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Abstract

Billboard Advertising has emerged as an effective out-of-home advertising tech-
nique, where the goal is to select a limited number of slots and play advertisement
content there, with the hope that it will be observed by many people and, effec-
tively, a significant number of them will be influenced towards the brand. Given
a trajectory and a billboard database and a positive integer k, how can we select
k highly influential slots to maximize influence? In this paper, we study a variant
of this problem where a commercial house wants to make a promotion of multiple
products, and there is an influence demand for each product. We study two vari-
ants of the problem. In the first variant, our goal is to select k slots such that the
respective influence demand of each product is satisfied. In the other variant of
the problem, we are given with ℓ integers k1, k2, . . . , kℓ, the goal here is to search
for ℓ many set of slots S1, S2, . . . , Sℓ such that for all i ∈ [ℓ], |Si| ≤ ki and for
all i ̸= j, Si ∩ Sj = ∅ and the influence demand of each of the products gets
satisfied. We model the first variant of the problem as a multi-submodular cover
problem and the second variant as its generalization. To address these challenges,
we propose approximation algorithms grounded in submodular optimization. To
solve the common-slot variant, we formulate the problem as a multi-submodular
cover problem and design a bi-criteria approximation algorithm based on the
continuous greedy framework and randomized rounding. For the disjoint-slot
variant, we propose a sampling-based approximation approach along with an
efficient primal–dual greedy algorithm that enforces disjointness naturally. We
provide theoretical guarantees on solution quality and analyze the computational
complexity of the proposed algorithms. Extensive experiments with real-world
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trajectory and billboard datasets highlight the effectiveness and efficiency of the
proposed solution approaches.

Keywords: Billboard Advertisement, Influence Provider, Products, Influence
Maximization, Disjoint Slot Allocation

1 Introduction

Creating and maximizing influence among customers is one of the main goals for
any e-commerce house. Most commercial houses spend around 7 − 10% of total rev-
enue on advertisements [1]. Determining how to utilize this budget effectively is a
fundamental research challenge in computational advertising. Advertisements can be
delivered through various channels, including social media, television, and outdoor
media. Among these, out-of-home (OOH) advertising has recently gained substantial
attention, particularly through digital billboards that display dynamic content, such as
videos and animations. Due to their significantly higher return on investment (ROI),
digital billboards have been widely adopted. Market surveys indicate that billboard
advertising yields a 65% higher ROI than other advertising methods [2]. Furthermore,
outdoor advertising has experienced remarkable growth in recent years and is pro-
jected to reach a market value of 410.2 billion by the end of 2025 [3]. In this advertising
technique, a limited number of influential billboard slots are used, with the hope that
displaying attractive advertising content will influence viewers. The key problem in
this context is selecting a limited number of influential slots to maximize their influ-
ence. This problem has been referred to as the Influential Billboard Slot Selection
Problem. Several studies have been conducted on this problem [4–7].

In this setting, it is assumed that the billboards are owned by an advertising com-
pany, while an e-commerce house seeks to select k billboard slots to maximize its
advertising influence. The underlying premise is that placing advertisements in high-
visibility locations accessible to diverse audiences can significantly enhance public
influence, thereby increasing product sales and financial gains. However, due to bud-
get constraints, an e-commerce house can afford only a limited number of billboard
slots. Consequently, a critical problem arises: which k ∈ Z+ billboard slots should
be selected to maximize influence? This problem has attracted considerable atten-
tion in recent research, with numerous solutions proposed [8]. For example, Zhang
et al. [9] reported that more than 50% of the travelers are exposed to at least five
billboards during a single trip. Previous studies in consumer behavior [10–14] further
suggest that repeated exposure to advertisements reduces the probability of imme-
diate action, while the cumulative influence of advertising content increases. These
observations underscore the practical significance of studying the Influential Bill-
board Slot Selection Problem. Existing market-driven approaches to billboard
selection primarily rely on traffic volume [15]. However, such simplistic methods often
lead to inaccurate performance estimates and suboptimal placement strategies. In con-
trast, we leverage trajectory data to enable more effective selection of billboard slots.
Advances in wireless communication and mobile internet technologies have made it
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Fig. 1: Schematic Diagram of the Product to Slot Allocation

increasingly feasible to track user and vehicle movements, leading to the availability
of large-scale trajectory datasets. These datasets have been widely used to address
various real-world problems, including influential zone selection [16, 17], query opti-
mization [18], route recommendation [13, 19–21], prediction of driving behavior [22],
and various learning tasks [23, 24]. Recent studies have also utilized trajectory data
to identify highly influential zones for billboard placement [7].

Assume the availability of a trajectory database for a city, which records the user
locations along with the corresponding timestamps. Locations of interest include high-
traffic areas such as shopping malls, street intersections, and metro stations, where
digital billboards are typically installed. Information about these billboards, such as
location, slot duration, and rental cost, is maintained in a billboard database. Influence
is modeled using the well-established triggering model from the literature on influence
maximization [25]. Intuitively, a user is influenced by a nearby billboard with a certain
probability; however, when multiple billboards are encountered, the overall influence
exhibits diminishing returns under the triggering model.

Most of the existing studies in billboard advertising scenarios share a common
objective: (a) helping advertisers achieve maximum influence under budget constraints
in a single or multi-advertiser setting [7, 26, 27], and (b) minimizing the regret of an
influence provider by effective allocation of slots to advertisers [5, 28–30]. It is stan-
dard practice that multiple advertisers submit a campaign proposal to the influence
provider, specifying the influence demand and the corresponding payment. A more
challenging, yet unexplored, problem is how to allocate slots among multiple adver-
tisers with multiple products within a given budget to maximize total influence from
the perspective of the influence provider, as shown in the schematic diagram in Figure
1. In practice, advertisers promote multiple heterogeneous products, each targeting a
different customer base. Billboard advertisements typically optimize slot selection to
maximize the advertiser’s influence or to minimize the regret of the influence provider.
However, there is a practical need for commercial houses to meet different demand
requirements across multiple products simultaneously. This requires a new formulation

3



to allocate billboard slots within a unified budget while maximizing overall influence
across all products.

Our Contributions.

In practice, a commercial house often advertises multiple diverse products, each tar-
geting different audiences. Thus, billboard slot selection must account for the needs
of Multi-product promotions. To the best of our knowledge, no study has addressed
this problem. To bridge this gap, we study the Multi-product Influential Billboard
Slot Selection Problem in two variants in this paper. In the first variant, it asks for
a subset of k billboard slots that satisfies the influence demand of each product and
minimizes selection cost. Here, all selected slots are common, and all will be used to
promote the products. We refer to the other variant of the problem as the Disjoint
Multi-product Slot Selection Problem. In this problem, we are given a trajectory and
billboard database and a set of ℓ integers. This problem asks to choose nonintersect-
ing ℓ many subsets of slots bounded by their respective cardinality, such that the total
selection cost is minimized and the influence demand of each product gets satisfied.
We have developed approximation algorithms for these problems. In particular, we
make the following contributions in this paper:

• We extend the influential billboard slot selection problem to the Multi-product
setting and formally model both the common-slot and disjoint-slot variants
using product-specific submodular influence functions, showing both problems are
instances of the Multi-Submodular Cover Problem and hence NP-hard.

• For the common-slot variant, we design a bi-criteria approximation algorithm com-
bining the continuous greedy framework with randomized rounding, with provable
guarantees on both influence satisfaction and expected cost.

• For the disjoint-slot variant, we propose (i) a sampling-based randomized algorithm
with a bounded estimation error via Hoeffding’s inequality, and (ii) a primal–dual
greedy algorithm (PDG) that enforces budget and disjointness constraints by con-
struction and scales efficiently to large instances. For the cardinality-constrained
case of this variant, we further establish a formal constant-factor approximation
guarantee for PDG by reducing it to monotone submodular maximization over the
intersection of two partition matroids.

• We conduct extensive experiments on real-world trajectory and billboard datasets
from New York City and Los Angeles, comparing our methods against both
naive baselines (Random, Top-k) and a stronger, theoretically-grounded lazy-greedy
(CELF) baseline adapted to the Multi-product setting. The results show that PDG
consistently achieves the best trade-off between influence satisfaction, cost effi-
ciency, and runtime, while BCA achieves the highest influence satisfaction among
common-slot methods at higher computational cost.

Organization of the Paper

The rest of the paper has been organized as follows. Section 2 describes recent stud-
ies from the literature. Section 3 describes the required preliminary concepts and
defines the problem formally. The proposed solution approaches have been described in
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Section 4. Section 5 describes the experimental evaluation. Finally, Section 6 presents
the concluding remarks of our study.

2 Related Work

In this section, we will discuss the existing literature related to our work. We divide our
literature study into four major categories: (a) Influential Zone selection, (b) Influential
Billboard Slot Selection, (c) Trajectory Driven Influence Maximization, and (d) Tag-
Based Influence Maximization. Next, we discuss existing literature on influential zone
selection problems.

2.1 Influential Zone Selection

The selection of influential zones has been extensively studied in the context of
spatial databases and facility placement. Most of the early work in this direction
investigated proximity-based objectives, such as identifying locations that maximize
the number of nearby trajectories or users. For instance, the MaxBRkNN problem
studied by Zhou et al. [31] focuses on finding locations with the largest number of
trajectory-based nearest neighbors. These approaches typically assume static user
positions, which limits their applicability to dynamic mobility settings. The con-
cept of location-aware influence maximization formulations was motivated by classical
influence maximization problems in social networks [15, 32], where the goal is to max-
imize the total influence spread. Although both settings aim to maximize influence,
the propagation mechanisms differ fundamentally. Social influence relies on peer-to-
peer diffusion, whereas spatial influence occurs only when users enter the effective
range of a location, such as a billboard. Several studies have incorporated user mobil-
ity into facility location and influence modeling. Probabilistic influence models for
moving objects have been explored to capture uncertainty in user trajectories and
exposure [33]. Competitive variants also consider the presence of existing facilities
and model influence as relative quantities [34]. Alternative formulations define influ-
ence indirectly through user convenience, measured as additional travel distance, and
aim to optimize either worst-case or aggregate inconvenience [35]. More recent work
has emphasized efficiency through spatial pruning and geometric reasoning. Partition-
based and region-intersection techniques have been proposed to accelerate influence
evaluation over large spatial domains [36, 37]. These studies collectively highlight the
importance of spatial structure, mobility awareness, and computational scalability in
selecting influential zones.

2.2 Influential Billboard Slot Selection

The influential billboard slot selection problem represents a specialized instance of
spatial influence maximization, where decisions are constrained by both cost and
budget. Most existing work focuses on advertisers’ influence maximization. Existing
work primarily focuses on selecting a subset of billboard locations that maximizes
trajectory-based influence under a fixed budget [38]. The problem is closely related
to the budgeted maximum coverage problem, where each candidate incurs a cost
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and contributes to the overall coverage [39]. In more recent work, the billboard
selection problem has been formulated as a discrete submodular optimization task,
enabling pruning-based strategies with approximation guarantees [40]. Spatial cluster-
ing techniques have further been introduced to reduce computational overhead while
maintaining influence quality [6]. In a billboard advertisement, Ali et al. address the
influential slot selection problem with a pruned submodularity graph-based solution
approach [4, 6], the influential slot and tag selection problem using bisubmodular
maximization approach [41], the billboard slot to tag allocation problem using bipar-
tite graph-based solution approach [26], Multi-product influence maximization [42],
balance popularity problem [43], fairness in slot allocation problem [44] etc.

In billboard advertising, there is very limited literature that considers regret min-
imization from the perspective of the influence provider. Aslay et al. [45] first studied
the regret minimization problem in social network advertising from the perspective
of an influence provider. Here, the advertiser’s goal is to achieve maximum influence,
and the influence provider’s goal will be to minimize their total regret. Motivating
this work, Zhang et al. [30] first introduce the regret minimization problem in the
context of billboard advertising and, to address it, propose several heuristic solution
methodologies. Further, in this direction, Ali et al. [5, 28, 29, 46] address this problem
by considering the zone-specific influence demand in a multi-advertiser setting and
proposed several greedy-based heuristic solutions.

2.3 Trajectory-Driven Influence Maximization

Trajectory-driven influence maximization has gained prominence as mobility data
becomes increasingly available. Rather than focusing solely on static locations, these
approaches optimize the influence along movement paths. Previous studies have
examined the assignment of route-level advertisements to maximize exposure among
targeted users [47]. Budget-aware billboard selection over trajectories has also been
studied, with techniques that estimate upper bounds on influence to prune the search
space [27]. Due to the effectiveness of influence maximization over trajectory databases,
several researchers have examined the trajectory-driven influence maximization prob-
lem in the last few years. In this direction, Guo et al. [48] address the problem of
finding the k best trajectories rather than the top-k most influential places. Their
experimental results show how the best trajectories with an advertisement can maxi-
mize the overall influence. Zhang et al.[7] introduce trajectory-driven most influential
places for billboard placement and influence maximization. Further, they studied the
problem of billboard impression counts using trajectory information from a particular
city [49]. Similarly, Wang et al.[47] studied targeted advertising and found that the
outdoor advertising industry struggles to deliver the right content to the right users.
To address this problem, they provide divide-and-conquer-based solution approaches.
Beyond pure trajectory–billboard interactions, this work integrates additional con-
textual dimensions. Route capacity estimation queries leverage trajectory endpoints
and movement patterns, while targeted advertising frameworks combine advertisement
content, mobility transitions, and behavioral signals to improve audience match-
ing [50]. These efforts reflect a broader trend toward multi-factor, mobility-aware
influence modeling.
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2.4 Tag-Based Influence Maximization

Tag-specific influence maximization has not yet been explored much in the context of
billboard advertising. Nevertheless, related formulations exist in social network analy-
sis, where influence is conditioned on semantic attributes. In particular, previous work
has studied the joint selection of influential users and tags to maximize the spread of
topic-based influence [51]. Here, they identify the top-k most influential users and the
top-ℓmost influential tags using a bisubmodular maximization approach in the context
of social network advertisements. Motivated by this work, Ali et al. [41] first studied
the problem of influential slots and tag selection in billboard advertisements. Further,
they studied the tag-specific influence maximization problem in billboard advertising
and allocated slots to tags to maximize overall influence [26]. However, there is no
existing literature that considers the product-specific influence maximization problem.

3 Background and Problem Definition

In this section, we introduce the required basic concepts and formally define our prob-
lem. Initially, we state the notion of Trajectory and Billboard Databases. Z+ denotes
the set of positive integers. For any ℓ ∈ Z+, [ℓ] denotes the set {1, 2, . . . , ℓ}.

3.1 Trajectory and Billboard Database

A trajectory database contains the location information of a set of people in a city
across different time stamps. In the context to our problem, a trajectory database D
contains tuples of the form (ui, loc, [ta, tb],P(ui)) and this signifies that the person ui

is at the location loc for the duration ta to tb. Here, P(ui) denotes the set of products
in which user ui will be interested in. For any person ui, loc[tx,ty](ui) denotes the
locations of ui during the time interval [tx, ty]. Let U denote the set of people whose
movement data is contained in D. Let, T1 = min

τ∈D
ta and T2 = max

t∈D
tb and we say

that the trajectory database D contains the movement data from time stamp T1 to
T2. A billboard database B contains the information about billboard slots. Typically,
this contains the tuples of the following form (bid, sid, loc, duration) where bid and
sid denote the billboard id and slot id. loc and duration signify the location of the
billboard and the duration of the slot.

3.2 Billboard Advertisement

Let a set of m billboards B = {b1, b2, . . . , bm} be placed in different locations of a city.
For simplicity, we assume that all billboards can be leased for a multiple of a fixed
duration ∆, called a ‘slot’ and defined in Definition 1.

Definition 1 (Billboard Slot) A billboard slot is defined by a tuple consisting of two entities,
the billboard ID and the duration, that is, (bid, [t, t+∆]).

The set of all billboard slots is denoted by BS, i.e., BS = {(bi, [t, t + ∆]) : i ∈
{1, 2, . . . ,m} and t ∈ {T1, T1 + ∆, T1 + 2∆, . . . , T2 − ∆}}. It can be observed that
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|BS| = m · T∆ where T = T2−T1. For simplicity, we assume that T is perfectly divisible
by ∆. For any slot sj ∈ BS, bsj denotes the corresponding billboard and [tssj , t

f
sj ]

denotes the time interval for the slot sj where tfsj = tssj +∆. Now, we state the notion
of the influence probability of a billboard slot in Definition 2.

Definition 2 (Influence Probability of a Billboard slot) Given a slot sj ∈ BS and a person
ui ∈ U , the influence probability of sj on ui is denoted by Pr(sj , ui) and can be computed
using the following conditional equation.

Pr(sj , ui) =


size(sj)

max
sk∈BS

size(bsk )
, if loc

[tssj
,tfsj ]

(ui) = loc(sj)

0, otherwise

Now, we define the influence of a subset of billboard slots in 3.

Definition 3 (Influence of Billboard Slots) Given a trajectory database D, and a subset
of billboard slots S ⊆ BS, the influence of S can be defined as the expected number of
trajectories that are influenced, which can be computed using Equation 1.

I
′
(S) =

∑
ui∈U

[1−
∏
sj∈S

(1− Pr(sj , ui))] (1)

Here, Pr(sj , ui) denotes the influence probability of the billboard slot sj on the

people ui, and I
′
(S) denotes the influence of the billboard slots of S. I ′

() is the influ-
ence function which maps each possible subset of billboard slots to its corresponding
influence value, i.e., I ′

: 2BS −→ R+
0 where I ′

(∅) = 0.
Now, it is important to observe that every product may not be relevant to every

trajectory user. For effective advertisement, it is important to influence the relevant
people for a particular product. Consider P = {p1, p2, . . . , pℓ} denotes the set of prod-
ucts. From the trajectory database, for every trajectory user, we have the information
about the products for which he is relevant. For a given product, j ∈ [ℓ], we state the
notion of Product Specific Influence for a given billboard slot in Definition 4.

Definition 4 (Product Specific Influence) Given a specific product and a subset of billboard
slots S ⊆ BS, the product-specific influence of S for the product j is denoted by Ij(S) and
can be computed using Equation 2.

Ij(S) =
∑

ui∈Uj

[1−
∏
sj∈S

(1− Pr(sj , ui))] (2)

Here, Uj denotes the set of users relevant to the j-th product and I() is the product specific

influence function, i.e., I : 2BS × P −→ R+
0 .

Example 1 Consider four billboard slots BS = {b1, b2, b3, b4} placed at different locations in a
city, and four users U = {u1, u2, u3, u4} whose trajectories pass near these billboards during
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Fig. 2: A motivating example

the corresponding slot durations. Assume there are four products P = {P1,P2,P3,P4}.
Each user is interested in exactly one product, as illustrated in Figure 2. The corresponding
product–user relevance sets are: UP1

= {u1},UP2
= {u2},UP3

= {u3},UP4
= {u4}. The

influence probabilities of billboard slots on users are given as follows:

Billboard Slot Influenced Users (Probability)

b1 u1(0.6), u2(0.2)
b2 u2(0.4)
b3 u1(0.4), u4(0.3)
b4 u1(0.4), u4(0.5)

Let the selected slot set be S = {b1, b2, b3, b4}. Using Definition 4, the product-specific
influence for each product is as follows. For product P1, the relevant user is u1. The slot b1,
b3 and b4 influence u1. Thus, IP1

(S) = 1− (1− 0.6)(1− 0.4)(1− 0.4) = 0.856. For product
P2, the relevant user is u2. Both b1 and b2 influences u2. Hence, IP2

(S) = 1− (1− 0.2)(1−
0.4) = 0.52. For product P3, the relevant user is u3. No billboard influences u3. Therefore,
IP3

(S) = 0. For product P4, the relevant user is u4. Both b3 and b4 influences u4. Hence,
IP4

(S) = 1 − (1 − 0.3)(1 − 0.5) = 0.65. This example highlights that even when the same
set of billboard slots is selected, the resulting influence values differ across products. The
influence of a slot applies only to users relevant to that product, and the aggregation follows
a diminishing-returns property.

3.3 Submodular Set Functions and Continuous Extensions

A function f : 2N → R is submodular if for every A ⊆ B ⊆ N , f(A ∪ {e}) −
f(A) ≥ f(B ∪ {e}) − f(B) such that e ∈ N and e /∈ B. Such functions arise in
many applications. The continuous extension of submodular set functions has played
an important role in algorithmic aspects. The idea is to extend a discrete set function
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f : 2N → R to continuous space [0, 1]N . Here, we are mainly concerned with multi-
linear extensions motivated by maximization problems and refer the interested reader
to Calinescu et al. [52] and Vondrak [53] for a detailed discussion.

The multi-linear extension is a real-valued set function f : 2N → R, denoted by F
and defined as follows:

F (x) =
∑
S⊆N

f(S)
∏
i∈S

xi

∏
j /∈S

(1− xj) (3)

where x ∈ [0, 1]N , and the random subset S ⊆ N is drawn by including
each element i ∈ N independently with probability xi, i.e., Pr[i ∈ S] =
xi independently for each i.

For any two vectors p, q ∈ [0, 1]N , we use p∨ q and p∧ q to denote the coordinate-
wise maximum and minimum, respectively of p and q. We also make use of the notation
we(t)← F (y(t) ∨ 1e)− F (y(t)), where 1e is the characteristic vector of set {e}.

3.4 Problem Definition

In this section, we define our problem formally.

3.4.1 Common and Disjoint Multi-product Slot Selection Problem

As mentioned previously, we have studied the Multi-product Slot Selection Problem
in two variants. First, we discuss the variant where a fixed number of slots will be
selected for all the products. In this problem, we are given a trajectory and a billboard
database (which includes the cost function w : BS −→ R+), and ℓ positive integers
σ1, σ2, . . . , σℓ ∈ Z+. The task is to find a subset of the slots S ⊆ BS such that the
total cost is minimized and for each product j ∈ [ℓ], their influence demand constraint
is satisfied, i.e., for all j ∈ [ℓ], Ij(S) ≥ σj . From a computational point of view, this
problem can be posed as follows:

Common Multi-product Slot Selection Problem
Input: Billboard B and Trajectory Database D, Cost Function w : BS −→ R+,
ℓ integers σ1, σ2, . . . , σℓ ∈ Z+ for influence demand constraint.
Problem: Select a subset of the slots S ⊆ BS such that

∑
v∈S

w(v) gets

minimized and the constraints Ij(S) ≥ σj are satisfied.

In the Disjoint Multi-product Slot Selection Problem, along with the trajectory
and billboard database, and the cost function, we are given with two sets of ℓ integers
k1, k2, . . . , kℓ ∈ Z+ and σ1, σ2, . . . , σℓ ∈ Z+. The task here is to select ℓ many subsets
of slots S1,S2, . . . ,Sℓ ⊆ BS such that for all j ∈ [ℓ], |Sj | ≤ kj , for all i ̸= j, Si∩Sj = ∅,
and for all j ∈ [ℓ], Ij(Sj) ≥ σj . From a computational point of view, this problem can
be posed as follows:
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Disjoint Multi-product Slot Selection Problem
Input: Billboard B and Trajectory Database D, Two sets of ℓ integers
k1, k2, . . . , kℓ ∈ Z+ and σ1, σ2, . . . , σℓ ∈ Z+.
Problem: Select ℓ many subsets of slots S1,S2, . . . ,Sℓ ⊆ BS such that:

1. For all j ∈ [ℓ], |Sj | ≤ kj
2. For all i ̸= j, Si ∩ Sj = ∅
3. For all j ∈ [ℓ], Ij(Sj) ≥ σj

As our problem is closely related to the Multi-submodular Cover Problem, first,
we describe and generalize it.

3.4.2 Multi-Submodular Cover Problem

In Multi-Submodular Cover Problem, we are given with a ground set V =
{v1, v2, . . . , vn}, a cost function w : V −→ R+ which maps each ground set element
to its corresponding cost, a set of ℓ submodular functions I1, I2, . . . , Iℓ, and a set of
ℓ integers σ1, σ2, . . . , σℓ ∈ Z+. This problem asks to choose a subset S of ground set
elements, i.e., S ⊆ V, such that the total cost of the chosen elements gets minimized
and for any i ∈ [ℓ], Ii(S) ≥ σi, i.e., the constraints on the functional values of the sub-
modular functions get satisfied. This is an optimization problem which can be posed
as follows:

S∗ ←− argmin
S⊆V

∀j∈[ℓ],Ij(S)≥σj

∑
v∈S

w(v) (4)

Here, S∗ denotes the optimal solution for this problem. From the computational
point of view, this problem can be posed as follows:

Multi-Submodular Cover Problem
Input: The ground set V = {v1, v2, . . . , vn}, the cost function w : V −→ R+, ℓ
many submodular functions I1, I2, . . . , Iℓ defined on the ground set V, ℓ many
positive integers σ1, σ2, . . . , σℓ ∈ Z+.
Problem: Select a subset of the ground set elements S ⊆ V which minimizes∑
x∈S

w(x) but satisfies Ij(S) ≥ σj for all j ∈ [ℓ].

An instance of the Multi-Submodular Cover Problem is said to be r-sparse if each
ground set element can be involved in a maximum of r objectives. This problem
has been studied by Chekuri et al. [54], and they proposed a randomized bi-criteria
approximation algorithm which runs in polynomial time. The formal result has been
stated in Theorem 1.

Theorem 1 There exists a randomized bi-criteria approximation algorithm that for a given
instance of the Multi-Submodular Cover Problem it produces a set S ⊆ V such that (i) For
all j ∈ [ℓ], Ij(S) ≥ (1− 1

e − ϵ)σj and (ii) E[w(S)] ≥ O( 1ϵ lnr).
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Generalized Multi-Submodular Cover Problem
Input: The ground set V = {v1, v2, . . . , vn}, the cost function w : V −→ R+,
ℓ many submodular functions I1, I2, . . . , Iℓ defined on the ground set V, two
sets of ℓ positive real numbers each k1, k2, . . . , kℓ ∈ Z+ and σ, σ2, . . . , σℓ ∈ R+.
Problem: select ℓ many subsets of the ground set S1,S2, . . . ,Sℓ ⊆ V such that:

• For all i, j ∈ [ℓ] and i ̸= j, Si ∩ Sj = ∅
• For all i ∈ [ℓ],

∑
x∈Si

w(x) ≤ ki

• For all i ∈ [ℓ], Ii(Si) ≥ σi

3.4.3 Generalized Multi-Submodular Cover Problem

In this problem, we are given a ground set of n elements V = {v1, v2, . . . , vn}, a
cost function w that maps each ground set element to its corresponding cost; i.e.,
w : V −→ R+, ℓ many submodular functions I1, I2, . . . , Iℓ defined on the ground set
V, and two sets of ℓ many real numbers k1, k2, . . . , kℓ ∈ Z+ and σ, σ2, . . . , σℓ ∈ Z+.
The task is to select ℓ many subsets of the ground set S1,S2, . . . ,Sℓ ⊆ V such that:
(i) For all i, j ∈ [ℓ] and i ̸= j, Si ∩ Sj = ∅, (ii) For all i ∈ [ℓ],

∑
x∈Si

w(x) ≤ ki, and (iii)

For all i ∈ [ℓ], Ii(Si) ≥ σi.

4 Proposed Solution Approaches

In this section, we describe the proposed solution approaches. Section 4.1 and 4.2
contain the methodologies for the Common and Disjoint Multi-product Slot Selection
Problem, respectively.

4.1 Common Multi-product Slot Selection

We analyze the continuous greedy algorithm for general monotone, submodular func-
tions. At each step t, in Line No. 3 to 5, the marginal gain for each e ∈ BS is computed.
Next, in Line No. 6, solve the linear program to get a direction vector, and for each
slot in BS, each coordinate of y(t) is updated in Line No. 7 to 9. Finally, after time T ,
it returns the fractional solution y(T ). Parameter T is the stopping criterion of Algo-
rithm 1 as mentioned in Theorem 2. It is important to note that in Line 8, we modify
the direction y. The definition of δ implies that δ−1 is at least n5 and is divisible by
T−1. This ensures that after Tδ−1 iterations, t will be exactly equal to T .

Theorem 2 [55] For any normalized monotone submodular function f : 2N → R+, a solvable
polytope P ∈ [0, 1]N and stopping time T > 0, Algorithm 1 finds a point x ∈ [0, 1]N , such
that F (x) ≥ [1− e−T −O(1)] · f(OPT ).

We address the Common Multi-product Slot Selection Problem in Algorithm 2,
where a single slot set must satisfy the influence demands of multiple products
under budget. We propose a bi-criteria approximation algorithm combining continuous
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Algorithm 1: Continuous Greedy Algorithm

Data: Trajectory Database D, Billboard Database B, Influence Functions I(),
Billboard Slots BS

Result: A solution of vector Y(T )
1 Initialize t← 0, Y(0)← 1∅, n← |BS|, δ ← T (⌈n5T ⌉)−1 ;
2 while t < T do
3 for each e ∈ BS do
4 we(t)← F (y(t) ∨ 1e)− F (y(t))
5 end
6 I(t)← argmax{x · w(t) | x ∈ P};
7 for each e ∈ BS do
8 ye(t+ δ)← ye(t) + δIe(t) · (1− ye(t))
9 end

10 t← t+ δ
11 end
12 return y(T );

greedy and randomized rounding. First, in Line No. 1, we scale each product’s influ-
ence function Ij such that Ij(BS) = 1, and set σj ← 1 and in Line No. 2, we define
the polytope P. In Line No. 3, using Algorithm 1, we solve the multilinear extension
over the matroid polytope to obtain a fractional solution x ∈ [0, 1]|BS|. In the round-
ing step, Line No. 5 to 7, sample ℓ = ⌈log1/(1−ϵ)(r)⌉ random subsets from x to form

S. Next, in Line No. 8 to 14 for any product j where Ij(S) is below (1 − 1
e − 2ϵ)σj ,

add slots greedily by marginal gain until the bound (1− 1
e )σj is met.

Algorithm 2: Bi-criteria Approximation Algorithm for Multi-product Influ-
ence Maximization

Data: Trajectory Database D, Billboard Slots BS, Influence Functions {Ij(·)}ℓj=1,

Cost Function w : BS → R+, Sparsity r, Approximation Parameter ϵ > 0,

Influence Thresholds {σj}ℓj=1
Result: A set of billboard slots S ⊆ BS satisfying all influence constraints

approximately
1 Normalize: For each j ∈ [ℓ], set Ij(BS) = 1 and scale σj ← 1;

2 Let P ⊆ [0, 1]|BS| be the constraint polytope;
3 x← ContinuousGreedy(BS,P, T = 1);
4 α← 1− ϵ, ℓ← ⌈log1/α r⌉, S ← ∅;
5 for t = 1 to ℓ do
6 Sample St ⊆ BS by including each i ∈ BS independently with probability x(i);

7 S ← S ∪ S1 ∪ S2 ∪ . . . ∪ St;
8 for j = 1 to ℓ do
9 if Ij(S) < (1− 1

e − 2ϵ) · σj then
10 Mj ← ∅;
11 while Ij(Mj) < (1− 1

e ) · σj do
12 u∗ ← argmaxu∈BS\Mj

[
Ij(Mj ∪ {u})− Ij(Mj)

]
;

13 Mj ←Mj ∪ {u∗};
14 S ← S ∪Mj ;

15 return S
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Theorem 3 [54] Let r be the maximum number of functions any slot contributes to (i.e.,
sparsity), and let ϵ > 0. Then with high probability, the Algorithm 2 returns a set S such
that for all j ∈ [ℓ], Ij(S) ≥

(
1− 1

e − ϵ
)
· σj , and the expected cost satisfies E[w(S)] =

O
(
1
ϵ log r

)
·OPT.

Complexity Analysis.

Let n = |BS| be the number of billboard slots and ℓ the number of products. The
Continuous Greedy phase runs in O(n2ℓ/ϵ) time due to gradient computation over
a polytope of size n for each of ℓ influence functions. The rounding and union of
ℓ = O(log r/ϵ) random subsets take O(n log r/ϵ) time. In the worst case, the repair
step examines all n slots per product, taking O(nℓ) time. So the overall time com-

plexity is O
(

n2ℓ
ϵ + nℓ

)
. The additional space requirement for Algorithm 2 is O(n) for

maintaining the fractional vector and final slot set.

4.2 Disjoint Multi-product Slot Selection

In this section, we describe the proposed solution approach for the Disjoint Multi-
product Slot Selection Problem.

4.2.1 Randomized Algorithm for Multi-product Influence
Maximization

In this problem, we are given a budget and the influence demand for every product.
The goal here is to select billboard slots for each product within the budget such that
the influence demand for every product is satisfied. Also, a slot can be used for only
one product. In our proposed methodology, for every possible permutation of prod-
ucts and slots, we perform the following task. As long as the remaining budget of the
current advertiser being processed is positive and his influence demand is unsatisfied,
we select, in each iteration, a slot that maximizes the marginal gain given the exist-
ing set of slots chosen for the advertiser. This process terminates once the influence
demand is satisfied or the advertiser’s budget is exhausted. If the advertiser’s budget
is exhausted, it means that, for the current permutation of advertisers and slots, the
influence demand for this advertiser cannot be satisfied. Hence, this does not yield a
feasible solution, so we mark it as infeasible. This process is continued for all possible
permutations of advertisers and slots. Among all the feasible solutions stored inM, we
return one with the least cost. Algorithm 3 describes the entire process in pseudocode.

One point to highlight here is that the number of possible permutations will be
of O(ℓ! · n!). By Stirling’s approximation, we can write it as O(ℓℓ · nn). For moderate
values of ℓ and n (in practice, the value of n could be excessively large), the number
of possible permutations could be large. If we consider all of them in the computation,
then the execution time requirement will not be practically feasible. To mitigate this
problem, we sample a random subset of them in this paper. Now, it is an important
question what the sample size should be so that the estimation error can be bounded
with high probability. This leads to the sample complexity analysis, which is presented
subsequently.
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Sample Complexity Analysis.

We can use Hoeffding’s Inequality to provide a sample bound that guarantees finding
a close to optimal solution with high probability. Theorem 4 describes the statement.

Theorem 4 Let X1, X2, . . . , Xn are independent and identically distributed random vari-
ables such that for any i ∈ [n], ai ≤ Xi ≤ bi. Let X̄ = 1

n

∑
i∈[n]

Xi and µ = E[X̄]. For any

ϵ > 0, the following inequality holds

Pr[|X̄ − µ| ≥ ϵ] ≤ 2 · exp(− 2n2ϵ2∑
i∈[n]

(bi − ai)2
) (5)

So for estimation, the upper and lower bound of the solution cost of each feasible
solution present in the sample is required. We prove the same in Proposition 5.

Proposition 5 For any feasible solution S = (S1, S2, . . . , Sℓ) contained in M the cost of
solution will lie in between 0 and

∑
s∈BS

w(s).

Proof For any advertiser ai ∈ A, its influence demand σi ≥ 0 and for any slot sj ∈ BS, its
cost w(sj) ≥ 0. Now, it can be observed that the lower bound holds only when for all the
advertisers, their influence demand is all 0. In that case, every advertiser will be assigned the
empty set, i.e., for all i ∈ [ℓ], Si = ∅, and hence, the solution cost will be 0. In any other
case, the cost of the solution will be strictly greater than 0. The upper bound occurs when
the allocated slots to the advertisers, i.e., S1, S2, . . . , Sℓ, is a partition of BS. This means (i)
For all i, j ∈ [ℓ], Si ∩ Sj = ∅, (ii)

⋃
i∈[ℓ]

Si = BS. In this case, the cost of the solution will be∑
s∈BS

w(s). In any other case, the cost of the solution will be strictly less than
∑

s∈BS
w(s).

Hence, for any solution S = (S1, S2, . . . , Sℓ), the cost of the solution will be in the range in
between 0 and

∑
s∈BS

w(s). □

Now, we prove Theorem 6 which will prove the lower bound on the sample size for
which Algorithm 3 will provide a close to optimal solution with high probability.

Theorem 6 For any ϵ, δ ∈ (0, 1) if the sample size is greater than equals to
ln( 2

δ )·w(BS)2

2·ϵ2·(WA)2

then the probability error in computation will be strictly less than ϵ with probability at least
(1− δ).

Proof Let, Y denote the set of sampled solutions. W ∗ and WA denotes the optimal solution
the best solution among the solutions in Sample, respectively. Now, by applying Hoeffding’s
Inequality and Proposition 5 we gave the following inequality:

Pr[|W ∗ −WA| ≥ ϵ ·W ∗] ≤ 2 · exp(−2 · ϵ2 · (WA)2 · |Y|
w(BS)2

) (6)
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We want to establish the sample size such that Pr[|W ∗ − WA| < ϵ · W ∗] ≥ 1 − δ. By
simplifying we have the following:

2 · exp(− 2·ϵ2·(WA)2·|Y|
w(BS)2

) ≤ δ

ln( 2δ ) ≤
2·ϵ2·(WA)2·|Y|

w(BS)2

This leads to the lower bound on the sample size which is

|Y| ≥ ln( 2
δ )·w(BS)2

2·ϵ2·(WA)2

□

Remark 1 Theorem 6 is best interpreted as a posteriori guarantee. Once Algorithm 3 has
been run on a sample of size |Y | and has returned a best found solution of cost WA, the
theorem certifies that WA is within a factor (1± ϵ) of the true optimum W ∗ with probability
at least 1− δ. It does not serve as an a priori sample-sizing rule, since WA is only observed
after sampling. In practice, one can address this by (i) using a domain-specific lower bound
on WA when available (e.g., from the minimum per-product slot cost), or (ii) adopting a
doubling strategy: start with a small sample, compute WA, and increase the sample size until
WA stabilizes within tolerance ϵ across successive rounds.

Computational Complexity Analysis.

Consider |X | is the sample size used to implement Algorithm 3. Both the for loops

from 2 to 4 and from 5 to 20 will execute O(|X |). The for loops from 7 to 8 and 9 to 16
will execute for O(ℓ) times. Now, it is important to analyze how many times the while
loop from 10 to 16 will execute. Consider the minimum selection cost among all the
billboards is denoted by wmin, i.e., wmin = min

bsj∈BS
w(bsj). Let Z = {z1, z2, . . . , zℓ} are

the budgets of the advertisers. Among these, let Zmax denote the maximum budget
among all the advertisers, i.e., Zmax = max

i∈[ℓ]
zi. It can be observed that the maximum

Zmax

wmin
number of slots can be allocated to an advertiser. Hence, the while loop can

be iterated at max O(Zmax

wmin
) times. Within the while loop, the main computation is

the marginal influence gain computation of a non-allocated slot, and this requires
O(n · t) time where n and t denote the number of billboard slots and the tuples in
the trajectory database, respectively. Hence, the time requirement for the execution
of the while loop will be of O(Zmax

wmin
·n · t). All the remaining statements within the for

loop from 5 to 20 will take O(1) time. Hence, the time requirement till Line 20 will be
of O(|X | · ℓ · Bmax

wmin
· n · t). In the worst case, it may happen that all sampled solutions

are feasible. In Line 21, we find the best solution among all the feasible solutions in
X . It will take O(|X |). Hence, the time requirement to execute of Algorithm 3 is of
O(|X |·ℓ· Bmax

wmin
·n·t). Additional space consumed by Algorithm 3 is to store the feasible

solutions, which will be of O(|X | · n), to store the sets S1, S2, . . . , Sℓ and S and both
of them will take O(n) space. Hence, total extra space consumed by O(|X | · n + n)
which is equal to O(|X | · n). Hence, Theorem 7 holds.
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Algorithm 3: Randomized Algorithm for Multi-product Influence Maxi-
mization

Data: Billboard Slots BS, Cost Function w : BS −→ R+, The influence functions
I1, I2, . . . , Iℓ; z1, z2, . . . , zℓ ∈ R+, and σ1, σ2, . . . , σℓ ∈ R+

Result: Non-intersecting sets of slots S1, S2, . . . , Sℓ ⊆ BS
1 a←− ℓ!, b←− |BS|!;
2 for All p ∈ [a] AND q ∈ [b] do
3 M[p, q]←− Empty Solution;
4 Flag[p, q]←− 1;

5 for All p ∈ [a] AND q ∈ [b] do
6 S← ∅;
7 for i = 1 to ℓ do
8 Si ←− ∅;
9 for i = 1 to ℓ do

10 while zi > 0 AND I(Si) < σi do
11 s∗ ←− argmax

s∈BS\S
w(s)≤zi

I(Si ∪ {s}) − I(Si);

12 Si ←− Si ∪ {s∗}, S←− S ∪ {s∗};
13 zi ←− zi − w(s∗);

14 if I(Si) < σi then
15 Flag[p, q]←− 0;
16 break;

17 if Flag[p, q] = 0 then
18 M[p, q]←− Not a Feasible Solution;
19 else
20 M[p, q]←− [{S1, S2, . . . , Sℓ},

∑
s∈S1∪S2∪,...,Sℓ

w(s)];

21 (S∗
1 , S

∗
2 , . . . , S

∗
ℓ )←− argmin

(S1,S2,...,Sℓ)∈M

∑
s∈S1∪S2∪,...,Sℓ

w(s);

22 return (S∗
1 , S

∗
2 , . . . , S

∗
ℓ );

Theorem 7 The sampling-based approach will take O(|X |·ℓ·Zmax
wmin

·n·t) time and O(|X |·n+n)
space to execute.

4.3 Greedy Primal–Dual Algorithm for Multi-product
Influence Maximization

We propose a primal–dual greedy algorithm to solve the disjoint Multi-product sub-
modular cover problem under budget and disjointness constraints. The algorithm
maintains a primal solution, consisting of disjoint slot sets S1, . . . ,Sℓ, and a corre-
sponding dual solution, represented by product-specific dual variables λ1, . . . , λℓ. Each
dual variable λj reflects the urgency of satisfying the coverage demand σj of product
j. Initially, all slot sets are empty, and the full budget is available for each product. At
each iteration, the algorithm evaluates all feasible slot–product pairs and computes
their marginal influence gain per unit cost, weighted by the corresponding dual vari-
able. The pair with the maximum weighted marginal gain is selected, and the slot is
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irrevocably assigned to the chosen product. This enforces the disjointness constraint
naturally, as each slot can be selected at most once.

After assigning a slot, the remaining budget of the corresponding product is
updated. Once a product’s coverage requirement is met, its dual variable is set to
zero, preventing further slot assignments to that product. This mechanism allows the
algorithm to automatically shift its focus toward products whose demands are still
unmet. By leveraging the monotonicity and submodularity of the influence functions,
the greedy selection ensures diminishing returns, which is critical for both efficiency
and approximation guarantees. The primal–dual framework enables a tight coupling
between the cost incurred and the progress made toward satisfying coverage demands.
We show that, when slot costs are uniform and demands are expressed as per-product
cardinality caps, this greedy selection rule coincides with the classical greedy algo-
rithm for submodular maximization over the intersection of two matroids, which
yields a formal constant-factor approximation guarantee (Theorem 9). For the general
knapsack-budget setting used in our experiments, Algorithm 4 remains a value-density
greedy heuristic without a proven worst-case bound, though Remark 2 discusses a
standard modification that restores a constant-factor guarantee in that setting as well.

Note that if the algorithm terminates with some unmet demands, this indicates
that the instance is infeasible under the given budget and disjointness constraints. In
such cases, the algorithm returns a partial allocation that maximizes total covered
influence while respecting feasibility.

Algorithm 4: Primal–Dual Greedy for Disjoint Multi-product Slot Selection

Input: Billboard slots BS, products P = {1, . . . , ℓ}, influence functions
{Ij(·)}j∈P , slot cost w(·), budgets {Zj}, demands {σj}

Output: Disjoint slot sets S1, . . . ,Sℓ
1 Initialize Sj ← ∅, remaining budget Rj ← Zj for all j;

2 Initialize dual variables λj ← 1
σj
;

3 Initialize assigned slot set A ← ∅;
4 while there exists j such that Ij(Sj) < σj do
5 foreach s ∈ BS \ A do
6 foreach j ∈ P with w(s) ≤ Rj do
7 ∆s,j ← Ij(Sj ∪ {s})− Ij(Sj);
8 ρs,j ← λj ·∆s,j/w(s);

9 Choose (s∗, j∗) = argmaxs,j ρs,j ;
10 if ∆s∗,j∗ = 0 then
11 break;

12 Sj∗ ← Sj∗ ∪ {s∗};
13 Rj∗ ← Rj∗ − w(s∗);
14 A ← A∪ {s∗};
15 if Ij∗(Sj∗) ≥ σj∗ then
16 λj∗ ← 0;

17 return S1,S2, . . . ,Sℓ;
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Complexity Analysis.

Let n = |BS| denote the number of billboard slots and ℓ = |P| the number of products.
The time required to evaluate the influence function for a billboard slot isO(n·t) where
t is the number of tuples in the trajectory database. In Line No. 1 to 3 initializing
Sj ← ∅ and Rj ← Zj for all j ∈ P, A ← ∅ and setting λj ← 1

σj
for all j ∈ P takes

O(ℓ) time. In Line No. 4, the while loop condition can be checked in O(ℓ) time per
iteration. The for loop at Line No. 5 will iterate for O(n) times, and the for loop

at Line No. 6 for each slot s, the loop over products j ∈ P with w(s) ≤ Rj takes O(ℓ)
time in the worst case. Next, in Line No. 7 to 8, computing ∆s,j requires two influence
evaluations and thus costs O(n · t · ℓ) time. Finding (s∗, j∗) over all evaluated pairs
takes O(nℓ) time per iteration at Line No. 9 and Line No. 10 to 11 will take O(1) time
to execute. Now, in Line No. 12 to 14 will take O(1) time to execute. In Line 15 to
16, the coverage satisfaction check will take O(n · t · ℓ) time. Therefore the total time
Algorithm 4 will take O(n · ℓ2 · t). The space complexity is O(n+ ℓ).

Theorem 8 The time and space requirements of Algorithm 4 will be O(n ·ℓ2 ·t) and O(n+ℓ),
respectively.

Lemma 1 Algorithm 4 produces disjoint slot sets satisfying budget constraints for all
products.

Proof We prove the claim by analyzing the update rules of Algorithm 4. The algorithm
maintains a global set of assigned slots, A. A slot s is added to A immediately after being
assigned to some product j, and thereafter s is never considered again for any product. Hence,
no slot can be assigned to more than one product, implying that the output sets S1, . . . ,Sℓ
are pairwise disjoint. For each product j, the algorithm maintains a remaining budget Rj ,
initialized as Rj = Zj . A slot s is added to Sj only if w(s) ≤ Rj , and upon assignment the
budget is updated as Rj ← Rj − w(s). Therefore, at any point

∑
s∈Sj

w(s) ≤ Zj , ensuring
that the budget constraint is never violated. Since both disjointness and budget feasibility
are preserved throughout the execution of the Algorithm 4, the lemma follows. □

We now show that, for the cardinality-constrained variant of the Disjoint Multi-
product Slot Selection Problem introduced in Section 3.4.1 (i.e |Sj | ≤ kj for each
product j, together with pairwise disjointness), Algorithm 4 admits a formal worst-
case approximation guarantee. The key observation is that this variant can be cast
exactly as monotone submodular maximization over the intersection of two matroids,
a setting for which the classical greedy algorithm has a well-known guarantee.

Reduction to matroid intersection.

Let U = BS × [ℓ], i.e. one copy (s, j) of every slot s ∈ BS for every product j ∈ [ℓ].
We define two partition matroids on U as follows:

• M1: partition classes {BS × {j}}j∈[ℓ], with capacity kj on class j. Independence in
M1 enforces |Sj | ≤ kj for every product j.
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• M2: partition classes {{s} × [ℓ]}s∈BS , with capacity 1 on each class. Independence
in M2 enforces that every slot s is used by at most one product.

A subset A ⊆ U is feasible for the disjoint problem if and only if A is independent
in both M1 and M2 simultaneously, i.e. A is a common independent set of the two
matroids M1 and M2. For fixed positive weights λ1, . . . , λℓ (in particular λj = 1/σj ,
matching the initialization of the dual variables in Algorithm 4), define

G(A) =

ℓ∑
j=1

λj Ij
(
Sj(A)

)
, Sj(A) := { s ∈ BS : (s, j) ∈ A }. (7)

Lemma 2 G is a normalized, monotone, submodular function on 2U .

Proof Normalization and monotonicity are immediate from those of each Ij and λj > 0. For
submodularity, let A ⊆ B ⊆ U and (s, j) /∈ B. Since Sj(A) ⊆ Sj(B) and Ij is submodular,

Ij
(
Sj(A) ∪ {s}

)
− Ij

(
Sj(A)

)
≥ Ij

(
Sj(B) ∪ {s}

)
− Ij

(
Sj(B)

)
.

Multiplying by λj ≥ 0 and noting that adding (s, j) to A (resp. B) changes only the j-th
summand of G gives G(A ∪ {(s, j)})−G(A) ≥ G(B ∪ {(s, j)})−G(B), as required. □

Theorem 9 Consider the cardinality-constrained Disjoint Multi-product Slot Selection Prob-
lem, and let (S1, . . . , Sℓ) denote the output of Algorithm 4 run with unit slot cost and with the
early-stopping rule (line 15–16, setting λj ← 0 once Ij(Sj) ≥ σj) disabled, so that the algo-
rithm keeps adding slots to product j until |Sj | = kj or no positively-valued slot remains. Let
(S∗

1 , . . . , S
∗
ℓ ) be any feasible solution respecting the cardinality and disjointness constraints.

Then
ℓ∑

j=1

λj Ij(Sj) ≥
1

3

ℓ∑
j=1

λj Ij(S∗
j ). (8)

Proof At unit slot cost, Algorithm 4’s selection rule is pick the available pair (s, j) with s
unused, |Sj | < kj , maximizing marginal gain λj ∆s,j which is precisely the classical greedy
algorithm for maximizing a monotone submodular function (G, by Lemma 2) over the com-
mon independent sets of p matroids, here p = 2 (namely M1 and M2 defined above). By the
result of Fisher, Nemhauser and Wolsey [56], this greedy procedure guarantees an objective
value at least 1

p+1 = 1
3 of the optimum over all common independent sets, which is exactly

the right-hand side of Equation 8. □

Corollary 1 Suppose λj = 1/σj for each j, and suppose the instance is feasible, i.e. there
exists (S∗

1 , . . . , S
∗
ℓ ) satisfying the cardinality and disjointness constraints with Ij(S∗

j ) ≥ σj for
every j ∈ [ℓ]. Then Algorithm 4 (with early stopping disabled, as in Theorem 9) guarantees

1

ℓ

ℓ∑
j=1

Ij(Sj)

σj
≥ 1

3
.
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Proof Since Ij(S∗
j ) ≥ σj for all j, we have

∑
j Ij(S

∗
j )/σj ≥ ℓ. Dividing both sides of

Equation 8 by ℓ and substituting λj = 1/σj gives the claim. □

Remark 2 Theorem 9 and Corollary 1 give an average, aggregate guarantee across products
rather than a per-product worst-case guarantee; strengthening to the latter appears to require
handling the adversarial interaction of products competing for the same high-value slots. The
bound is established for the cardinality-budget variant (|Sj | ≤ kj), matching the original
problem definition in Section 3.4.1. Here disjointness and the per-product cardinality caps
together form the intersection of two partition matroids, which is what enables the reduction.
For the cost/knapsack-budget variant used elsewhere in this section (arbitrary w(s), budgets
Bj), Algorithm 4 as stated performs value-density greedy (ranking by λj∆s,j/w(s)) rather
than raw marginal-gain greedy, and it is well known that value-density greedy alone can be
made arbitrarily bad on a single knapsack constraint by a single large, high-value item that
greedy’s early, smaller picks render infeasible. The standard solution (Khuller, Moss and Naor
[39]; Sviridenko [57]) is to also consider, for each product, the single best slot it could afford
alone, and return the better of the two candidate solutions. This restores a constant-factor
guarantee in the knapsack setting at the cost of a trivial O(nℓ) additional check.

5 Experimental Evaluations

This section describes the experimental evaluation of the proposed solution
approaches. Initially, we start by describing the datasets.

5.1 Dataset Descriptions.

We used two real-world datasets: New York City (NYC)1 and Los Angeles (LA)2, both
adopted in previous studies [4, 6, 28, 41]. The NYC dataset contains 227,428 check-ins
(Apr 2012–Feb 2013), while the LA dataset includes 74,170 check-ins across 15 streets.
Billboard data for both cities is sourced from LAMAR3, comprising 1,031,040 slots
in NYC and 2,135,520 in LA. In Table 1 |T |, |U|, and Avgdist denote the number of
trajectories, the number of unique users, and the average distance between trajectories.
Similarly, in Table 2 |B|, |BS|, andAvgdist denote the number of billboards, the number
of billboard slots, and the average distance between the billboards placed across the
city. The descriptions of the datasets are summarized in Table 1 and Table 2.

Dataset |T | |U| Avgdist
NYC 227428 1083 3.12 km
LA 74170 2000 0.61 km

Table 1: Trajectory Datasets

Dataset |B| |BS| Avgdist
NYC 716 1031040 15.07 km
LA 1483 2135520 10.26 km

Table 2: Billboard Datasets

1https://www.nyc.gov/site/tlc/about/tlc-trip-record-data.page
2https://github.com/Ibtihal-Alablani
3http://www.lamar.com/InventoryBrowser

21

https://www.nyc.gov/site/tlc/about/tlc-trip-record-data.page
https://github.com/Ibtihal-Alablani
http://www.lamar.com/InventoryBrowser


5.2 Key Parameters.

All key parameters used in our experiments are summarized in Table 3. The default
parameter settings are highlighted in bold.

Table 3: Key Parameters

Parameter Values
α 40%, 60%, 80%,100%, 120%
β 1%, 2%,5%, 10%, 20%
|P| 100, 50,20, 10, 5
ϵ 0.01, 0.05,0.1, 0.15, 0.2
λ 25m, 50m,100m, 125m, 150m

Advertiser

Given an advertiser A, with a set of products P = {p1, p2, . . . , pn}, the advertiser
can be represented as (A, pi, σi,B), where pi is the ith product, σi and B is the
corresponding influence demand and budget.

Demand Supply Ratio.

The ratio α = σP/σ∗ represents the proportion of global influence demand (σP =∑n
i=1 σi) to total influence supply (σ∗ =

∑
b∈BS I(b)). We evaluate five values of

θ : 40%, 60%, 80%, 100%, and 120%.

Advertiser Individual Demand.

The ratio β = σP′′
/σ∗ denotes the ratio of average individual demand to total influence

supply, where σP′′
= σP/|P| is the average influence demand per product. This value

β adjusts the demand of individual products.

Product Demand.

The demand for each product is generated as σ = ⌊ω · σ∗ · β⌋, where ω is a random
factor between 0.8 and 1.2 to simulate varying product payments.

Billboard Cost.

The outdoor advertising companies like LAMAR and JCDecaux do not disclose the
actual cost of renting a billboard slot. In existing studies [4, 6, 26, 49, 58, 59], the cost
of a billboard slot is proportional to its influence. Following this, we calculated the

cost of a billboard slot ‘bs’ using ⌊δ · I(bs)10 ⌋, where δ ∈ [0.8, 1.1] and I(bs) denotes the
influence of billboard slot ‘bs’.

Advertiser Budget.

Following existing studies [28–30, 58, 60], we set each product’s payment proportional
to its influence demand: Li = ⌊η ·σi⌋, where η is a random factor in [0.9, 1.1] to model
payment variations. The total advertiser budget is then B =

∑n
i=1 Li.
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Environment Setup.

All Python code is executed on an HP Z4 workstation with 64 GB RAM and a 3.50
GHz Intel Xeon(R) CPU.

5.3 Baseline Methodologies.

Random Allocation (RA)

In this approach, billboard slots are selected uniformly at random and assigned to
products until both the influence demand and budget constraints are met.

Top-k Allocation

In this approach, billboard slots are first sorted by their influence values. The highest-
influence slots are allotted to the products sequentially until the influence requirements
and budget constraints are met.

CELF (common)

In this approach [61], a single priority queue of slots is maintained, ordered by marginal
gain summed across all product’s unsatisfied demands. At each step, the slot with
the highest aggregate marginal gain is added to the shared slot set. The algorithm
terminates when influence demand is satisfied or when all slots are exhausted.

CELF (disjoint)

In this approach [61], products are processed with a per-product priority queue. At
each global iteration, the slot–product pair with the highest lazily-verified marginal
gain per unit cost is selected. The slot is removed from all other product’s candidate
pools and the corresponding product’s remaining demand is updated. This terminates
when all product’s demands are satisfied or their budgets are exhausted.

5.4 Goals of Our Experimentation

• RQ1: Varying α, β, how do the satisfied product change?
• RQ2: Varying α, β, how do the total budget is utilized?
• RQ3: Varying α, β, how do the computational time change?
• RQ4: Varying ϵ and λ, how do the influence quality change?

5.5 Results and Discussions

In this section, we analyze the experimental results to show the effectiveness and
efficiency of the proposed algorithms for Multi-product billboard influence maximiza-
tion. The analysis focuses on four research questions (RQ1–RQ4) to examine how the
demand-supply ratio α, the individual product demand ratio β, the approximation
parameters ϵ, and the spatial influence range λ affect influence satisfaction, budget
utilization, and computational performance. The results are reported for both the
NYC and LA datasets and compared against baseline approaches: Random Alloca-
tion (RA) and Top-k Allocation, as well as the proposed Bi-Criteria Approximation
(BCA), Randomized Allocation (RA), and Primal–Dual Greedy (PDG) algorithms.
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(q) β = 2%, |P| = 50 (r) β = 5%, |P| = 20 (s) β = 10%, |P| = 10 (t) β = 20%, |P| = 5

Fig. 3: Varying β and |P| value α vs. Influence (a, b, c, d, e), α vs. Cost (f, g, h, i, j).
α vs. No. of Slots (k, ℓ,m, n, o), α vs. Time, and (p, q, r, s, t) for LA Dataset

Varying α and β Vs. Influence.

From Figure 3(a,b,c,d,e) and Figure 4(a,b,c,d,e), it is clear that with the increase
of demand supply ratio (α), within the budget of each product, the influence value
increases. When β = 1%, 2%, 3% and α = 40%, 60%, 80%, the ‘PDG’ approach satisfies
all the demands of the products as shown in Figure 3(a,b,c) and Figure 4(a,b,c).
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(q) β = 2%, |P| = 50 (r) β = 5%, |P| = 20 (s) β = 10%, |P| = 10 (t) β = 20%, |P| = 5

Fig. 4: Varying β and |P| value α vs. Influence (a, b, c, d, e), α vs. Cost (f, g, h, i, j).
α vs. No. of Slots (k, ℓ,m, n, o), α vs. Time, and (p, q, r, s, t) for NYC Dataset

However, the ‘RA’, ‘Top-k’, and ‘Random’ approaches satisfied fewer products. So
the achieved influence of the ‘PDG’ approach is higher than the ‘RA’, ‘Top-k’, and
‘Random’. When the α value is 100% or 120%, the influence demand is higher for each
product and requires a larger number of slots to satisfy, as shown in Figure 3(d,e)
and Figure 4(d,e). Hence, none of the algorithms satisfy all the products. However,
in this case, the ‘PDG’ approach performs better than all other approaches. In the
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case of the ‘BCA’ approach, the influence gain is higher than that of baseline methods
such as ‘Random’ and ‘Top-K’, as well as the proposed ‘RA’ and ‘PDG’ approaches.
This happens because in the ‘BCA’ approach, we find a common set of slots that can
satisfy all the products. The influence difference of ‘PDG’ and baselines is 30% to 35%
higher in the NYC dataset and 50% to 70% higher in the LA dataset. The influence
difference between the ‘PDG’ and ‘RA’ approaches is 20% to 35% higher in the NYC
dataset and 40% to 60% higher in the LA dataset. In the experimental setup, when
α ≥ 100% and β ≥ 10%, the influence demand is greater than the influence supply
in those cases, and the influence demand of all the products is not satisfied. In these
cases, ‘PDG’ methods perform better than the baselines; however, the ‘RA’ approach
fails to provide a feasible solution. When α ≤ 80% and β ≤ 5%, the PDG algorithm
consistently satisfies the influence demand of almost all products. This indicates that
when global demand is well within available supply, ‘PDG’ efficiently allocates disjoint
slots while exploiting diminishing returns via submodularity.

Varying α and β Vs. No. of Slots.

With an increase in α and β, the number of slots allocated for each product increases
due to an increase in the demand for influence, as shown in Figure 3(k, ℓ,m, n, o) and
Figure 3(k, ℓ,m, n, o). The baseline uses more slots than the proposed ‘RA’ and ‘PDG’
approaches; however, the ‘Top-k’ approach allocates fewer slots than the ‘Random’
approach. As in the ‘Top-k’, influential slots are stored in descending order and allo-
cated to each product. The ‘BCA’ approach allocates more slots than the ‘PDG’, ‘RA’,
and baseline methods, as it generates a single set of slots to satisfy all the product’s
demand. However, ‘PDG’ allocates a reasonable number of slots to meet the influence
demand of all products. The ‘PDG’ consistently selects fewer slots than BCA while
achieving comparable influence for disjoint settings. This highlights PDG’s ability to
exploit high-impact slots and avoid redundant coverage. Next, the ‘Top-k’ tends to
over-select popular slots, causing early saturation and reduced marginal returns. The
‘RA’ shows highly unstable slot usage due to randomness, further underscoring the
importance of principled optimization. The ‘RA’ approach uses almost 2× fewer slots
than ‘PDG’ and almost 8× fewer than baselines, and 7× fewer than the ‘BCA’. So
the ‘PDG’ takes 4× fewer slots than ‘BCA’ and 5× fewer than baselines.

Efficiency Test.

From Figure 3(p,q,r,s,t) and Figure 4(p,q,r,s,t), we have the five main observations.
First, the running time of ‘RA’ is longer than that of the ‘BCA’, ‘PDG’, and base-
line methods because ‘RA’ considers a larger number of slot-product permutations.
However, with a fixed, smaller number of permutations (e.g., 500), the runtime is less
than the ‘BCA’ approach. Second, as α and β increase, the computational time for all
methods increases. Among the baseline approaches, ‘Top-k’ takes longer than ‘Ran-
dom’. Third, among the proposed approaches, the ‘PDG’ approach takes less time. In
the case of the ‘BCA’ approach with an increase of α and β, the computation time
change is less because the initially selected slots using continuous greedy are significant,
such that they satisfy most of the product’s influence demand. So, further allocation
using greedy based on marginal gain requires less time to compute. Fourth, among all
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methods, ‘PDG’ shows the best scalability, significantly outperforming ‘BCA’, whose
continuous greedy and rounding steps incur substantial overhead. The ‘PGD’ is com-
putationally cheaper, but delivers substantially inferior solution quality. Fifth, as α
and β increase from 40% to 120% and 1% to 20%, respectively, the computational time
for all algorithms increases. However, the runtime increase rate for the ‘RA’ approach
is high due to randomness and slot-product permutations.

Product Vs. Budget.

From Figure 3(f,g,h,i,j) and Figure 4(f,g,h,i,j), we have five observations. First, with
increasing demand supply ratio (α) and average individual demand (β), the influence
demand for each product increases, and a larger number of slots are allocated. Hence,
the product allocation cost increases. Second, in terms of cost, ‘RA’ outperforms ‘Ran-
dom’, ‘Top-k’, ‘PDG’, and ‘BCA’ methods, and ‘RA’ uses the minimum cost to satisfy
the influence demand for all the products. However, ‘RA’ does not outperform the
‘PDG’ in terms of influence. Among the proposed approaches, the ‘BCA’ incurs a
higher cost than ‘RA’ and ‘PDG’. Third, the baseline methods ‘Random’ and ‘Top-k’
incur a higher cost to satisfy all products because of the large number of slot selections.
Fourth, the ‘PDG’ approach incurs higher costs than ‘RA’ and covers a larger number
of product’s influence demand. However, ‘PDG’ takes a lower cost than ‘BCA’ and
the baseline methods to satisfy the highest number of products. Fifth, the ‘RA’ and
‘Top-k’ baselines exhibit inefficient budget utilization, often exhausting budgets early
and failing to meet influence demands. This inefficiency arises from failing to account
for marginal influence-to-cost ratios and the product’s relevance. Sixth, in contrast,
‘PDG’ shows higher cost efficiency, achieving higher influence at comparable or lower
cost. This is because ‘PDG’ explicitly optimizes the weighted marginal gain per unit
cost and dynamically shifts focus toward unmet products using dual variables. ‘BCA’,
while achieving high influence, often incurs a higher total cost due to selecting a larger
shared slot set, making it less suitable when strict budget control is required.

Cost Vs. Objective Satisfaction.

We note that our formal objective (Section 3.4.1) is to minimize allocation cost sub-
ject to each product’s influence demand being satisfied. Figures 3(a–e)/4(a–e) report
influence satisfaction and Figures 3(f–j)/4(f–j) report the corresponding cost under
identical parameter settings, allowing direct comparison. These results show that PDG
achieves the lowest cost among methods that satisfy the largest number of product’s
demands under high-demand settings (α ≥ 100%, β ≥ 10%). The PDG satisfies more
products at lower cost than RA, BCA, and the baselines, directly reflecting effective
cost-minimization under the demand-feasibility constraint. We reiterate this connec-
tion explicitly here to clarify that PDG’s advantage is not merely in raw influence,
but in cost-efficient satisfaction of the stated demand constraints.

Impact of Different Parameters.

We have experimented with different values of α, β, and the number of products to
show that different cases occur due to the varying demand of the products. We have
reported the experimental results of different settings: α = 40%, 60%, 80%, 100%, 120%
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and β = 1%, 2%, 5%, 10%, 20%, and the number of products (|ℓ|) are 100, 50, 20, 10, 5.
The additional parameters used in our experiments are the distance parameter λ and
the approximation parameter ϵ. The λ determines the distance from which a billboard
slot can influence a number of trajectories. The ϵ controls the accuracy of approxima-
tion. The smaller ϵ ∈ (0, 1) provides a better approximation, but increases runtime.
In our experiments, we set ϵ = 0.1 and λ = 100m as the default setting. Experiments
varying epsilon and λ show predictable trends. Smaller ϵ values improve influence qual-
ity but increase runtime, consistent with theoretical expectations. Increasing λ expands
the spatial influence region, leading to higher influence values but also increased over-
lap and cost. Importantly, ‘PDG’ remains stable across parameter variations, showing
graceful degradation rather than abrupt performance loss. This robustness is critical
in practice, where precise parameter tuning may not be feasible.

Additional Discussion.

Additionally, we compare our proposed methods with the CELF algorithm shown in
Table 4. The results show that our proposed PDG algorithm pareto-dominates CELF
(disjoint) across every metric on both datasets. On the NYC, PDG achieves 16.6%
higher influence, 44.8% lower cost, 19.9% fewer slots, 13 percentage points higher
product satisfaction (98% vs. 85%), and 2.2× faster runtime. In the case of LA, PDG
achieves 6.8% higher influence, 15.4% lower cost, 15.7% fewer slots, full satisfaction
(100% vs. 90%), and a 12× runtime improvement. For the common-slot variant, BCA
achieves higher influence and full demand satisfaction than CELF (common) on both
datasets, though at higher computational cost a trade-off directly explained by the
complexity gap between the continuous-greedy-with-rounding procedure (Theorem 3,
O(n2ℓ/ϵ)) and lazy greedy’s cheaper per iteration cost. We believe this addition sub-
stantively strengthens our empirical evaluation and directly demonstrates that our
methods, particularly PDG, remain competitive against and often superior to the
classical submodular optimization baselines, not just naive heuristics.

6 Concluding Remarks

In this paper, we study the problem of Multi-product influence maximization, moti-
vated by practical advertising scenarios in which a commercial house plans to promote
multiple products to its customers. We have studied the problem in two variants. In
the first one, the same set of slots will be used for promoting multiple products. This
problem asks to choose a given number of highly influential slots so that the influence
demand of each product is satisfied. Whereas in the other case, for every product,
there exists both a budget for the number of slots and influence demand. The task
is to choose a disjoint subset of slots for each product such that their influence on
demand is satisfied. Both variants were shown to be NP-hard via their connection
to multi-submodular cover problems. For these problems, we have proposed several
solution approaches. For the Common Multi-product Slot Selection Problem, we have
proposed a continuous greedy algorithm and a bi-criteria approximation algorithm.
For the Disjoint Multi-product Slot Selection Problem, we have proposed a sampling-
based randomized algorithm with bounded estimation error and a primal-dual greedy
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Table 4: Comparison with CELF baseline at default parameter settings (α = 100%,
β = 1%, |P| = 100, ϵ = 0.1, λ = 100m).

Dataset Method Influence Cost # Slots Satisfied Product Time (sec.)

NYC

Random 314.50 83.65 1568 74 4
Top-k 460.61 83.65 1390 82 8
RA 368.49 12.07 1204 64 2657
CELF (common) 601.36 30.42 4473 95 4894
BCA 804.49 43.87 4844 100 67588
CELF (disjoint) 520.89 22.82 628 85 1652
PDG 607.08 12.60 503 98 752

LA

Random 724.36 345.25 4712 19 13
Top-k 749.07 345.25 3784 20 18
RA 2283.38 91.35 1256 64 9540
CELF (common) 4800.86 280.63 3800 95 14985
BCA 5195.13 334.41 4560 100 101450
CELF (disjoint) 3258.42 220.58 3045 90 9473
PDG 3481.36 186.67 2567 100 783

algorithm that efficiently enforces budget and disjointness constraints and scales well
to large datasets. We have derived the relationship between sample size and solution
accuracy. We have analyzed all the algorithms for their time and space requirements
and experimented with real-world billboard and trajectory datasets. The experimen-
tation shows that the proposed methods significantly outperform baseline approaches.
In particular, ‘PDG’ consistently achieves higher influence satisfaction and better
budget utilization under high-demand, limited-supply conditions. In the future, this
work can be extended to dynamic and online settings to incorporate multi-advertiser
competition and multi-channel influence models.
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[53] Vondrák, J.: Submodularity in combinatorial optimization (2007)

[54] Chekuri, C., Inamdar, T., Quanrud, K., Varadarajan, K., Zhang, Z.: Algo-
rithms for covering multiple submodular constraints and applications. Journal of
combinatorial optimization 44(2), 979–1010 (2022)

[55] Feldman, M., Naor, J., Schwartz, R.: A unified continuous greedy algorithm
for submodular maximization. In: 2011 IEEE 52nd Annual Symposium on
Foundations of Computer Science, pp. 570–579 (2011). IEEE

[56] Fisher, M.L., Nemhauser, G.L., Wolsey, L.A.: An analysis of approximations for
maximizing submodular set functions—ii. In: Polyhedral Combinatorics: Dedi-
cated to the Memory of D. R. Fulkerson, pp. 73–87. Springer, Berlin, Heidelberg
(2009)

[57] Sviridenko, M.: A note on maximizing a submodular set function subject to a
knapsack constraint. Operations Research Letters 32(1), 41–43 (2004)

[58] Aslay, C., Bonchi, W.L.F., Goyal, A., Lakshmanan, L.V.: Viral marketing meets
social advertising: Ad allocation with minimum regret. Proceedings of the VLDB
Endowment 8(7) (2015)

[59] Banerjee, S., Pal, B., Jenamani, M.: Budgeted influence maximization with tags
in social networks. In: Web Information Systems Engineering–WISE 2020: 21st
International Conference, Amsterdam, The Netherlands, October 20–24, 2020,
Proceedings, Part I 21, pp. 141–152 (2020). Springer

[60] Aslay, C., Lakshmanan, F.B.L.V., Lu, W.: Revenue maximization in incentivized
social advertising. Proceedings of the VLDB Endowment 10(11) (2017)

[61] Leskovec, J., Krause, A., Guestrin, C., Faloutsos, C., VanBriesen, J., Glance, N.:
Cost-effective outbreak detection in networks. In: Proceedings of the 13th ACM
SIGKDD International Conference on Knowledge Discovery and Data Mining,
pp. 420–429 (2007)

34


	Introduction
	Our Contributions.
	Organization of the Paper


	Related Work
	Influential Zone Selection
	Influential Billboard Slot Selection
	Trajectory-Driven Influence Maximization
	Tag-Based Influence Maximization

	Background and Problem Definition
	Trajectory and Billboard Database
	Billboard Advertisement
	Submodular Set Functions and Continuous Extensions
	Problem Definition
	Common and Disjoint Multi-product Slot Selection Problem
	Multi-Submodular Cover Problem
	Generalized Multi-Submodular Cover Problem


	Proposed Solution Approaches
	Common Multi-product Slot Selection
	Complexity Analysis.

	Disjoint Multi-product Slot Selection
	Randomized Algorithm for Multi-product Influence Maximization
	Sample Complexity Analysis.
	Computational Complexity Analysis.


	Greedy Primal–Dual Algorithm for Multi-product Influence Maximization
	Complexity Analysis.
	Reduction to matroid intersection.



	Experimental Evaluations
	Dataset Descriptions.
	Key Parameters.
	Advertiser
	Demand Supply Ratio.
	Advertiser Individual Demand.
	Product Demand.
	Billboard Cost.
	Advertiser Budget.
	Environment Setup.


	Baseline Methodologies.
	Random Allocation (RA)
	Top-k Allocation
	CELF (common)
	CELF (disjoint)


	Goals of Our Experimentation
	Results and Discussions
	Varying  and  Vs. Influence.
	Varying  and  Vs. No. of Slots.
	Efficiency Test.
	Product Vs. Budget.
	Cost Vs. Objective Satisfaction.
	Impact of Different Parameters.
	Additional Discussion.



	Concluding Remarks

