arXiv:2504.07774v3 [gr-gc] 9 Jan 2026

Bondi mass, memory effect and balance law of polyhomogeneous spacetime

Xiaokai He,'* Xiaoning Wu,>t and Naqing Xie3:*
1School of Mathematics and Statistics, Hunan First Normal University, Changsha 410205, China
2 Institute of Mathematics, Academy of Mathematics and Systems Science and State Key Laboratory of Mathematical Sciences,
Chinese Academy of Sciences, Beijing 100190, China
9School of Mathematical Sciences, Fudan University, Shanghai 200433, China

Spacetimes with metrics admitting an expansion in terms of a combination of powers of 1/r and
In7 are known as polyhomogeneous spacetimes. The asymptotic behaviour of the Newman-Penrose
quantities for the vacuum polyhomogeneous spacetimes is presented under certain gauges. The
Bondi mass is revisited via the [yer-Wald formalism. The memory effect of the gravitational radiation
in the vacuum polyhomogeneous spacetimes is also discussed. It is found that the appearance of
the logarithmic terms does not affect the balance law and it remains identical to that of spacetimes
with metrics admitting an expansion in terms of powers of 1/r.

PACS numbers: 04.30.-w, 04.20.-q

1. INTRODUCTION

Over a century ago, Einstein predicted gravitational waves based on an analysis of the linearised field equations of
general relativity [1]. However, due to the complexity of diffeomorphisms, the existence of gravitational waves caused
a huge controversy for quite a long time [2, 3].

Bondi et al. solved this debate theoretically by proposing the Bondi-Sachs (BS) framework [4, 5]. The asymptotic
behaviour of metric functions in the BS coordinate system is obtained by solving the Einstein field equations using
the formal series expansions in powers of 1/r, where the coordinate r denotes the luminosity distance. Within the
BS framework, the Bondi mass was successfully defined and it satisfied the well-known mass loss formula [4, 5]. The
Bondi-Metzner-Sachs (BMS) group is the asymptotic symmetry group and the Bondi mass possesses a uniqueness
property [6]. Newman, Penrose and Unti also used the formal 1/r expansions with r the affine parameter of a future-
oriented null geodesic to study the asymptotically flat spacetimes within the Newman-Penrose (NP) formalism [7-10].
Bondi et al. excluded the logarithmic terms in the asymptotic expansions by precluding the appearance of 1/72
terms in some of the metric functions.This assumption is known as the outgoing radiation condition. Newman et al.
used the condition that the asymptotic behaviour of the ¥, component of the Weyl tensor is O(r~?). If a slower
decay assumption for ¥y is adopted, the logarithmic terms will appear in the asymptotic expansions. In this paper,
we referred to a spacetime which can be asymptotically expanded in terms of 1/r as a smooth asymptotically flat
spacetime.

In the celebrated work of the nonlinear stability of the Minkowski spacetime, Christodoulou and Klainerman
proved that a generic asymptotically flat spacetime may admit a slower decay with ¥, falling off as O(r=7/2) [11].
This scenario strongly suggests that the purely 1/r expansions are not adequately general. The limitations of the
1/r expansions have been noticed by many researchers and it seems natural to combine the powers of both 1/r and
Inr in the asymptotic expansions [12-17]. Roughly speaking, a spacetime which can be expanded asymptotically in
terms of r—¢(Inr)? is called a polyhomogeneous spacetime, cf. [15] for the precise definition. Chruéciel, MacCallum
and Singleton systematically analyzed the structure of polyhomogeneous spacetimes by a Bondi-Sachs type method
[15]. They showed that the assumption of polyhomogeneity is formally consistent with the Einstein equations. Later,
Valiente Kroon managed to construct the logarithmic Newman-Penrose constants for polyhomogeneous spacetimes
[16, 17]. Gasperin and Valiente Kroon investigated the relations between the polyhomogeneous expansions and the
freely specifiable parts of time symmetric initial data [18]. Fursaev et al. found that a spacetime generated by the
cosmic strings admits asymptotically polyhomogeneous form [19]. Recently, Geiller, Laddha and Zwikel studied the
symmetries of the gravitational scattering in the absence of peeling within the Bondi-Sachs framework [20].

The notion of mass in general relativity is a quite subtle issue. Iyer and Wald established an effective framework to
naturally introduce conserved quantities, including the mass [21]. This formalism works well in various diffeomorphism-
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covariant theories of gravity. Within the Iyer-Wald formalism, it was shown that the Arnowitt-Deser-Misner (ADM)
mass is simply the Hamiltonian conjugate to the asymptotic time translation in spacetimes that are asymptotically flat
at spatial infinity. To study the conserved quantities at null infinity, Wald et al. introduced a modified Hamiltonian
and discussed the BMS charges in the conformal (unphysical) spacetime [22, 23]. In the current paper, we reexamine
the Noether charge associated with the asymptotic time translation at null infinity in a direct way in the physical
spacetime and no conformal compactification is required. It is shown that, for smooth asymptotically flat spacetimes,
the Noether charge associated with the asymptotic time translation turns out to be the Bondi mass in the BS
framework and the Newman-Unti (NU) mass respectively in the Newman-Penrose formalism. Moreover, the notion
of mass at null infinity in polyhomogeneous spacetimes is discussed.

Gravitational wave memory is a significant prediction of general relativity which was firstly found by Zel’dovich
and Polnarev [24]. This type of memory is produced by the change of quadrupole moments and is referred to as the
linear memory. In the 1990s, Christodoulou and Frauendiener found the nonlinear memory of gravitational waves
[25, 26]. Recently, for smooth asymptotically flat spacetimes, Nichols et al. proposed a BMS method to calculate
the gravitational wave memory [27, 28]. Cao et al. applied the BMS method to calculate the gravitational memory
produced by binary black hole coalescence [29, 30]. One of the essential steps in the BMS method is deriving the balance
law [29, Eq.(15)], which relates the mass aspect to the asymptotic shear and thereby shows how gravitational radiation
reduces the Bondi mass. The gravitational wave memory and the balance law for polyhomogeneous spacetimes are
discussed in this paper. It is shown that the appearance of the logarithmic terms does not affect the balance law and
it remains unchanged as the one that for smooth asymptotically flat spacetimes.

The organization of this paper is as follows. In Section 2, we make use of the NP formalism to derive the asymptotic
behavior of NP quantities, including the metric coefficients, the spin coefficients, and the tetrad components of the Weyl
tensor for vacuum polyhomogeneous spacetimes. Section 3 focuses on the investigation of the asymptotic symmetries
of polyhomogeneous spacetimes. In Section 4,we review the Iyer-Wald formalism and reexamine the charge associated
with asymptotic time translations at null infinity for smooth asymptotically flat spacetimes, utilizing a direct approach
avoiding conformal compactifications. In Section 5, we address the problem of how to generalize the Bondi mass to
polyhomogeneous spacetimes via the Iyer-Wald formula. In Section 6, the gravitational wave memory and the balance
law of polyhomogeneous spacetimes are established. Conclusions are presented in Section 7.

We adopt the geometric units ¢ = G = 1 throughout this paper. Following the convention established in the
Newman-Penrose formalism [7], we choose to use the Landau-Lifshitz timelike convention for the signature of the
spacetime metric, (+, —, —, —). However, we shall make one exception to this convention in Section 4 to have the
metric signature (—, 4+, 4+, +) which Bondi et al. used. This is because it is more convenient for readers to revisit the
relevant formulae for smooth asymptotically flat spacetimes in [4, 5, 31].

2. ASYMPTOTIC BEHAVIOUR OF NEWMAN-PENROSE QUANTITIES

We start with introducing a family of null hypersurfaces parameterised by u = constant with u satisfying the
Eikonal equation

¢V, uVyu = 0.
Then we take u as the z° coordinate and the first null vector will be chosen as
l, = Vau.

Since the {u = constant} hypersurfaces are null, the [,’s are tangent to a family of curves lying within the hypersur-
faces. These curves are null geodesics and their tangent vectors [% satisfy

1°V,1° = 0.

Associated with these null geodesics lying in the {u = constant }hypersurfaces, an affine parameter r can be taken as
the x! coordinate. The two remaining coordinate 22 = 0, 23 = ¢ will label the geodesics.
We follow the notions in [7]. In addition to the null vector {*, another null vector n® and the other two complex



null vectors m®, m® can be written as
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Here we use  to denote the directional derivative along m®, and the notation J is reserved to represent the variation
in Sections 4 and 5.
For later convenience of calculation, we adopt the following gauge on the NP tetrad

k=e=7m1=0, p=p, T=0a+p, (2.3)

where k,€,m, p, 7, and 3 are spin coefficients [7]. This gauge condition follows from the fact that I, = V,u is a
gradient field and it implies that the tetrad vectors m® and n® are chosen to be parallel-propagated along [*. Note
that the gauge choice (2.3) we adopt here is slightly different with the one used in [17, Egs.(13) and (14)].

Within the Newman-Penrose formalism, the 38 NP equations (including the metric equations, the spin coefficient
equations and the Bianchi identities) can be solved order-by-order. For this purpose, we need ¥y on an initial null
hypersurface A [16].

The most general polyhomogeneous form for the physically reasonable ¥, [17] is

Wy = Z Ghpk, (2.4)
where

wh =" vl (2.5)
=0

with z =Inr.
When solving the NP equations, one usually needs to calculate both the derivatives and the products of the
polyhomogeneous functions [16]. Let h and g be two polyhomogeneous functions as

h= Z hi(z)r~
9=> gi(z)r™,
i=1

where the coefficients h;(z), g;(z) are polynomials in z = Inr. Then we have

hg = Z z_: hi(2)gi—n(2)r ™,

i=2 k=1 (2.7)
e = 2 [Hale) = = D)

(2.6)



where ’ denotes the differentiation with respect to z. 4 4
For polyhomogenous spacetimes, all the NP quantities can be expanded in terms of »~*(Inr)?. For instance,

p= pir =3 pia )
=1

i=1 k=0 (2.8)
o= ot = i w2 )
Z [ ! Z(Z i,k k) )
i=1 i=1 k=0

where p; ;, and o0, ) are functions of u,0 and ¢. We will denote by # the degree of a polynomial in z and use the
convention that the zero polynomial has degree —oo.

In the following, we will solve the NP equations order-by-order. The procedure is similar to the one done in [7, 17].
We only give the details for the solving process of the first two equations in the NP hierarchy which are

Dp = p* + 05,
p=r (2.9)
Do =2po + V.
From the above two equations we can get the following recurrence relations
i—1
pimy — (i = 1)pi—1 = Z[pkpi—k +0kGi—k],
k=1
i (2.10)
0’;_1 — (Z — 1)02',1 = QZkai,k + \116
k=1
For i = 2, the recurrence relations are reduced to
pL—p1 =Pt + 0161,
(2.11)

(Tll — 01 = 2p10’1,
since W2 = 0. This leads to the consequence that p; and o; must be polynomials of degree zero, which in turn yields

—p1 = p% + 0101,

(2.12)

—01] = 2[)10‘1.

The above equations imply that
pP1 = —1,0’1 =0. (213)
For i = 3, (2.10) gives
/
— 0’

P 2 (2.14)

oy =¥y

Hence p, is a polynomial of degree zero in z. By the affine freedom in the definition of the radial coordinate, ps can
be set to zero if necessary. Noting that

oy = Z(j + Doy 12’ U= Z U2, (2.15)
J J
we have
(G + Doz ji = g7, (2.16)
where j = 0,1,---, N3, whence
#02 = N3 + 1
and
\I/g7j
02,j+1 = (] :0717"' 7N3) (217)

j+1



All the coefficients of o5 can be determined by W3 on Aj except for 02.0-
For i = 4, (2.10) gives

/ —
P3 — pP3 = 0202,

2.18
oh — o3 =W (2.18)
and

#p3 =2N5+2, 7og3=N,. (2.19)

The first equation in (2.18) yields

J
(G + Dpager = psg =Y 024025k, (5 =0,1,--- 2Ny + 1)

Pt (2.20)

—P3,2N3+2 = 02,N3+102,N3+1-

This implies that p3(z) is determined by o2(2) and further it is completely determined by the initial data ¥3(z) and
02,0-
The second equation in (2.18) gives

(+ Doz 41 — 035 = Vg7, (j=0,1,--- Ny~ 1)

(2.21)
N403)N4 = \I/é’N4.
It follows that o3(z) is completely determined by the initial data W3(z2).
For i =5, (2.10) gives
p2—2p4 = 0903 + 03032, (2 22)
0'4/1—20'4:2/)30'24—\1’8. ’
From these two equations, one arrives at
#py=N3+ Ny+1, #o4=max{3N;3+ 3, Ns}. (2.23)
The first equation in (2.22) gives
J
(G + Dpager = 2005 = ) (0240351 + T2k03,-k)s (j=0,1,---, N3+ Ny) (2.24)

k=0

—2p4, N+ Ny+1 = 02 N3+103,Ny + 02 Ny+103,Ny-

This implies that ps(z) is completely determined by o2(z) and o3(z), which in turn is determined essentially by the
initial data W3(z), 02,0 and W(z).
The second equation in (2.22) gives

J

(G + Doajir —204; =2 (p3r02-k) + o7,
o (2.25)
(j=0,1,--- ;max{3N3 + 3, N5} — 1)
when N5 = 3N3 + 3,
Nsoang = 2p3.285 42028541 + 5 (2.26)
when N5 > 3N3 + 3,
]V50'4,N5 = \11(5)7N5; (227)

when Ny < 3N3 + 3,

(3N3 + 3)04,3N;+3 = 203 2N5+202, N5 +1- (2.28)



Therefore o4(2) is determined by p3(z),02(2) and W(z), which in turn is determined essentially by the initial data
02,0, V3(2) and W5 (z).

The above process can be continued up to any desired order in 1/r. For the remaining NP equations, similar
analysis can be carried out. We summarize the final results as follows.

The asymptotic behaviour of the spin coefficients are
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J
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The asymptotics of the metric coefficients are
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Here 8 and 0 are the spin-weighted operators [32].
For later usage, we list the expression of £§ and &5 here:
1
€8 Nyt1 = — BNt
. 0 0 1
(] + 1)52,]'4»1 - fZ,j =—=023, (N3 = 07 ]-7 e 7N3)7 (247)
V2
0 _ Y
2 sinf 2
The above formulae can be obtained from (2.41).
3. ASYMPTOTIC SYMMETRIES OF POLYHOMOGENEOUS SPACETIMES
In this section, we study the asymptotic symmetries of the polyhomogenous spactimes. From the relation
g™ =10 + n%® — m*mb — mm?, (3.1)
one can get the contravariant metric components g"” within the NU coordinates {u,r, 60, ¢} as
0 1 0 0
w |1 2U = 2ww X0 —wfaj wgl Xv —wé¥ —we® (3.2)
g 0 XG _ w§6 _ @56 _72€6§€ _595@ _ﬁ&gcp .
0 X¥ —wE —we?  —£06v —¢le? —26%¢¥
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More explicitly, by using the asymptotics obtained in last section, we have

2U 2U; — 2w w
911:_14_71_’_%4_ ,
r r
12 p_ w1 w1
=(X)-=-Z=2= )=+ -,
! ( Y \/§>r2
13 7 iwl i(:)l 1
= X¥¢ + _ =4
g ( 2 V2sin 6 \/ﬁsin0>7“2

. S R ) o
g r2 2 2/ .3 )
923:<i(§g_53) B ff-l—ﬁ“a)l_i_
\V/2sin 6 V2 3
1 iV 2 - 1
933: +Z\f<§%o_£t2,0>’r3+

)

r2sin®@  sinf

Furthermore, straightforward calculation shows that the covariant metric components in the NU coordinate system
are

2U-
900:1_71+...’
r
901:17
= x¢— +
go2 (2 V2 )
(w1 —w1) . o
= X*D+)Sln 0+,
J0s ( 2 V2sin @
and
g11 =0,
g12 =0,
913:03
g2 = +V2AG + )+, (3.5)
Sine .70 . -0 . pa
= —— &5 — &5 +sin (&3 + “’)T—i—---,
923 NG (52 3 (52 52)

g33 = —r2sin® 0 — iv/2sin® 065 —ENYr + - .

Let " be a vector field that generating an infinitesimal transformation preserving the metric forms of (3.4) and
(3.5), i.e.,

LeGuu = O(Tﬁl(lnT)Niﬁl),

LeGur = Legrr = Legra =0,

Legua = O((Inr)N*t),

Legap = O(r(lnr)Nst1).
Solving the above asymptotic Killing equations, we find

€ =1(0.9) + (DAY ut -,

” 1

& == Da¥ ) rt, (3.7)
& =y?+...

§§0:Y¢+...,

where f(6, ) is an arbitrary smooth function on the 2-sphere, D 4 stands for the covariant derivative of the standard
unit 2-sphere, and Y4 depends only on @ and ¢ satisfying

1
Lyqap = §<DCYC>qAB (3.8)
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with ¢4p the round metric on the unit 2-sphere. Equation (3.8) implies that Y4 is actually a conformal Killing vector
field on the round sphere. Moreover, if £ and &5 are both asymptotic infinitesimal symmetries, i.e., the components
of &§ and &5 admit the form (3.7), direct calculation shows that [£1,£2]® is also an asymptotic infinitesimal symmetry.
The above results are exactly the same as those obtained in the smooth asymptotically flat spacetime.

4. BONDI MASS OF SMOOTH ASYMPOTICALLY FLAT SPACETIMES

In this section, we reexamine the charge associated with the asymptotic time translation at null infinity of smooth
asymptotically flat spacetimes via the Iyer-Wald formula within the Bondi-Sachs coordinate system.
For the theory of general relativity, the Lagrange 4-form reads [21]

R
La cd — T, _Cabed) 4.1
bed = 7 Cabed (4.1)
which yields a symplectic potential 3-form
1
@abc 6dabcW.gdegfh(vfégeh - Veégfh)- (42)

For an asymptotic Killing vector field £, one has the associated Noether current 3-form

1
Jabc = gedabcve(v[egd]) (43)
and the associated Noether charge 2-form
1 ced
ab — T 7,4 _€abe . 44
Qab T aVE (4.4)

When £° is an asymptotic time translation, if there exists a 3-form B, such that

5/53/5@ (4.5)

Iyer and Wald defined the canonical energy as [21, Eq.(83)]

5E/OOQ—5~B. (4.6)

We make use of foo to denote the integral over a 2-sphere at null infinity lim | 5 in the rest of this paper.
T—>00 s

Within the Bondi-Sachs coordinate system {u,r,z4}(A = 2, 3), the line element of an asymptotically flat spacetime
is given by [31, Eq.(2.1)]

ds? = —~UVdu? — 2Ududr + r?hap(dz? + WAdu)(dz? + WBdw), (4.7)
where [31, Page 6]
U=1-— LCABCAB ..
1672 ’

2
V:l—m+<3DAN + - (D ACaB)(DpCBF)
+iCEFCEF 4.
16 ’
1 1/2 1
A AB A EF
=—D B E—
W= g bnC +r3(3 160" (CerC™)
1
QCABDECBE>+"'a

Ca A
hap = qap + 7’,«3 + i IQBCEFCEF +
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Here, the indices are contracted, raised, and lowered with respect to the round metric on the unit sphere gap,
m = m(u,x4) is the mass aspect, Ny = Na(u,x4) is the angular aspect, and Cyp = Cap(u,z4) is the shear tensor.
The news tensor N 4p is defined as

0Cap
Nap = . 4.9
an = 24 (4.9
It follows from Eqgs.(4.7) and (4.8) that
2 1
ds? = ( =1+ 2 )du? = 2( 1 = —CapC*P )dudr
r 1672
E 1/4 1 EF A
+ | D¥Cag + — *NAffDA(CEFC ) dudzx
7\ 3 8
. (4.10)
+ 72 <QAB + 248 LA? C’EFC'EF> dz?da?
r 4r
1
+ (subleading terms in —).
r
Furthermore, the evolution equations of m and N4 are given by [31, Eqgs.(3.1) and (3.4)]
1 AB | L oanB
aumzngABN +1D D NAB,
1 1
OyNa = Dam — ZDBDBDECM + ZDBDADEC,_,;B (4.11)
1 1 1
+ ZDA(CBENBE) - ZDB(CBDNDA) + §CABDENEB~
The variation of metric components has the following behaviour
1
6guu ~ O(;)a (4.12)
1
597'u ~ O(ﬁ), (413)
6grra 5gr97 5grcp =0, (414)
69u0, 0gup ~ O(1), (4.15)
6900, 090,: 09 ~ O(r). (4.16)
Let £ be the asymptotic time translation
0
¢ = (=) 4.17
£ = () (117)

The 2-sphere at null infinity is referred as to the limit as r — oo of the coordinate spheres {r = constant, u =
constant}. Then the first term in the expression of canonical energy (4.6) can be calculated as

/OOQ[S] = 7%/005abcdvcgd

_ 7% /OO \/jg(goerleo _ gleFoeo)(dG A dp)ap. (4.18)

Direct calculation shows
FThe= (4.19)
glero = 16m + 8;5)7%430‘43) . (4.20)

and

V—g=r*sinf+---. (4.21)
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Therefore,

1 1
— / [m+326u(CABCAB) sin 0dfde. (4.22)
S2

Qi) = o

Now we try to express the term foo £9O4pc at null infinity as a total variation term. A straightforward computation
yields

a 1 6 a €
/ £"Oupe 7/ (%) €dabcd™ 9" (V §6gen — Vedgsn)

~ 16
) (4.23)
=1 [(I) — (II) — (IIT) + (IV) | dSS,
where
1) = glegfhafégeh, (4.24)
(ID) == ¢"°¢’"T"*;,6ca, (4.25)
(D) = g"°g’"d.0g;n, (4.26)
IV) = g*°g'"T*, 5974 (4.27)
Recall that
g1 =g1a =0, (4.28)
2

9002—1+Tm+~-~, (4.29)

1
gor=—1+ WCABCAB +---, (4.30)

E 4 1 |1
goa = D¥Cap + gNA_gDA(CEFC ) ;-l— , (4.31)
C
gap =1 (qAB + P ) (4.32)
we proceed to compute the terms (I), (IT), (III) and (IV) respectively.
Direct calculation shows
I)=09,0 00 L Opd L 0,0 L 4
()— rguu+ ugur_ﬁegue_mvgutp'i_o(ﬁ% (33)
t 0
1
(II1) = 20,0gur — 9*P0udg9ap — 9*P 0,594 + O()
1 1

= Qaufsgur - *3u5999 - .7671599090 (435)

29
1
—|— 6 0300 + a 599090 + O( )

1 1 1
IV) = — _— —). 4.
( V) 3 (599.9 + e Sin2 eégw + O<7’3> ( 36)
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From the above results, we find

/ ga(—)abc -

dS( (IT) — (I11) + (1V)>

o .
e L

1
<6 6guu 8 597”’ - 895gu0 ————0, 5gug0

n’é
cot 1
+ *59uu - 5gu0 + (9 4900 + 7287159@@
r sin” 6
1 1 (4.37)
- T—zarégee ~ gz gri9ee t 5999 t Sz g% )

1 . ~ N
= 5|: 16 / ds (6rguu - 8ugur - ﬁaegue
. 2 cot @ .
Opuep + ;guu - rTguB .

Here jop = (9 — gM )ag, 1.e., the metric tensor subtracting the Minkowski data. For the last equality, we have used
the tracefree property of Cap,

r2sin’ 0

1
q*BCap = Chy + ——5—-Cypy =0, (4.38)
sin“ 0

which is preserved under variation.
Note that

D gAuA =q DBgAuA =4 (5BgAuA I ngAuC')
- a g + 1 a g + Ot GA ( . )

G . Gu C 9ub,

09ub S 2 9 pYup 4

and we can simplify the expression of f EOgpe as
2
/ 5 G)al)c - 6 |: - T4 / dS <arguu - augur + Tguu):| . (440)

. 2m 1
Juu = 77 Gur = 167 QOABCAB; (441)

a S o 22m 1 aByy , 4m
/0059“”0_5{ 167r/00d5( 2 16,2 0u(CanC)) + r?}

1
/ <2m — wau(cABcAB)) sin ededw} . (4.42)
52

It follows from

that

Il
| — |
|
—_
=
3

Finally, the canonical energy is

&

|
O

\
N
Sy

_ 1 1 AB
- /S [16# <2m+ 160u(CanC ))

+— <2m - Zau(cABcAB))] sin #dfde
us

= — m sin #d0dp (4.43)
47 S2

with the 3-form

B = _ 1 <2m — 1163u(CABCAB)) sin 8du A df A de.

In this section, we have reexamined the Bondi mass at null infinity via the Iyer-Wald formula within the Bondi-
Sachs coordinates. Our analysis demonstrates that the Iyer-Wald formula naturally leads to the Bondi mass expression
directly in the physical spacetime, thereby bypassing the need of conformal compactification.
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5. BONDI MASS OF POLYHOMOGENEOUS SPACETIMES

For smooth asymptotically flat spacetimes, we have successfully employed the Iyer-Wald framework to obtain the
charge associated with the asymptotic time translation at null infinity in the previous section. In 1995, Chrusciel,
MacCallum and Singleton discussed the Bondi mass of a class of polyhomogeneous spacetimes with N3 = —o0
[15]. Recently, the BMS charges in special polyhomogeneous spacetimes are discussed by using the Barnich-Brandt
prescription [33]. In this section, we attempt to derive the mass expression of polyhomogeneous spacetimes by using
the Iyer-Wald formula.

Recall that the Iyer-Wald canonical energy is given by [21, Eq. (83)]

&= —(/OO Ope — £“Babc). (5.1)

Comparing with the original definition in [21], there appears a total minus in the expression of the canonical energy.

This is because we take the Landau-Lifshitz timelike convention for the signature of the spacetime metric, (+, —, —, —).
For polyhomogeneous spacetimes, let £* be the asymptotic time translation
0
¢ =(=—)" 5.2
£ =(5) (52)

The 2-sphere at null infinity is referred to as the limit as  — oo of the coordinate spheres {r = constant, u = constant}.
Then the first term in the expression of canonical energy (5.1) can be calculated as

- /OO Qi) = - / Capea VE"

(5.3)
- 167T/ V=9(9"T"eo = 9" %) (46 A d)ar
Direct calculation shows
9" = &L 2U1 +oy
A (5.4)
g'r ) = —% 4o,
and
V=g =r%sinf+---. (5.5)
Therefore,
—-Ql¢] = 8% lim . (U7 — U] sin0d0dep. (5.6)

When N3 = —o0, we have Uy = Uy (0, ¢) and

—Q[¢] = L Uy sin 0d@de. (5.7)

8T r—oo Jg2

We now compute the contribution to the canonical energy (5.1) from the second term. Using the symplectic
potential 3-form (4.2), we have

| o= [ Grow

1 0
= 167r (8 )“€dabeg ™9’ (V 1gen — Vedgsn) (5.8)

/ ds gtegf" <3f5geh —T1,09ea — 0e0gpn + Faeh5gfa>



Let
(1) :=g"“g”" 056 gen,
(1) :=g"¢'"I"*},6gea
(I11) :=g**g"" D9,
(V) ::glegfhfaehégfa.
Note that the variation of metric components has the following behaviour
6Guu ~ O(r~'(lnr)Nsth),
0gru = 0grr = 0grg = 0gry, = 0,
69ut, 0Gup ~ O((Inr)NsT1),
39606,090¢, 09 ~ O(r(lnr)N3+1).

Straightforward calculation shows

1 1 )2Ns+2
(1) =0,0guu — r—2895gu9 — map(;gu@ +0 3
) = = 2bg,+ 2 bg, + oI,
amz—%m@%——iqaww
+ 8 0G0 + 2 gin 8 r0gpp + O((lnrlﬂ)a
1v) = 55999 + @@w + 0(%)

From the above results, we find

[ 0= [ as(w-an-qam+av)

1 1
- 16 dS (a 5guu - 7289691140 -
t 0
+ 75.guu - © 5gu9 + a 5909 +

1 1
8 0G0 — o 8 0900 + 735g99 + 7"3811’12069¢¢>.

Note that
dge0 =V/2r (&5 +&9),

1
2-729@0591«:

ﬁaudgwp

89pp = — iV 2rsin® 0 §(£5 — £F) = —V/2rsin® 0 §(&5 + £5),

where we have used (2.47), and one arrives at

o1 1
/Oo€ eabc - _ﬁ /Oo ds <8T59uu - 569591;9 -

cot 6
+ ;5guu - 5gu9 67“5999

mar 09pp + 5999 +

2. cot 0. 1,
+ —Guu — D) Gub — 7287‘909
T T T

1

r2sin’6

sintg 0

1
————dg
2 0 )
1 . N
=0 16 ds arguu - ﬁa&gu@ -

——5:050u
r2gin?g 70"

. 1 1
a’r‘gtptp + 3960 + 2 Hggoap
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(5.10)

(5.11)

(5.12)

(5.13)

(5.14)



where

Recall that (2.47) gives & =

2U4
Juu = — —
T
. w1 + w1
=X _ ,
Gub 2 \/§
. .9 i(wy —@1) .
Gup =X3 sin” 0 + — sin 6,
2
doo =V2r(&5 + &),
Gpp = — iV2r(65 — €5)sin® 0.
—= 052 and hence gy, = —ggg sin 29, which yields
1. 1 .
rjaugee + mauggw =0,
1., 1 N
20t gz e =
1. I
I g er =0

Finally, the canonical energy £ defined at null infinity is

&=

1
167

1
167r

1
].67T

2U, — 2U!

/dS( ;2

cot 6 . 1. 1

2

— ~Guu + 2
r r

+ L 0,500 + ——
2 900 "2 i

2U; — 2U]

Lo (5

r2

1

sin?

20, - 2] 2y —20f | 1

. 1.
- arguu + *2899110 +
r T

GJuo — Tjaugee - mauggaga

R 1. 1
2 aarggocp - rfgg% -

. 1.
- arguu + ﬁaﬁgue

R 2. cot 6 .
ﬁatpgugo - ;guu + rTgue

Lo (%

r2

1

sin? 0 oGup T 2

1 aUu; 1
=— [ dS | —
167 /OO ( +

Using (5.15), the above expression of the canonical energy £ can be simplified as

&=

.
16

47roo

— 09 Gus
72 72 Gu

4U;  cotf . )
Gub

cot @ .
2 Jud
r

OpGuep +

1
2000w+
09t 25in% 0

4 1
dSLUQlJr (09 X5 + 0,X5 + X3 cot )
— 1 0 - L@ + t 0
\/§r2 (21095} Sind W1 W1 CO
1 _ 1 _ _
_ m (89w1 + m@,wl + @1 cot 9)]
4U
{ T21 \/5 5 (Bwy + 8w)}
—dS

Some remarks are in order concerning the result of (5.18).

8.5
2 sin? 6 wue

73 sin? Ggw)>

)
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(5.15)

(5.16)

(5.17)

(5.18)



(i) When U3 = 0 (but ¥{ need not to be zero), we have
1 _
Ur = —5 (05" +93°).

Therefore, the canonical energy (5.18) becomes

1 -
E=—— [ (U3 + 3% sin0dode.
8T S2

This is just the ‘mass’ introduced by Newman and Unti in [8]. Moreover, recall that

U3 = —9%550 — 02.052.0,
and hence
d&€ 1 . .. _
7:7/ 0%62,0 + 02,0020 + 0%Ga,0 + G2,062,0 | sin 0dfde
du 871_ Sz El ) ’ ) k) E)
1

= —/ (0’2}06’2)0 + 0'2705'2}0) sin #dfdy
52
d . . Y
= — 7(0’2’00'2’0 + 0’2’002’0) — 2|(72’0| sin Odé’dgp
S2 du
Define the ‘reduced energy’ as

A 1 .
& E— 7/ (0'2,05'2’0 + 52700-'2,()) sin 0d9dgo
S2

8w
1
8T S2

(\1/3’0 + 50 4 090820 + &2,0('72,0) sin §dfde.

It possesses a nice monotonicity formula,

€ 1

. 2 .
— = 0dfde < 0.
du Am J g2 [020]" sin v =

18

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

In fact, Eis just the well-known Bondi mass. It turns out that this charge coincides with the one obtained by Godazgar
and Macaulay in [33, Eq.(5.10)], where the BMS charges for polyhomogeneous spacetimes with W3 = 0 are derived

by using the Barnich-Brandt prescription [34].
(ii) When N3 = 0, i.c.,

_ 9w b,e) | G

#\pd
o, . +7'4+.”’ U =Ny,
Eq.(2.38) yields
U, = Ul,O + U1712, z=Inr,
Ui =v2,1+ %1,
Uio=Ui1+ 7,0+ F20-
It follows from (2.36) that
1 31
Y2,1 = _5\1127 )
1
12,0 = 5| V21 — Q10720 — Bran — W30\,

Eqn.(2.44) yields

3,1 _ 57,30 P 3,0
\1’2 = 6\111 - 0'270\110

(5.25)

(5.26)

(5.27)

(5.28)



and (2.43) yields
3,0 _ 57,3.0
w30 = 5ol
It can be deduced from (5.26)-(5.29) that
32203 L w233 _ A 0B a T3 L3O L 330
U1 = — 1(5 \IIO + 0 \I/O - 0'270\110 - 02’0\:[/0) - 5(\1/2 + \112 )

(62\113 + 62@3 — UL_Q’O\II?) - d’g’o\i’g)z.

DO =

Therefore, (5.18) becomes

1 3. = 1 _
£ :7/ [(02,0‘1’3 +02,008) — (050 + ‘1’3’0)] sin fdfdep
ir Jo |4 2
1 . .
+ — / (G2,0U8 + 62,008)z sinOdfdep.
8 S2 ’ ’

In general, the quantity £ will blow-up since z = Inr — oo as r — oco. If one assumes that
/ G005 + 6200 =0,
SQ

then the above £ remains finite.
Moreover, regarding the evolution of £ in (5.31), we have

= 30 - 330, - =30, - 530
—(02,0¥) " + 02,0V + G20V, + G2,0Vy)

1 3.
4

du " In e

1 .. Ky
- 5(\11‘;’0 + \I/‘;’O)] sin 8dOde

o {52,0\1:370 + G2 0Wg" + 2000 + @70@370} 2 sinfdAde.
™ Jg2

Recall that Eqgs.(2.42) and (2.44) give
\i/g,O =0, \i/g’o = —625'2,0 — 0270&270.
Therefore,

dé 1 3, . .= 1 . .. .
_ {(5270‘1’370 n 0270‘1’8’0) + 5(02)05270 + 52700270)} sin fdOdp

du 47 Jg |4

1 . _
+— {&2,0\11370 + &2,0\1/370] 2 sinfdAde
8 S2
1

= — O | 3(G2.095° + G2.095°) + 2(02.052.0 + 52,062,0)
167'[' S2

1 . _
— 462,0|2] sin 8dfdy + 3. / Ou (02’0\113’0 + 62,0\118’0> z sin 0dfde.
Y3 S2

Define the ‘reduced energy’ as

4 1

E=E— 7/ <3(5270\118’0 + 0.'270@3’0) + 2(0’2105'2’0 + 5’2700-'210)> sin 0d0dcp
S2

167
1

- <52 00 + &y 0\1/370) z sin#dfde.
8T S2 ’ ’
Then we have

c 1
e _ _7/ 169,02 sin8d8dy < 0,
d’LL A S2 ’
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(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)
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In summary, we have obtained the explicit expression for the canonical energy, given in (5.18), for vacuum poly-
homogeneous spacetimes by applying the Iyer-Wald formalism within Newman-Unti coordinates. When ¥ = 0,
regardless of whether W} vanishes, this canonical energy reduces to the Newman-Unti mass. By subtracting a suit-
able quantity, we find that the resulting ‘reduced energy’ (5.23) is just the well-known Bondi mass, which decreases
monotonically in the presence of gravitational radiation. Furthermore, for the case N3 = 0, we define the ‘reduced
energy’ by (5.36), which also possesses a monotonicity property, as shown in (5.37).

6. GRAVITATIONAL WAVE MEMORY AND BALANCE LAW

The linear memory of gravitational waves (GW) arising from the change in the quadrupole moment of a gravitational
wave source was identified by Zel’dovich et al. [24, 35-37]. Subsequently, Christodoulou and Frauendiener discovered
that gravitational waves themselves can generate memory known as the nonlinear memory [25, 26]. The effect of this
kind of memory is related to the relative displacement of nearby observers, so it is also called the displacement memory.
Over the past few years, numerous works have been established on the potential for detecting the nonlinear memory
[38—45]. However, gravitational wave memory measured by the detector is notably weak, as GW memory behaves
mainly as a quasi-direct current signal [30]. Consequently, the development of an accurate theoretical model is crucial
for the detection of GW memory. Noticing that the BMS theory does not necessitate the slow and weak field conditions
for the GW sources, Nichols et al. proposed a method to calculate the GW memory based on the BMS theory [27, 28].
More recently, combining the results of numerical relativity, Cao et al. applied the BMS method to develop a surrogate
model that correlates the parameters of binary black holes with GW memory [30]. Utilizing this surrogate model, they
estimated the GW memory associated with all 48 binary black hole events documented in GWTC-2. In the context of
the BMS method for calculating the GW memory, a critical step involves the derivation of the balance law of smooth
asymptotically flat spacetimes. For polyhomogeneous spacetimes, it is worthwhile reexamining the balance law, as
the asymptotic behaviors of Newman-Penrose (NP) quantities are significantly different between polyhomogeneous
spacetimes and smooth asymptotically flat spacetimes.

In Section 2, the asymptotic behaviour of NP quantities of polyhomogeneous spacetime have been obtained. It
should be emphasized that, albeit W3 includes the logarithmic terms, there appear no logarithmic terms in W},

\:[I}1 = —.0_.'270, (6'1)

Since ¥} is closely related to geodesic deviation equation, from the viewpoint of the detection of gravitational waves,
WUl or og ¢ is the most significant quantity [46]. In fact, 02,0 is related to the plus mode h and the cross mode h, of
gravitational waves by

Dy .
020 = ?(h_._ -+ th), (62)

where D is the luminosity distance between the observer and the source [29)].
From the asymptotic behaviour of the NP quantities, we have

0 . . . .
(U3 + 0262) = WU + 5959 + 0202

ou
= 0U3 + 02U} + 02,002,0 + 0202,0 (6.3)
= —5252,0 + 0'2(—5'2,0) + (5'2,052,0 + 02020

= |(5’270|2 — 52&270.

Consequently,

U2

U
/ (|d’270‘2 — 5262,0)du = (\I/g + 0'26'2)

1

R (6.4)
= (\I/g’o + 0'2705'270)

U1

This is the so-called balance law. Taking the limits u; — —oo and us — oo in (6.4), it shows that

0 (5270|iooo) == (‘I’S’O + 02,052,())

+ / |O"270 Qdu. (65)

— 00
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This formula describes the gravitational waves memory in polyhomogeneous spacetimes. It turns out that (6.4) and
(6.5) remain unchanged as the ones obtained in smooth asymptotically flat spacetimes [29] and [26].

Pasterski, Strominger and Zhiboedov proposed a new type of gravitational wave memory named the spin memory
[47]. It was shown that the effect of the spin memory is the relative time delay of different light rays at very large
radial distance rg. Mao and Wu found a new observational effect by looking at timelike geodesics near null infinity
[48]. In the rest of this section, we extend Mao and Wu’s results to polyhomogeneous asymptotically flat spacetimes.

From Section 2, we can obtain the covariant metric components of a polyhomogeneous asymptotically flat spacetime.
Now we consider a timelike hypersurface ¥,, = {r = ¢} in a polyhomogeneous spacetime with ry a large constant.
Up to relevant orders, the induced metric h;; reads

ds}, = hyjda’da’

2U; 1
- {1 - Ly 73( 2U; — (X9)? + V2X (w1 + @)
0 0

—i\/in(wl - @1) sinf — (Xép)z sin2 9) + - :|du2

w1 + w1 1 =
+2|:<X29 — \/Q ) + %<2Xg - 2\/§X29(§g +£g)

(€5 + ) (w1 + @1) — V2(wz + @) + iV2XS (€] — E8)sind
—i(€5 + E5) (w1 — @1)sin 0 — V2XE (65 + £F) sin? 9) 4. .}dudg

1sin 0 7sin 6

NG (w1 — w1)> T
+V2XY (& — &) — V2X9(&] — &) — V2(w2 — @2)
(&5 — E9) (w1 + @1) + V2XF (€8 — EF) cos 20

—V2iXY(E5 + E5)sinf — (65 — £5) (w1 — @) sin 0) +-- ~]dud<p

+2 {(Xg’ sin? 6 + (QiX:f sin 0

#| = vEE + @+ 5 (-3 4 82+ VG + )

12065 + E9) (€] — &) sind — (€5 + &)7 sin? 9) . }dez

(7o sin @ isiné

20 (g +epsmo—itet - ) - B0~ e+
—2(£9)* +2(£9)” + V2(&5 — &) + ((€5)* — (££)?) cos 20
—2isin0(EFES + ELE9) + V2isin (&5 + 5%0)) + - ~]d9d<p

+

+ [ —r2sin® 0 — V/2irgsin® 0(5 — £5) + % sin? 9<(£§’ — £9)?
+2isin 0(&5 + £5)(&5 — €5) — 2v2isin (¢ — £&F)

+3(£8 — £8)? sin? 9) + - -]dgoQ. (6.6)

For free falling observers on the hypersurface ¥,,, they move along a timelike geodesic with the tangent vector V*.
One thus has

VD,V =0, (6.7)

where D; is the covariant derivative operator associated with the induced metric h;;. The asymptotic behaviour of
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V@ are assumed as [48]

Vi (u, 20,0, p
& —1+Z’¢7k), (6.8)
k=1 "o
o VY (u, 20,0, )
0 _ k ) 20,0, P
Vv *ZTv (6.9)
k=1 0
i “ZO’H Vi'(w 20,6, ¢) (6.10)

where zg = Inrg.
The geodesic equation (6.7) can be solved order by order.
At order of O(%), we have

OVY (u, 20,0, )

AV (u, 29,0, )
1T =0 = pr =0. (6]_2)
a‘/lu(u’ 20, 97 L)O) 6Ul (’LL, 20, 07 ()0)
— =0
ou Ju
= Vlu(/U’?ZOaG?SD) = Ul(U720797@)- (613)

To get the above three equation, we have set the integration constants to be zero since the observers are initially
static.
At order of O(T%), we have
0

1 8(w+ )+8V278X297
V2 ou ou  ou
1 _
= VY :ng\ﬁ(w1+w1). (6.14)
i d ~ vy  o0Xy
N — — = O
V2sin 6 Ou (Wi = @)+ ou ou
S VY = X§ + ———— (w1 — @) 6.15
2 2 ﬁsinQ(wl wr) ( )
8w 8w1 8U1 8U2 8‘/2u -
"ou T Y u " ow T ou
3
= V'= §(U1) + Uz — wis. (6.16)
At order of O(T%), we have
8U1 59 8w1 59 awl 1 6&;2 1 Oiog " 8‘/23
f u f Ou | Ou
1 8U1 98U1 oxy  9xe
X _ 9224 Y43
BV I T Uit v el el S
Ui (w1 +@1) L@ 352 T 85_3 —0
V2 ou You You
1 _ 1 _
= Vi = *\ﬁ%(m + @) + XUy + X5 — ﬁ(m +@2)

— €0, — Ew, +/ de. (6.17)
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RN P o, i oo
sin?f dp | 2 8u 2 3u © 2sinf du | 2sinf du
(w1 —wl) oU, _ X % U (“)Xf n 8V3¢ B aXép
\[ sing Ou 2 du Y ou ou ou
iUy 9w —wi) 852 iy 552 —0
V2sin 6 ou Y ou Y ou
] WUq
= VS = + X5U, + X§ + —w
fsmﬁ( 2) ! fblnH(W1 “1)
oU1 (v, 20,0, @)
— dwv. 6.18
o -+ g [ 2 (6.18)

At order of r;?, it follows from (6.15) and (6.16) that V* has angular components. The infinitesimal change of the
proper time x of the observer can be calculated as follows. Direct calculation shows the covector of the observer is

dy = hy;Vida?

1 “oU, 8U1

1 1
= d<u+ M> +0(=), (6.19)
To ’I“O
where
= —/ Ui (v, 20,0, ¢)dv. (6.20)

The change of the proper time Ax between two spacetime points (u;,6;, ;) and (uys,8f, @) on the geodesic reads
Ax = Au +o AM + O(—Q) (6.21)
o

This means the observer receives a time delay of order O( ) It should be emphasized that AM is angle dependent.
To see the effect of the logarithmic term, we consider the special case with

Ul = wit, (6.22)

For this case, it follows from Section 2 that
Uy = U0 + Ui 20, (6.23)
Uig =721+ %1, (6.24)
Y21 = —%35‘113’0 + %52,0\113’0, (6.25)
Uro = 2(72,1 +72,1) — %(‘If‘;”o + T30, (6.26)

The Bianchi identity gives

6\;3)0 =owy0 - (052,0)(202,0 — \118’0), (6.27)

which in turn yields
_ 1- 1. - _
00AM = A {26‘1’41170 + 55‘1/11’0 + (502,0)(502,0)]
Uy _ . B
+ / {02’0(5502’0) + 02,0(33(5’2’0)] dv
REAN D O 1. 230%. 3= _
+ 55(‘1’0’ 80‘2’0) + 55(\110’ 50‘270) + 555(’)/2)1 + ’72’1> dov

up
00(72,1 + 72,1)(1@] 20- (6.28)
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When \I/g’o = 0, the above equation reduces to
_ 1_ 1 - _
JOAM = A {25\1:‘;0 + 56\1!‘1"0 + (602,0)(602,0)]

uf . B
+ / {0270(660270)+02,0(E§E§{72,0)]dv. (6.29)

i

This is exactly the same as Eq.(4.8) in [48].

As shown in [48], by choosing a ring of freely falling observers who are initially static and synchronised, the difference
in the proper time between each observer on this ring at a later time encodes the gravitational wave-form, providing
an observable signature of spin memory.

7. CONCLUSIONS

In this article, we investigate the mass and the memory effect of polyhomogeneous spacetimes. The gravitational
waves persist all the way to the null infinity. The analysis of the solutions of the Einstein field equations was studied
in the basic settings by Bondi et al. [4, 5, 7] using the formal series expansions in powers of 1/r. Carving out
the feature of null geometry, Penrose [49] proposed the idea of conformal compactifications. It requires that the
conformal structure should be smoothly extended aross the null infinity. The implicit assumption of the smoothness
of the coformal extension leads to the very specific fall-off behaviours of isolated gravitating bodies and the emitting
radiation. This is knowns as the peeling-off property. If there is a slower decay assumption for the component of
the Weyl tensors, then the logarithmic terms will appear in the asymptotic expansions. It seems that, regardless of
the geometric elegance, the conformal compactification is a guess proposal and the purely 1/r expansions are too
stringent. One kind of spacetimes removing the smoothness assumption are those that admit a polyhomogeneous
expansion. Precisely, the metrics can be expanded in terms of a combination of powers of 1/r and Inr.

The asymptotic behaviour of the Newman-Penrose quantities of polyhomogeneous spacetime, including the metric
coeflicients, the spin coefficients, and the tetrad components of the Weyl tensor are obtained in vacuum. This gen-
eralization is nontrivial since the calculational complexity substantially increases when considering polyhomogeneous
expansions. For smooth asympotically flat spacetimes, we have reexamined the Bondi mass at null infinity via the
Iyer-Wald formula within the Bondi-Sachs coordinates. Our analysis demonstrates that the Iyer-Wald formula natu-
rally leads to the Bondi mass expression directly in the physical spacetime, avoiding the difficulties and subtle isuues
arising from the (unphysical) conformal compactification [23].

For polyhomogeneous spacetimes, we calculate the charge associated with the asymptotic translation at null infinity
via the Iyer-Wald formalism and obtain the canonical energy £ within the Newman-Unti gauge. The canonical energy
& reduces to the Newman-Unti mass when the logarithmic terms vanish. However, the canonical energy does not has
the monotonically decreasing property with respect to the retraded time. To find an energy expression which admits
a mass-loss formula, we propose a new notion of energy &, called the ‘reduced energy’. This gives a possible way to
define the Bondi mass of polyhomogeneous spacetimes. In particular, for polyhomogeneous spacetimes with U3 = 0,
the result is consistent with the one obtained by Godazgar and Macaulay in [33, Eq.(5.10)] using the Barnich-Brandt
prescription [34]. It should also be remarked that our method here differs from the previous work in [22, 23] and the
gauge choice we adopt is slightly different from the one used in [17].

Gravitational wave memory of polyhomogeneous spacetimes are discussed. In conclusion, we find the appearance of
the logarithmic terms in the expansion does not change the balance law. This is a mathematical consequence of the
symmetries of the Bianchi identities. More precisely, this result relies on the evolution equation for W3 + o255 which
involves only the leading-order shear o2(z) and its derivatives. The logarithmic terms in the full expansion of oy(z2)
are of higher order in 1/r and do not have contributions in the memory effect. It indicates that the gravitational
memory seems a good physically measurable effect even for spacetimes with slower decays.

It has to be mentioned that we suspect that the canonical energy via the Iyer-Wald formula ceases to be finite for
general polyhomogeneous spacetimes. Under certain conditions, one is able to define a ‘reduced energy’ satisfying a
nice mass loss formula. A deep investigation of the physical interpretation of the ‘reduced energy’ will be the subject
of the future work.
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