB +

CAB

r
+

qAB

4r2
CEFC

EF

)
dxAdxB

+ (subleading terms in
1

r
).

(4.10)

Furthermore, the evolution equations of m and NA are given by [31, Eqs.(3.1) and (3.4)]

∂um = −1

8
NABN

AB +
1

4
DADBNAB ,

∂uNA = DAm− 1

4
DBDBD

ECEA +
1

4
DBDAD

ECEB

+
1

4
DA(CBEN

BE)− 1

4
DB(C

BDNDA) +
1

2
CABDEN

EB .

(4.11)

The variation of metric components has the following behaviour

δguu ∼ O(
1

r
), (4.12)

δgru ∼ O(
1

r2
), (4.13)

δgrr, δgrθ, δgrφ = 0, (4.14)

δguθ, δguφ ∼ O(1), (4.15)

δgθθ, δgθφ, δgφφ ∼ O(r). (4.16)

Let ξa be the asymptotic time translation

ξa = (
∂

∂u
)a. (4.17)

The 2-sphere at null infinity is referred as to the limit as r → ∞ of the coordinate spheres {r = constant, u =
constant}. Then the first term in the expression of canonical energy (4.6) can be calculated as∫

∞
Q[ξ] = − 1

16π

∫
∞

ϵabcd∇cξd

= − 1

16π

∫
∞

√
−g

(
g0eΓ1

e0 − g1eΓ0
e0

)
(dθ ∧ dφ)ab. (4.18)

Direct calculation shows

g0eΓ1
e0 = −m

r2
+ · · · , (4.19)

g1eΓ0
e0 =

16m+ ∂u(CABC
AB)

16r2
+ · · · , (4.20)

and

√
−g = r2 sin θ + · · · . (4.21)
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Therefore,

Q[ξ] =
1

8π

∫
S2

[
m+

1

32
∂u

(
CABC

AB
)]

sin θdθdφ. (4.22)

Now we try to express the term
∫
∞ ξaΘabc at null infinity as a total variation term. A straightforward computation

yields

∫
∞

ξaΘabc =
1

16π

∫
∞
(
∂

∂u
)aϵdabcg

degfh(∇fδgeh −∇eδgfh)

= − 1

16π

∫ [
(I)− (II)− (III) + (IV)

]
dS,

(4.23)

where

(I) := g1egfh∂fδgeh, (4.24)

(II) := g1egfhΓa
fhδgea, (4.25)

(III) := g1egfh∂eδgfh, (4.26)

(IV) := g1egfhΓa
ehδgfa. (4.27)

Recall that

g11 = g1A = 0, (4.28)

g00 = −1 +
2m

r
+ · · · , (4.29)

g01 = −1 +
1

16r2
CABC

AB + · · · , (4.30)

g0A = DECAE +

[
4

3
NA − 1

8
DA(CEFC

EF )

]
1

r
+ · · · , (4.31)

gAB = r2
(
qAB +

CAB

r
+ · · ·

)
, (4.32)

we proceed to compute the terms (I), (II), (III) and (IV) respectively.
Direct calculation shows

(I) = ∂rδguu + ∂uδgur −
1

r2
∂θδguθ −

1

r2 sin2 θ
∂φδguφ + o(

1

r2
), (4.33)

(II) = −2

r
δguu +

cot θ

r2
δguθ +O(

1

r3
), (4.34)

(III) = 2∂uδgur − gAB∂uδgAB − gAB∂rδgAB +O(
1

r3
)

= 2∂uδgur −
1

r2
∂uδgθθ −

1

r2 sin2 θ
∂uδgφφ

+
1

r2
∂rδgθθ +

1

r2 sin2 θ
∂rδgφφ +O(

1

r3
),

(4.35)

(IV) =
1

r3
δgθθ +

1

r3 sin2 θ
δgφφ +O(

1

r3
). (4.36)
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From the above results, we find∫
∞

ξaΘabc = − 1

16π

∫
∞

dS

(
(I)− (II)− (III) + (IV)

)
= − 1

16π

∫
∞

dS

(
∂rδguu − ∂uδgur −

1

r2
∂θδguθ −

1

r2 sin2 θ
∂φδguφ

+
2

r
δguu − cot θ

r2
δguθ +

1

r2
∂uδgθθ +

1

r2 sin2 θ
∂uδgφφ

− 1

r2
∂rδgθθ −

1

r2 sin2 θ
∂rδgφφ +

1

r3
δgθθ +

1

r3 sin2 θ
δgφφ

)
= δ

[
− 1

16π

∫
∞

dS

(
∂r ĝuu − ∂uĝur −

1

r2
∂θ ĝuθ

− 1

r2 sin2 θ
∂φĝuφ +

2

r
ĝuu − cot θ

r2
ĝuθ

)]
.

(4.37)

Here ĝαβ = (g − gM )αβ , i.e., the metric tensor subtracting the Minkowski data. For the last equality, we have used
the tracefree property of CAB ,

qABCAB = Cθθ +
1

sin2 θ
Cφφ = 0, (4.38)

which is preserved under variation.
Note that

DAĝuA = qABDB ĝuA = gAB(∂B ĝuA − ΓC
AB ĝuC)

= ∂θ ĝuθ +
1

sin2 θ
∂φĝuφ + cot θĝuθ,

(4.39)

and we can simplify the expression of
∫
∞ ξaΘabc as∫

∞
ξaΘabc = δ

[
− 1

16π

∫
∞

dS

(
∂r ĝuu − ∂uĝur +

2

r
ĝuu

)]
. (4.40)

It follows from

ĝuu =
2m

r
, ĝur =

1

16r2
CABC

AB , (4.41)

that ∫
∞

ξaΘabc = δ

[
− 1

16π

∫
∞

dS

(
− 2m

r2
− 1

16r2
∂u(CABC

AB)) +
4m

r2

]
= δ

[
− 1

16π

∫
S2

(
2m− 1

16
∂u(CABC

AB)

)
sin θdθdφ

]
. (4.42)

Finally, the canonical energy is

E =

∫
∞

Q− ξ ·B

=

∫
S2

[
1

16π

(
2m+

1

16
∂u(CABC

AB)

)
+

1

16π

(
2m− 1

16
∂u(CABC

AB)

)]
sin θdθdφ

=
1

4π

∫
S2

m sin θdθdφ (4.43)

with the 3-form

B = − 1

16π

(
2m− 1

16
∂u(CABC

AB)

)
sin θdu ∧ dθ ∧ dφ.

In this section, we have reexamined the Bondi mass at null infinity via the Iyer-Wald formula within the Bondi-
Sachs coordinates. Our analysis demonstrates that the Iyer-Wald formula naturally leads to the Bondi mass expression
directly in the physical spacetime, thereby bypassing the need of conformal compactification.
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5. BONDI MASS OF POLYHOMOGENEOUS SPACETIMES

For smooth asymptotically flat spacetimes, we have successfully employed the Iyer-Wald framework to obtain the
charge associated with the asymptotic time translation at null infinity in the previous section. In 1995, Chruściel,
MacCallum and Singleton discussed the Bondi mass of a class of polyhomogeneous spacetimes with N3 = −∞
[15]. Recently, the BMS charges in special polyhomogeneous spacetimes are discussed by using the Barnich-Brandt
prescription [33]. In this section, we attempt to derive the mass expression of polyhomogeneous spacetimes by using
the Iyer-Wald formula.

Recall that the Iyer-Wald canonical energy is given by [21, Eq. (83)]

E ≡ −
(∫

∞
Qbc − ξaBabc

)
. (5.1)

Comparing with the original definition in [21], there appears a total minus in the expression of the canonical energy.
This is because we take the Landau-Lifshitz timelike convention for the signature of the spacetime metric, (+,−,−,−).

For polyhomogeneous spacetimes, let ξa be the asymptotic time translation

ξa = (
∂

∂u
)a. (5.2)

The 2-sphere at null infinity is referred to as the limit as r → ∞ of the coordinate spheres {r = constant, u = constant}.
Then the first term in the expression of canonical energy (5.1) can be calculated as

−
∫
∞

Q[ξ] =
1

16π

∫
∞

ϵabcd∇cξd

=
1

16π

∫
∞

√
−g

(
g0eΓ1

e0 − g1eΓ0
e0

)
(dθ ∧ dφ)ab.

(5.3)

Direct calculation shows

g0eΓ1
e0 =

U1 − U ′
1

r2
+ · · · ,

g1eΓ0
e0 = −U1 − U ′

1

r2
+ · · · ,

(5.4)

and

√
−g = r2 sin θ + · · · . (5.5)

Therefore,

−Q[ξ] =
1

8π
lim
r→∞

∫
S2

[
U1 − U ′

1

]
sin θdθdφ. (5.6)

When N3 = −∞, we have U1 = U1,0(θ, φ) and

−Q[ξ] =
1

8π
lim
r→∞

∫
S2

U1,0 sin θdθdφ. (5.7)

We now compute the contribution to the canonical energy (5.1) from the second term. Using the symplectic
potential 3-form (4.2), we have∫

∞
ξ ·Θ =

∫
∞
(
∂

∂u
)aΘabc

=
1

16π

∫
∞
(
∂

∂u
)aϵdabcg

degfh(∇fδgeh −∇eδgfh)

= − 1

16π

∫
∞

dS g1egfh
(
∂fδgeh − Γa

fhδgea − ∂eδgfh + Γa
ehδgfa

) (5.8)
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Let

(I) :=g1egfh∂fδgeh,

(II) :=g1egfhΓa
fhδgea,

(III) :=g1egfh∂eδgfh,

(IV) :=g1egfhΓa
ehδgfa.

(5.9)

Note that the variation of metric components has the following behaviour

δguu ∼ O
(
r−1(ln r)N3+1

)
,

δgru = δgrr = δgrθ = δgrφ = 0,

δguθ, δguφ ∼ O
(
(ln r)N3+1

)
,

δgθθ, δgθφ, δgφφ ∼ O
(
r(ln r)N3+1

)
.

(5.10)

Straightforward calculation shows

(I) =∂rδguu − 1

r2
∂θδguθ −

1

r2 sin2 θ
∂φδguφ +O

( (ln r)2N3+2

r3
)
,

(II) =− 2

r
δguu +

cot θ

r2
δguθ +O

( (ln r)2N3+2

r3
)
,

(III) =− 1

r2
∂uδgθθ −

1

r2 sin2 θ
∂uδgφφ

+
1

r2
∂rδgθθ +

1

r2 sin2 θ
∂rδgφφ +O

( (ln r)2N3+2

r3
)
,

(IV) =
1

r3
δgθθ +

1

r3 sin2 θ
δgφφ +O

( (ln r)2N3+2

r3
)
.

(5.11)

From the above results, we find∫
∞

ξaΘabc = − 1

16π

∫
∞

dS

(
(I)− (II)− (III) + (IV)

)
= − 1

16π

∫
∞

dS

(
∂rδguu − 1

r2
∂θδguθ −

1

r2 sin2 θ
∂φδguφ

+
2

r
δguu − cot θ

r2
δguθ +

1

r2
∂uδgθθ +

1

r2 sin2 θ
∂uδgφφ

− 1

r2
∂rδgθθ −

1

r2 sin2 θ
∂rδgφφ +

1

r3
δgθθ +

1

r3 sin2 θ
δgφφ

)
.

(5.12)

Note that

δgθθ =
√
2r δ(ξθ2 + ξ̄θ2),

δgφφ =− i
√
2r sin3 θ δ(ξφ2 − ξ̄φ2 ) = −

√
2r sin2 θ δ(ξθ2 + ξ̄θ2),

(5.13)

where we have used (2.47), and one arrives at∫
∞

ξaΘabc = − 1

16π

∫
∞

dS

(
∂rδguu − 1

r2
∂θδguθ −

1

r2 sin2 θ
∂φδguφ

+
2

r
δguu − cot θ

r2
δguθ −

1

r2
∂rδgθθ

− 1

r2 sin2 θ
∂rδgφφ +

1

r3
δgθθ +

1

r3 sin2 θ
δgφφ

)
= δ

{
− 1

16π

∫
∞

dS

(
∂r ĝuu − 1

r2
∂θ ĝuθ −

1

r2 sin2 θ
∂φĝuφ

+
2

r
ĝuu − cot θ

r2
ĝuθ −

1

r2
∂r ĝθθ

− 1

r2 sin2 θ
∂r ĝφφ +

1

r3
ĝθθ +

1

r3 sin2 θ
ĝφφ

)}

(5.14)
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where

ĝuu =− 2U1

r
,

ĝuθ =Xθ
2 − ω1 + ω̄1√

2
,

ĝuφ =Xφ
2 sin2 θ +

i(ω1 − ω̄1)√
2

sin θ,

ĝθθ =
√
2r(ξθ2 + ξ̄θ2),

ĝφφ =− i
√
2r(ξφ2 − ξ̄φ2 ) sin

3 θ.

(5.15)

Recall that (2.47) gives ξφ2 = − i
sin θ ξ

θ
2 and hence ĝφφ = −ĝθθ sin

2 θ, which yields

1

r2
∂uĝθθ +

1

r2 sin2 θ
∂uĝφφ = 0,

1

r2
∂r ĝθθ +

1

r2 sin2 θ
∂r ĝφφ = 0,

1

r3
ĝθθ +

1

r3 sin2 θ
ĝφφ = 0.

(5.16)

Finally, the canonical energy E defined at null infinity is

E =
1

16π

∫
∞

dS

(
2U1 − 2U ′

1

r2
− ∂r ĝuu +

1

r2
∂θ ĝuθ +

1

r2 sin2 θ
∂φĝuφ

− 2

r
ĝuu +

cot θ

r2
ĝuθ −

1

r2
∂uĝθθ −

1

r2 sin2 θ
∂uĝφφ

+
1

r2
∂r ĝθθ +

1

r2 sin2 θ
∂r ĝφφ − 1

r3
ĝθθ −

1

r3 sin2 θ
ĝφφ

)
=

1

16π

∫
∞

dS

(
2U1 − 2U ′

1

r2
− ∂r ĝuu +

1

r2
∂θ ĝuθ

+
1

r2 sin2 θ
∂φĝuφ − 2

r
ĝuu +

cot θ

r2
ĝuθ

)
=

1

16π

∫
∞

dS

(
2U1 − 2U ′

1

r2
− 2U1 − 2U ′

1

r2
+

1

r2
∂θ ĝuθ

+
1

r2 sin2 θ
∂φĝuφ +

4U1

r2
+

cot θ

r2
ĝuθ

)
=

1

16π

∫
∞

dS

(
4U1

r2
+

1

r2
∂θ ĝuθ +

1

r2 sin2 θ
∂φĝuφ +

cot θ

r2
ĝuθ

)
.

(5.17)

Using (5.15), the above expression of the canonical energy E can be simplified as

E =
1

16

∫
∞

dS

[
4U1

r2
+

1

r2
(∂θX

θ
2 + ∂φX

φ
2 +Xθ

2 cot θ)

− 1√
2r2

(
∂θω1 −

i

sin θ
∂φω1 + ω1 cot θ

)
− 1√

2r2

(
∂θω̄1 +

i

sin θ
∂φω̄1 + ω̄1 cot θ

)]
=

1

16

∫
∞

dS

[
4U1

r2
− 1√

2r2
(ð̄ω1 + ðω̄)

]
=

1

4π

∫
∞

U1

r2
dS.

(5.18)

Some remarks are in order concerning the result of (5.18).
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(i) When Ψ3
0 = 0 (but Ψ4

0 need not to be zero), we have

U1 = −1

2
(Ψ3,0

2 + Ψ̄3,0
2 ). (5.19)

Therefore, the canonical energy (5.18) becomes

E = − 1

8π

∫
S2

(Ψ3,0
2 + Ψ̄3,0

2 ) sin θdθdφ. (5.20)

This is just the ‘mass’ introduced by Newman and Unti in [8]. Moreover, recall that

Ψ̇3,0
2 = −ð2 ˙̄σ2,0 − σ2,0 ¨̄σ2,0, (5.21)

and hence

dE
du

=
1

8π

∫
S2

(
ð2 ˙̄σ2,0 + σ2,0 ¨̄σ2,0 + ð̄2σ̇2,0 + σ̄2,0σ̈2,0

)
sin θdθdφ

=
1

8π

∫
S2

(
σ2,0 ¨̄σ2,0 + σ̄2,0σ̈2,0

)
sin θdθdφ

=
1

8π

∫
S2

[
d

du
(σ2,0 ˙̄σ2,0 + σ̄2,0σ̇2,0)− 2|σ̇2,0|2

]
sin θdθdφ.

(5.22)

Define the ‘reduced energy’ as

Ê ≡ E − 1

8π

∫
S2

(
σ2,0 ˙̄σ2,0 + σ̄2,0σ̇2,0

)
sin θdθdφ

= − 1

8π

∫
S2

(
Ψ3,0

2 + Ψ̄3,0
2 + σ2,0 ˙̄σ2,0 + σ̄2,0σ̇2,0

)
sin θdθdφ.

(5.23)

It possesses a nice monotonicity formula,

dÊ
du

= − 1

4π

∫
S2

|σ̇2,0|2 sin θdθdφ ≤ 0. (5.24)

In fact, Ê is just the well-known Bondi mass. It turns out that this charge coincides with the one obtained by Godazgar
and Macaulay in [33, Eq.(5.10)], where the BMS charges for polyhomogeneous spacetimes with Ψ3

0 = 0 are derived
by using the Barnich-Brandt prescription [34].

(ii) When N3 = 0, i.e.,

Ψ0 =
Ψ3,0

0 (u, θ, φ)

r3
+

Ψ4
0

r4
+ · · · , #Ψ4

0 = N4, · · · . (5.25)

Eq.(2.38) yields

U1 = U1,0 + U1,1z, z = ln r,

U1,1 = γ2,1 + γ̄2,1,

U1,0 = U1,1 + γ2,0 + γ̄2,0.

(5.26)

It follows from (2.36) that

γ2,1 = −1

2
Ψ3,1

2 ,

γ2,0 =
1

2

[
γ2,1 − α1,0τ2,0 − β1τ̄2,0 −Ψ3,0

2

]
.

(5.27)

Eqn.(2.44) yields

Ψ3,1
2 = ð̄Ψ3,0

1 − ˙̄σ2,0Ψ
3,0
0 (5.28)
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and (2.43) yields

Ψ3,0
1 = ð̄Ψ3,0

0 . (5.29)

It can be deduced from (5.26)-(5.29) that

U1 =

[
− 3

4
(ð̄2Ψ3

0 + ð2Ψ̄3
0 − ˙̄σ2,0Ψ

3
0 − σ̇2,0Ψ̄

3
0)−

1

2
(Ψ3,0

2 + Ψ̄3,0
2 )

]
− 1

2
(ð̄2Ψ3

0 + ð2Ψ̄3
0 − ˙̄σ2,0Ψ

3
0 − σ̇2,0Ψ̄

3
0)z.

(5.30)

Therefore, (5.18) becomes

E =
1

4π

∫
S2

[
3

4
( ˙̄σ2,0Ψ

3
0 + σ̇2,0Ψ̄

3
0)−

1

2
(Ψ3,0

2 + Ψ̄3,0
2 )

]
sin θdθdφ

+
1

8π

∫
S2

( ˙̄σ2,0Ψ
3
0 + σ̇2,0Ψ̄

3
0)z sin θdθdφ.

(5.31)

In general, the quantity E will blow-up since z = ln r → ∞ as r → ∞. If one assumes that∫
S2

˙̄σ2,0Ψ
3
0 + σ̇2,0Ψ̄

3
0 = 0, (5.32)

then the above E remains finite.
Moreover, regarding the evolution of E in (5.31), we have

dE
du

=
1

4π

∫
S2

[
3

4
(¨̄σ2,0Ψ

3,0
0 + ˙̄σ2,0Ψ̇

3,0
0 + σ̈2,0Ψ̄

3,0
0 + σ̇2,0

˙̄Ψ3,0
0 )

− 1

2
(Ψ̇3,0

2 + ˙̄Ψ3,0
2 )

]
sin θdθdφ

+
1

8π

∫
S2

[
¨̄σ2,0Ψ

3,0
0 + ˙̄σ2,0Ψ̇

3,0
0 + σ̈2,0Ψ̄

3,0
0 + σ̇2,0

˙̄Ψ3,0
0

]
z sin θdθdφ.

(5.33)

Recall that Eqs.(2.42) and (2.44) give

Ψ̇3,0
0 = 0, Ψ̇3,0

2 = −ð2 ˙̄σ2,0 − σ2,0 ¨̄σ2,0. (5.34)

Therefore,

dE
du

=
1

4π

∫
S2

[
3

4
(¨̄σ2,0Ψ

3,0
0 + σ̈2,0Ψ̄

3,0
0 ) +

1

2
(σ2,0 ¨̄σ2,0 + σ̄2,0σ̈2,0)

]
sin θdθdφ

+
1

8π

∫
S2

[
¨̄σ2,0Ψ

3,0
0 + σ̈2,0Ψ̄

3,0
0

]
z sin θdθdφ

=
1

16π

∫
S2

[
∂u

(
3( ˙̄σ2,0Ψ

3,0
0 + σ̇2,0Ψ̄

3,0
0 ) + 2(σ2,0 ˙̄σ2,0 + σ̄2,0σ̇2,0)

)
− 4|σ̇2,0|2

]
sin θdθdφ+

1

8π

∫
S2

∂u

(
˙̄σ2,0Ψ

3,0
0 + σ̇2,0Ψ̄

3,0
0

)
z sin θdθdφ.

(5.35)

Define the ‘reduced energy’ as

Ê ≡ E − 1

16π

∫
S2

(
3( ˙̄σ2,0Ψ

3,0
0 + σ̇2,0Ψ̄

3,0
0 ) + 2(σ2,0 ˙̄σ2,0 + σ̄2,0σ̇2,0)

)
sin θdθdφ

− 1

8π

∫
S2

(
˙̄σ2,0Ψ

3,0
0 + σ̇2,0Ψ̄

3,0
0

)
z sin θdθdφ.

(5.36)

Then we have

dÊ
du

= − 1

4π

∫
S2

|σ̇2,0|2 sin θdθdφ ≤ 0. (5.37)



20

In summary, we have obtained the explicit expression for the canonical energy, given in (5.18), for vacuum poly-
homogeneous spacetimes by applying the Iyer-Wald formalism within Newman-Unti coordinates. When Ψ3

0 = 0,
regardless of whether Ψ4

0 vanishes, this canonical energy reduces to the Newman-Unti mass. By subtracting a suit-
able quantity, we find that the resulting ‘reduced energy’ (5.23) is just the well-known Bondi mass, which decreases
monotonically in the presence of gravitational radiation. Furthermore, for the case N3 = 0, we define the ‘reduced
energy’ by (5.36), which also possesses a monotonicity property, as shown in (5.37).

6. GRAVITATIONAL WAVE MEMORY AND BALANCE LAW

The linear memory of gravitational waves (GW) arising from the change in the quadrupole moment of a gravitational
wave source was identified by Zel’dovich et al. [24, 35–37]. Subsequently, Christodoulou and Frauendiener discovered
that gravitational waves themselves can generate memory known as the nonlinear memory [25, 26]. The effect of this
kind of memory is related to the relative displacement of nearby observers, so it is also called the displacement memory.
Over the past few years, numerous works have been established on the potential for detecting the nonlinear memory
[38–45]. However, gravitational wave memory measured by the detector is notably weak, as GW memory behaves
mainly as a quasi-direct current signal [30]. Consequently, the development of an accurate theoretical model is crucial
for the detection of GWmemory. Noticing that the BMS theory does not necessitate the slow and weak field conditions
for the GW sources, Nichols et al. proposed a method to calculate the GW memory based on the BMS theory [27, 28].
More recently, combining the results of numerical relativity, Cao et al. applied the BMS method to develop a surrogate
model that correlates the parameters of binary black holes with GW memory [30]. Utilizing this surrogate model, they
estimated the GW memory associated with all 48 binary black hole events documented in GWTC-2. In the context of
the BMS method for calculating the GW memory, a critical step involves the derivation of the balance law of smooth
asymptotically flat spacetimes. For polyhomogeneous spacetimes, it is worthwhile reexamining the balance law, as
the asymptotic behaviors of Newman-Penrose (NP) quantities are significantly different between polyhomogeneous
spacetimes and smooth asymptotically flat spacetimes.

In Section 2, the asymptotic behaviour of NP quantities of polyhomogeneous spacetime have been obtained. It
should be emphasized that, albeit Ψ3

0 includes the logarithmic terms, there appear no logarithmic terms in Ψ1
4,

Ψ1
4 = −¨̄σ2,0. (6.1)

Since Ψ1
4 is closely related to geodesic deviation equation, from the viewpoint of the detection of gravitational waves,

Ψ1
4 or σ2,0 is the most significant quantity [46]. In fact, σ2,0 is related to the plus mode h+ and the cross mode h× of

gravitational waves by

σ2,0 =
Ds

2
(h+ + ih×), (6.2)

where Ds is the luminosity distance between the observer and the source [29].
From the asymptotic behaviour of the NP quantities, we have

∂

∂u
(Ψ3

2 + σ2 ˙̄σ2) = Ψ̇3
2 + σ̇2 ˙̄σ2 + σ2 ¨̄σ2

= ðΨ2
3 + σ2Ψ

1
4 + σ̇2,0 ˙̄σ2,0 + σ2 ¨̄σ2,0

= −ð2 ˙̄σ2,0 + σ2(−¨̄σ2,0) + σ̇2,0 ˙̄σ2,0 + σ2 ¨̄σ2,0

= |σ̇2,0|2 − ð2 ˙̄σ2,0.

(6.3)

Consequently, ∫ u2

u1

(
|σ̇2,0|2 − ð2 ˙̄σ2,0

)
du =

(
Ψ3

2 + σ2 ˙̄σ2

)∣∣∣∣u2

u1

=
(
Ψ3,0

2 + σ2,0 ˙̄σ2,0

)∣∣∣∣u2

u1

.

(6.4)

This is the so-called balance law. Taking the limits u1 → −∞ and u2 → ∞ in (6.4), it shows that

ð2
(
σ̄2,0

∣∣∞
−∞

)
= −

(
Ψ3,0

2 + σ2,0 ˙̄σ2,0

)∣∣∣∣∞
−∞

+

∫ ∞

−∞
|σ̇2,0|2du. (6.5)
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This formula describes the gravitational waves memory in polyhomogeneous spacetimes. It turns out that (6.4) and
(6.5) remain unchanged as the ones obtained in smooth asymptotically flat spacetimes [29] and [26].

Pasterski, Strominger and Zhiboedov proposed a new type of gravitational wave memory named the spin memory
[47]. It was shown that the effect of the spin memory is the relative time delay of different light rays at very large
radial distance r0. Mao and Wu found a new observational effect by looking at timelike geodesics near null infinity
[48]. In the rest of this section, we extend Mao and Wu’s results to polyhomogeneous asymptotically flat spacetimes.

From Section 2, we can obtain the covariant metric components of a polyhomogeneous asymptotically flat spacetime.
Now we consider a timelike hypersurface Σr0 = {r = r0} in a polyhomogeneous spacetime with r0 a large constant.
Up to relevant orders, the induced metric hij reads

ds2Σ = hijdx
idxj

=

[
1− 2U1

r0
+

1

r20

(
− 2U2 − (Xθ

2 )
2 +

√
2Xθ

2 (ω1 + ω̄1)

−i
√
2Xφ

2 (ω1 − ω̄1) sin θ − (Xφ
2 )

2 sin2 θ

)
+ · · ·

]
du2

+2

[(
Xθ

2 − ω1 + ω̄1√
2

)
+

1

2r0

(
2Xθ

3 − 2
√
2Xθ

2 (ξ
θ
2 + ξ̄θ2)

+(ξθ2 + ξ̄θ2)(ω1 + ω̄1)−
√
2(ω2 + ω̄2) + i

√
2Xφ

2 (ξ
θ
2 − ξ̄θ2) sin θ

−i(ξφ2 + ξ̄φ2 )(ω1 − ω̄1) sin θ −
√
2Xφ

2 (ξ
φ
2 + ξ̄φ2 ) sin

2 θ

)
+ · · ·

]
dudθ

+2

[(
Xφ

2 sin2 θ +
i sin θ√

2
(ω1 − ω̄1)

)
− i sin θ

2r0

(
2iXφ

3 sin θ

+
√
2Xφ

2 (ξ̄
φ
2 − ξφ2 )−

√
2Xθ

2 (ξ
θ
2 − ξ̄θ2)−

√
2(ω2 − ω̄2)

+(ξθ2 − ξ̄θ2)(ω1 + ω̄1) +
√
2Xφ

2 (ξ
φ
2 − ξ̄φ2 ) cos 2θ

−
√
2iXθ

2 (ξ
φ
2 + ξ̄φ2 ) sin θ − i(ξφ2 − ξ̄φ2 )(ω1 − ω̄1) sin θ

)
+ · · ·

]
dudφ

+

[
− r20 +

√
2(ξθ2 + ξ̄θ2)r0 +

1

2

(
− 3(ξθ2 + ξ̄θ2)

2 + 2
√
2(ξθ3 + ξ̄θ3)

+2i(ξφ2 + ξ̄φ2 )(ξ
θ
2 − ξ̄θ2) sin θ − (ξφ2 + ξ̄φ2 )

2 sin2 θ

)
+ · · ·

]
dθ2

+

[
r0 sin θ√

2

(
(ξφ2 + ξ̄φ2 ) sin θ − i(ξθ2 − ξ̄θ2)

)
− i sin θ

2

(
− (ξφ2 )

2 + (ξ̄φ2 )
2

−2(ξθ2)
2 + 2(ξ̄θ2)

2 +
√
2(ξθ3 − ξ̄θ3) + ((ξφ2 )

2 − (ξ̄φ2 )
2) cos 2θ

−2i sin θ(ξ̄φ2 ξ
θ
2 + ξφ2 ξ̄

θ
2) +

√
2i sin θ(ξφ3 + ξ̄φ3 )

)
+ · · ·

]
dθdφ

+

[
− r20 sin

2 θ −
√
2ir0 sin

3 θ(ξφ2 − ξ̄φ2 ) +
1

2
sin2 θ

(
(ξθ2 − ξ̄θ2)

2

+2i sin θ(ξφ2 + ξ̄φ2 )(ξ
θ
2 − ξ̄θ2)− 2

√
2i sin θ(ξφ3 − ξ̄φ3 )

+3(ξφ2 − ξ̄φ2 )
2 sin2 θ

)
+ · · ·

]
dφ2. (6.6)

For free falling observers on the hypersurface Σr0 , they move along a timelike geodesic with the tangent vector V a.
One thus has

V iDiV
j = 0, (6.7)

where Di is the covariant derivative operator associated with the induced metric hij . The asymptotic behaviour of
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V a are assumed as [48]

V u = 1 +

∞∑
k=1

V u
k (u, z0, θ, φ)

rk0
, (6.8)

V θ =

∞∑
k=1

V θ
k (u, z0, θ, φ)

rk0
, (6.9)

V ϕ =

∞∑
k=1

V ϕ
k (u, z0, θ, φ)

rk0
, (6.10)

where z0 = ln r0.
The geodesic equation (6.7) can be solved order by order.
At order of O( 1

r0
), we have

∂V θ
1 (u, z0, θ, φ)

∂u
= 0 ⇒ V θ

1 = 0. (6.11)

∂V φ
1 (u, z0, θ, φ)

∂u
= 0 ⇒ V φ

1 = 0. (6.12)

∂V u
1 (u, z0, θ, φ)

∂u
− ∂U1(u, z0, θ, φ)

∂u
= 0

⇒ V u
1 (u, z0, θ, φ) = U1(u, z0, θ, φ). (6.13)

To get the above three equation, we have set the integration constants to be zero since the observers are initially
static.

At order of O( 1
r20
), we have

1√
2

∂

∂u
(ω1 + ω̄1) +

∂V θ
2

∂u
− ∂Xθ

2

∂u
= 0

⇒ V θ
2 = Xθ

2 − 1√
2
(ω1 + ω̄1). (6.14)

− i√
2 sin θ

∂

∂u
(ω1 − ω̄1) +

∂V φ
2

∂u
− ∂Xφ

2

∂u
= 0

⇒ V φ
2 = Xφ

2 +
i√

2 sin θ
(ω1 − ω̄1). (6.15)

ω̄1
∂ω1

∂u
+ ω1

∂ω̄1

∂u
− 3U1

∂U1

∂u
− ∂U2

∂u
+

∂V u
2

∂u
= 0

⇒ V u
2 =

3

2
(U1)

2 + U2 − ω1ω̄1. (6.16)

At order of O( 1
r30
), we have

−∂U1

∂θ
+ ξ̄θ2

∂ω1

∂u
+ ξθ2

∂ω̄1

∂u
+

1√
2

∂ω̄2

∂u
+

1√
2

∂ω̄2

∂u
+

∂V θ
3

∂u

+
1√
2

∂U1

∂u
(ω1 + ω̄1)−Xθ

2

∂U1

∂u
− ∂Xθ

2

∂u
U1 −

∂Xθ
3

∂u

+
U1√
2

∂(ω1 + ω̄1)

∂u
+ ω̄1

∂ξθ2
∂u

+ ω1
∂ξ̄θ2
∂u

= 0

⇒ V θ
3 = − 1√

2
U1(ω1 + ω̄1) +Xθ

2U1 +Xθ
3 − 1√

2
(ω2 + ω̄2)

−ξθ2 ω̄1 − ξ̄θ2ω1 +

∫ u ∂U1(v, z0, θ, φ)

∂θ
dv. (6.17)
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− 1

sin2 θ

∂U1

∂φ
+ ξ̄φ2

∂ω1

∂u
+ ξφ2

∂ω̄1

∂u
− i√

2 sin θ

∂ω2

∂u
+

i√
2 sin θ

∂ω̄2

∂u

− i(ω1 − ω̄1)√
2 sin θ

∂U1

∂u
−Xφ

2

∂U1

∂u
− U1

∂Xφ
2

∂u
+

∂V φ
3

∂u
− ∂Xφ

3

∂u

+
iU1√
2 sin θ

∂(ω̄1 − ω1)

∂u
+ ω̄1

∂ξφ2
∂u

+ ω1
∂ξ̄φ2
∂u

= 0

⇒ V φ
3 =

i√
2 sin θ

(ω2 − ω̄2) +Xφ
2 U1 +Xφ

3 +
iU1√
2 sin θ

(ω1 − ω̄1)

−ξφ2 ω̄1 − ξ̄φ2 ω1 +
1

sin2 θ

∫ u ∂U1(v, z0, θ, φ)

∂φ
dv. (6.18)

At order of r−2
0 , it follows from (6.15) and (6.16) that V a has angular components. The infinitesimal change of the

proper time χ of the observer can be calculated as follows. Direct calculation shows the covector of the observer is

dχ = hijV
idxj

= du− 1

r0

[
U1du+

(∫ u ∂U1

∂θ
dv

)
dθ +

(∫ u ∂U1

∂φ
dv

)
dφ

]
+O(

1

r20
)

= d

(
u+

1

r0
M

)
+O(

1

r20
), (6.19)

where

M := −
∫ u

U1(v, z0, θ, φ)dv. (6.20)

The change of the proper time ∆χ between two spacetime points (ui, θi, φi) and (uf , θf , φf ) on the geodesic reads

∆χ = ∆u+
1

r0
∆M+O(

1

r20
). (6.21)

This means the observer receives a time delay of order O( 1
r0
). It should be emphasized that ∆M is angle dependent.

To see the effect of the logarithmic term, we consider the special case with

Ψ3
0 = Ψ3,0

0 . (6.22)

For this case, it follows from Section 2 that

U1 = U1,0 + U1,1z0, (6.23)

U1,1 = γ2,1 + γ̄2,1, (6.24)

γ2,1 = −1

2
ð̄ð̄Ψ3,0

0 +
1

2
˙̄σ2,0Ψ

3,0
0 , (6.25)

U1,0 =
3

2
(γ2,1 + γ̄2,1)−

1

2
(Ψ3,0

2 + Ψ̄3,0
2 ). (6.26)

The Bianchi identity gives

∂Ψ4,0
1

∂u
= ðΨ3,0

2 − (ð ˙̄σ2,0)(2σ2,0 −Ψ3,0
0 ), (6.27)

which in turn yields

ð̄ð∆M = ∆

[
1

2
ð̄Ψ4,0

1 +
1

2
ðΨ̄4,0

1 + (ð̄σ2,0)(ðσ̄2,0)

]
+

∫ uf

ui

[
σ2,0(ð̄ð ˙̄σ2,0) + σ̄2,0(ðð̄σ̇2,0)

]
dv

+

∫ uf

ui

[
1

2
ð̄(Ψ3,0

0 ð ˙̄σ2,0) +
1

2
ð(Ψ̄3,0

0 ð̄σ̇2,0) +
3

2
ð̄ð(γ2,1 + γ̄2,1)

]
dv

+

[ ∫ uf

ui

ð̄ð(γ2,1 + γ̄2,1)dv

]
z0. (6.28)
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When Ψ3,0
0 = 0, the above equation reduces to

ð̄ð∆M = ∆

[
1

2
ð̄Ψ4,0

1 +
1

2
ðΨ̄4,0

1 + (ð̄σ2,0)(ðσ̄2,0)

]
+

∫ uf

ui

[
σ2,0(ð̄ð ˙̄σ2,0) + σ̄2,0(ðð̄σ̇2,0)

]
dv. (6.29)

This is exactly the same as Eq.(4.8) in [48].
As shown in [48], by choosing a ring of freely falling observers who are initially static and synchronised, the difference

in the proper time between each observer on this ring at a later time encodes the gravitational wave-form, providing
an observable signature of spin memory.

7. CONCLUSIONS

In this article, we investigate the mass and the memory effect of polyhomogeneous spacetimes. The gravitational
waves persist all the way to the null infinity. The analysis of the solutions of the Einstein field equations was studied
in the basic settings by Bondi et al. [4, 5, 7] using the formal series expansions in powers of 1/r. Carving out
the feature of null geometry, Penrose [49] proposed the idea of conformal compactifications. It requires that the
conformal structure should be smoothly extended aross the null infinity. The implicit assumption of the smoothness
of the coformal extension leads to the very specific fall-off behaviours of isolated gravitating bodies and the emitting
radiation. This is knowns as the peeling-off property. If there is a slower decay assumption for the component of
the Weyl tensors, then the logarithmic terms will appear in the asymptotic expansions. It seems that, regardless of
the geometric elegance, the conformal compactification is a guess proposal and the purely 1/r expansions are too
stringent. One kind of spacetimes removing the smoothness assumption are those that admit a polyhomogeneous
expansion. Precisely, the metrics can be expanded in terms of a combination of powers of 1/r and ln r.

The asymptotic behaviour of the Newman-Penrose quantities of polyhomogeneous spacetime, including the metric
coefficients, the spin coefficients, and the tetrad components of the Weyl tensor are obtained in vacuum. This gen-
eralization is nontrivial since the calculational complexity substantially increases when considering polyhomogeneous
expansions. For smooth asympotically flat spacetimes, we have reexamined the Bondi mass at null infinity via the
Iyer-Wald formula within the Bondi-Sachs coordinates. Our analysis demonstrates that the Iyer-Wald formula natu-
rally leads to the Bondi mass expression directly in the physical spacetime, avoiding the difficulties and subtle isuues
arising from the (unphysical) conformal compactification [23].

For polyhomogeneous spacetimes, we calculate the charge associated with the asymptotic translation at null infinity
via the Iyer-Wald formalism and obtain the canonical energy E within the Newman-Unti gauge. The canonical energy
E reduces to the Newman-Unti mass when the logarithmic terms vanish. However, the canonical energy does not has
the monotonically decreasing property with respect to the retraded time. To find an energy expression which admits
a mass-loss formula, we propose a new notion of energy Ê , called the ‘reduced energy’. This gives a possible way to
define the Bondi mass of polyhomogeneous spacetimes. In particular, for polyhomogeneous spacetimes with Ψ3

0 = 0,
the result is consistent with the one obtained by Godazgar and Macaulay in [33, Eq.(5.10)] using the Barnich-Brandt
prescription [34]. It should also be remarked that our method here differs from the previous work in [22, 23] and the
gauge choice we adopt is slightly different from the one used in [17].

Gravitational wave memory of polyhomogeneous spacetimes are discussed. In conclusion, we find the appearance of
the logarithmic terms in the expansion does not change the balance law. This is a mathematical consequence of the
symmetries of the Bianchi identities. More precisely, this result relies on the evolution equation for Ψ3

2 + σ2σ̄2 which
involves only the leading-order shear σ2(z) and its derivatives. The logarithmic terms in the full expansion of σ2(z)
are of higher order in 1/r and do not have contributions in the memory effect. It indicates that the gravitational
memory seems a good physically measurable effect even for spacetimes with slower decays.

It has to be mentioned that we suspect that the canonical energy via the Iyer-Wald formula ceases to be finite for
general polyhomogeneous spacetimes. Under certain conditions, one is able to define a ‘reduced energy’ satisfying a
nice mass loss formula. A deep investigation of the physical interpretation of the ‘reduced energy’ will be the subject
of the future work.
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