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Understanding the emergence of complex structures of nuclei from chiral effective field theory
(EFT) is a central challenge. The large number of low-energy couplings (LECs) in the EFT expansion
and the significant cost of ab initio many-body calculations render large-scale sensitivity studies of
many-body observables computationally prohibitive, necessitating the use of emulators as low-cost
surrogates. In this work, we study a Hartree-Fock emulator based on eigenvector continuation to
investigate trends in nuclear charge radii of neutron-rich calcium isotopes. We systematically vary
the five LECs entering the leading three-nucleon (3N) interactions, and demonstrate the precision of
the emulator through cross validation over a wide parameter space. Our findings indicate that the
large charge-radius increase from 48Ca to 52Ca is likely not explained by variations of the leading
3N couplings. This suggests that other effects, such as sensitivities to chiral two-nucleon interactions
or neglected many-body effects, e.g., associated with nuclear collectivity, play an important role.

I. INTRODUCTION

Ab initio calculations of nuclei combine a systematic
expansion of nuclear forces and electroweak operators
with a systematic expansion of many-body calculations [1–
3]. The expansion of nuclear forces is usually based on
chiral effective field theory (EFT) [4, 5] which predicts
consistent nucleon-nucleon (NN) interactions VNN and
three-nucleon (3N) interactions V3N . The resulting Hamil-
tonians are then used as starting point for a range of
many-body methods that can tackle nuclei as heavy as
208Pb (see, e.g., Refs. [6–10]). Understanding the emer-
gence of complex structures and quantifying the EFT and
many-body uncertainties are important ongoing efforts in
ab initio calculations.

While the long-range parts of nuclear forces is governed
by pion exchanges, the short-range parts are given by
contact interactions with a set of low-energy couplings
(LECs). The set of LECs {ci} is usually fitted to ex-
perimental NN scattering and few-body data, including
sometimes also selected medium-mass observables. The
nuclear Hamiltonian in chiral EFT can then be decom-
posed in the form

H = T + Vlong +
∑
i

ciVi + Vrest , (1)

where T is the intrinsic kinetic energy, Vlong are the long-
range parts, c⃗ = (c1, ..., cN ) denotes the vector of LECs
with Vi the corresponding operators, and Vrest are all
remaining contributions that do not depend on the LECs.
Depending on the truncation in the chiral power counting,
the total number of LECs can be quite sizeable, e.g., 23 at
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next-to-next-to-next-to-leading order (N3LO), resulting
in a high-dimensional parameter space.

The study of sensitivities of nuclear observables to dif-
ferent LECs has been of growing interest in recent years as
it allows to understand which interactions drive the emer-
gence of nuclear structure (see, e.g., [10, 11]). However,
the large dimension of the LEC space makes the system-
atic study of the associated interactions through explicit
variations of the underlying LEC values impossible, as it
requires millions of many-body calculations to even partly
exhaust the parameter space at any realistic chiral order.
As a remedy, emulator frameworks have been developed
in the last years, as they allow approximating the full
many-body solution at low computational cost. While the
emulator itself induces uncertainties, its accuracy can be
systematically improved by enlarging the training set that
is used in its initial construction. Emulators for LEC vari-
ations have been applied to nuclear few- and many-body
calculations [10–19] as well as schematic low-dimensional
models with phase transitions [20, 21].

One powerful emulator framework is eigenvector contin-
uation (EC) [20, 22], which is based on a diagonalization
within a manifold of training vectors. Eigenvector con-
tinuation has been explored in many applications by the
nuclear physics community [10–23]. In this work, we
use EC-based emulators to shed light on the large mean-
square radius increase from 48Ca to 52Ca [24], which is not
reproduced in ab initio calculations using different chiral
nucleon-nucleon (NN) and three-nucleon (3N) interac-
tions. Because nuclear radii (or the saturation density
in infinite matter) are reasonably well reproduced at the
Hartree-Fock (HF) level in ab initio calculations with
softer interactions [11, 25], we construct an EC-based HF
emulator to quantify the sensitivity to the five different
3N couplings c1, c3, c4, cD, cE of the leading 3N forces in
chiral EFT. For the most promising LEC solutions, we
also carry out in-medium similarity renormalization group
(IMSRG) calculations.

This paper is organized as follows. Section II discusses
the formalism of the EC-based HF emulator, while Sec. III
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provides the emulator construction and details for our
calcium applications. Our physics results for 48Ca and
52Ca are presented in Sec. IV. Finally, we conclude with
a summary and outlook in Sec. V.

II. EMULATOR FRAMEWORK

A. Eigenvector continuation

In the EC approach, the many-body states |Φ(c⃗i)⟩ are
computed using a given many-body method for a specified
set of NEC LEC training vectors c⃗i. Based on this training
set, the emulated energies can be evaluated for arbitrary
values for the LECs by solving the generalized eigenvalue
problem [20, 22]

Hx⃗ = ENx⃗ , (2)

with the Hamiltonian and norm kernels

Hij = ⟨Φi|H(c⃗◦)|Φj⟩ , (3a)

Nij = ⟨Φi|Φj⟩ . (3b)

Here, c⃗◦ denotes the target LECs and we used the short-
hand notation |Φi⟩ ≡ |Φ(c⃗i)⟩. Hence, in the EC approach
the full solution is re-expanded in terms of the basis
consisting of the training vectors, and the emulated states
are variationally optimized through the solution of Eq. (2).
Although eigenvalues may change strongly as a function
of the LECs, the eigenvectors themselves can typically be
more robustly inter- or extrapolated beyond the training
data [13, 20, 22].

Clearly, the power of the EC approach is directly linked
to the complexity of the training vectors themselves that
affect the evaluation of Hamiltonian and norm kernels
needed for the solution of Eq. (2). In this work, we use
training vectors obtained from a Hartree-Fock solution
giving rise to a variationally optimized Slater determi-
nant [26]. The simplicity of the training vector allows
for a low-cost evaluation of operator kernels. In general,
having a good description of the target observable is nec-
essary for constructing accurate many-body emulators.
While ground-state energies are generally underbound
at the HF level, nuclear radii are better reproduced and
much less sensitive to correlation effects (see, e.g., [11]).
As this work is dedicated to trends of nuclear charge radii,
HF training vectors offer a good compromise between
simplicity and accuracy.

Note that in its standard formulation, the EC diago-
nalization generates a superposition of training vectors

|Ψ(c⃗◦)⟩ =
∑
i

ai |Φi⟩ , (4)

where ai denotes the expansion coefficients. Since |Ψ(c⃗◦)⟩
is a superposition of Slater determinants, this emulated
target state is beyond the scope of a HF optimization
and resembles a generator coordinate method (GCM)
state that is energetically lower than its HF counterpart
|ΦHF(c⃗◦)⟩.

B. Transition densities

In ab initio calculations, nuclear interactions and states
are often expanded in a harmonic oscillator (HO) basis.
Let Ui denote the unitary transformation from the HO
to the HF basis of |Φi⟩,

a†i,q =
∑
p

Ui,pqc
†
p , (5)

where indices p, q denote general single-particle states.
The matrix elements of Ui are given by the set of HF
coefficients. The overlap between two different HF states
can be compactly written by virtue of the simple version
of the Onishi formula [27, 28]

⟨Φ0|Φ1⟩ = det (U0U
†
1 ) , (6)

involving their respective transformation matrices. In our
calculations, the HF solutions are constrained to maintain
rotational invariance. Hence, the determinant is evaluated
in individual sub-blocks of good total angular momentum,
parity, and isospin.

The matrix elements of operator kernels are conve-
niently evaluated using the one-body transition density
matrix defined as

ρ[01]pq =
⟨Φ0|c†qcp|Φ1⟩

⟨Φ0|Φ1⟩
. (7)

In practice the one-body transition density matrix is
obtained through the use of the Thouless theorem [29],

|Φ1⟩ = eZ |Φ0⟩⟨Φ0|Φ1⟩ , (8)

where the exponential involves a skew-symmetric one-
particle–one-hole excitation operator

Z =
∑
ai

zai a
†
0,aa0,i = −Z† , (9)

that maps pairs of (non-orthogonal) Slater determinants
onto each other. The matrix elements of Z are obtained
from the expression

zai =
∑
j

(fhh)−1
ij fja , (10)

where fpq = (U1U
†
0 )pq and (fhh)−1 denotes its inverse in

the sub-block of hole states. The sums run over particle (a)
and hole (i) HF states for |Φ0⟩ and over hole (j) HF states
for |Φ1⟩. With the aid of the Thouless transformation,
the transition density matrix can be written as

ρ[01]pq = ⟨Φ0|c†qcpeZ |Φ0⟩ . (11)

Expanding the exponential and using Wick’s theorem, we
obtain a decomposition of the transition density matrix
as

ρ[01]pq = ρ[00]pq +
∑
ai

U0,ap zai U0,iq . (12)
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Terms quadratic in Z (or higher) do not contribute as
they do not allow for a fully contracted operator product.
Moreover, higher-body density matrices factorize into anti-
symmetric products of one-body densities as expected for
product-type vacua such as Slater determinants.

C. Operator kernels

Using the above definition of transition densities, the
kernel of a generic operator containing up to three-body
terms involves the following contributions

⟨Φ0|H|Φ1⟩1B =
∑
pq

tpqρ
[01]
qp , (13a)

⟨Φ0|H|Φ1⟩2B =
1

2

∑
pqrs

vpqrsρ
[01]
rp ρ[01]sq , (13b)

⟨Φ0|H|Φ1⟩3B =
1

6

∑
pqrstu

wpqrstuρ
[01]
sp ρ

[01]
tq ρ[01]ur , (13c)

where tpq, vpqrs, wpqrstu are the matrix elements of the
one-body part of the kinetic energy, two-body operators,
and three-body interactions, respectively. This expres-
sion is identical to the operator kernels present in the
GCM [26]. For the special case of identical bra and ket
states, this yields the standard expressions of the HF ex-
pectation values. As in this case, the EC operator kernels
are Hermitian, i.e., Hij = H∗

ji, we will refer to this as
“symmetric” formulation of the EC framework.

In this work, however, we adopt a different strategy
following Ref. [11]. We normal order the operator with
respect to the ket reference state |Φ1⟩, giving rise to the
normal-ordered zero-body part ⟨Φ1|H|Φ1⟩. Furthermore,
the normal-ordered one-body part is given by

hpq = tpq +
∑
rs

vprqsρ
[11]
sr +

1

2

∑
rstu

wprsptuρ
[11]
tr ρ[11]us , (14)

which is the HF potential corresponding to the ket refer-
ence state. The final operator kernels are then evaluated
according to

⟨Φ0|HHF|Φ1⟩ = ⟨Φ1|H|Φ1⟩+
∑
pq

hpqρ
[01]
qp , (15)

where the contraction is performed over the transition
density. This induces an asymmetry in the operator
kernels as the normal-ordered one-body part hpq solely
depends on the ket reference state. Due to the broken
hermiticity Hij ̸= H∗

ji, we refer to this approximation as
“asymmetric” EC.

Finally, we emphasize that the simple form of the opera-
tor kernels derived here is only valid for Slater determinant
training vectors that yield a decomposition of many-body
density matrices as (anti-symmetric) products of the one-
body density matrix. This factorization is no longer true
for more general many-body states that contain higher-
order correlations and hence induce irreducible density
matrices of higher particle rank.

D. Emulator for general ground-state observables

In contrast to energies other ground-state observables,
such as radii, cannot be directly obtained from a solution
of an eigenvalue problem like Eq. (2). Instead, such observ-
ables can be emulated by computing expectation values
of a given operator O(c⃗◦) with respect to the emulated
EC ground state:

⟨O(c⃗◦)⟩ = ⟨Ψ(c⃗◦)|O(c⃗◦)|Ψ(c⃗◦)⟩ . (16)

As a consequence, for each additional operator a new
(NEC×NEC)-dimensional operator kernel needs to be pre-
computed for the final EC emulation. The corresponding
expressions are identical to those of the Hamiltonian in
terms of transition densities as presented in Eqs. (13).

Since the EC eigenvalue problem is solved for a state
with given symmetry quantum numbers, the emulated val-
ues for the observable are bound to the same irreducible
representation of the Hamiltonian’s symmetry group. As
a check of our calculations, we emulated the expectation
value of J2. As the training manifold contains only states
with good total angular momentum, the emulated ex-
pectation values indeed gave ⟨J2⟩ = 0 up to numerical
precision as expected from a total angular momentum
eigenstate.

III. EMULATOR CONSTRUCTION

A. Computational details

We consider the 1.8/2.0 (EM) NN+3N interaction [30]
for our study. The NN part of this Hamiltonian is
based on the N3LO Entem and Machleidt (EM) in-
teraction with cutoff 500MeV [31] which is similarity-
renormalization-group (SRG) evolved to λSRG = 1.8 fm−1.
This is combined with a next-to-next-to-leading order
(N2LO) 3N interaction with LECs c1, c3, c4, cD, cE and
non-local regulator with Λ3N = 2.0 fm−1. The long-range
3N LECs ci have been chosen consistently with the val-
ues of the NN interaction, c1 = c̄1 = −0.81GeV−1,
c3 = c̄3 = −3.2GeV−1, and c4 = c̄4 = 5.4 GeV−1,
while the short-range LECs cD and cE are fit to the
experimental 3H ground-state energy and 4He charge
radius. This resulted in the values cD = c̄D = 1.264
and cE = c̄E = −0.12. The 1.8/2.0 (EM) interaction
has proven to be very successful in describing ground-
state energies of nuclei over a wide range of the nuclear
chart [32–36]. For our studies here, we will keep the NN
interaction fixed (we will study other NN interactions
in Sec. IVB). We vary the 3N LECs over a wide range
of values (see Sec. III C) and study the sensitivity of
ground-state energies and charge radii.

The HF calculations are performed in a single-particle
basis comprising 13 major oscillator shells, i.e., emax =
max(2n+ l) = 12, with oscillator frequency ℏω = 16MeV
and an additional truncation on the 3N matrix elements
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FIG. 1. Emulated ground-state energies (upper left panel) and charge radii (upper right panel) together with the corresponding
emulator errors (lower panels) for symmetric (blue line) and asymmetric (orange line) EC as a function of cD values. The
training points are indicated by crosses. All other 3N LECs are fixed to the 1.8/2.0 (EM) interaction.

e1 + e2 + e3 ≤ E3max = 16. This is typically large enough
for converged calculations of A ∼ 50 nuclei. The HF
solution is symmetry-constrained and hence is an eigen-
state of total angular momentum J2, angular-momentum
projection Jz, parity P and total isospin projection Tz.
The NN matrix elements and 3N matrix elements for
the different LEC parts are generated in HO basis us-
ing the NuHamil code [37]. The matrix elements of the
nuclear Hamiltonians for the different LECs are then con-
structed on the fly before the many-body calculations.
The mean-square charge radius is evaluated via

⟨R2
ch⟩ = ⟨R2

p⟩+ r2p +
N

Z
r2n + ⟨r2so⟩+

3

4m2
, (17)

where ⟨R2
p⟩ is the mean-square point-proton radius, r2p =

0.707 fm2 and r2n = −0.116 fm2 the squared proton and
neutron charge radius [38], ⟨r2so⟩ the spin-orbit correc-
tion [39, 40], and 3/(4m2) = 0.033 fm2 the Darwin-Foldy
correction (with nucleon mass m) [41].

B. Symmetric vs asymmetric formulation

We start the discussion of the results by comparing
the different symmetric and asymmetric formulations of
the EC operator kernels presented in Sec. II C. In Fig. 1

we show the training points and emulated results for the
ground-state energy and radius of 48Ca as a function of the
3N LEC cD (upper panels), as well as the corresponding
relative emulator errors ∆E/E = (Eemulated −EHF)/EHF
and ∆R/R = (Remulated −RHF)/RHF (lower panels). As
the symmetric variant is a subspace diagonalization and,
therefore, yields a variational optimization of the emulated
ground state in the training manifold, the emulated energy
can be lower than the HF energy at the training points,
since the emulated ground state is not necessarily a Slater
determinant. In this case, the energy at the training
points is not recovered due to the mixing with other
training vectors, and the EC ground state is not a single
Slater determinant.

This is different for the asymmetric EC approach, where
the training state is ensured to be an eigenvector of the EC
matrix at the training point and, therefore, the energy at
the training points is recovered. Moreover, the emulator
error of the energy is reduced by two orders of magnitude
compared to the symmetric EC. In some cases, we still
observe small violations of the lower bound provided by
the EC training points of the order of ∆E ≈ 10−3 MeV;
we attribute these to numerical effects.

As only the asymmetric formulation recovers the many-
body observable at the training points, we discard the
symmetric approach and from now on focus on the asym-
metric formulation. We hence drop the label “asymmetric”



5

−1.5 −1.0 −0.5 0.0

c1 [GeV−1]

0

2000

4000

6000

8000

10000
N

u
m

b
er

o
f

em
u
la

te
d

in
te

ra
ct

io
n
s

δ〈R2
ch〉48,52 < 0.2 fm2

0.2 fm2 < δ〈R2
ch〉48,52 < 0.24 fm2

0.24 fm2 < δ〈R2
ch〉48,52 < 0.28 fm2

0.28 fm2 < δ〈R2
ch〉48,52

δ〈R2
ch〉48,52

expt. = 0.53 fm2

FIG. 2. Distribution of different ranges for δ⟨R2
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function of c1.

in the following and assume that EC operator kernels are
always evaluated following the asymmetric EC approach
as in Ref. [11].

C. Training sets

The LEC combinations are obtained from a k-
dimensional latin hypercube sampling that generates a
space-filling distribution of the LECs in the domain,

D = [a1, b1]× [a2, b2]× ...× [ak, bk] , (18)

where a single LEC ci is drawn from the interval [ai, bi].
We choose the following large intervals for the sampling
of the leading 3N LECs,

c3 ∈ [c̄3 − 3GeV−1, c̄3 + 3GeV−1] = [−6.2,−0.2] GeV−1,

c4 ∈ [c̄4 − 5GeV−1, c̄4 + 5GeV−1] = [0.4, 10.4] GeV−1,

cD ∈ [−5, 10] ,

cE ∈ [−2, 2] , (19)

with a total number of Nt = 100 training points to reduce
the emulator error to less than 1%. While the size of
this training data is substantially larger than in previous
applications, the regularization procedure described in
Sec. III E reduces the dimension of the remaining EC
subspace to around 50-80, depending on the imposed cut
of the norm matrix.

We keep the value of c1 = c̄1 = −0.81GeV−1 fixed in
our study because of its minor impact on charge radius
trends. This is numerically demonstrated in Fig. 2, where
the differential mean-square charge radius δ⟨R2

ch⟩48,52 =
⟨R2

ch⟩(52Ca)− ⟨R2
ch⟩(48Ca) is shown for a wide variation

of c1 values. We find that the total number of emulated
interactions in each bin is, to very good approximation,
independent of the c1 value.
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FIG. 3. Distribution of the relative error of the emulated
ground-state energies compared to exact HF calculations (up-
per panel) and the relative error of the charge radii (lower
panel). The blue part of the histograms corresponds to the
interactions restricted to the energy and radius constraints
from Eq. (20).

D. Cross validation

To ensure the accuracy of our emulator, we perform
an extensive cross validation of emulated ground-state
energies and charge radii, and benchmark them against
the results of explicit Hartree-Fock calculations. To this
end, we set up the emulator for 48Ca using Nt training
points and generate a set of NEC = 10 000 samples for
the emulator evaluation. For both we employ the same
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latin hypercube sampling in the LEC intervals discussed
in the previous section.

In Fig. 3, the histograms show the number of emulated
interactions as a function of the deviation from the exact
HF values. The histograms are plotted using in total 100
bins over the entire error range. The results show that the
maximum deviation for our broad sample set is around
1% for energies and 2% for radii.

We further analyze the impact of restricting the emula-
tor points to a subset of energies and radii fulfilling the
following constraints:

−466MeV < E(48Ca) < −100MeV,

2.95 fm < R(48Ca) < 4.00 fm. (20)

This corresponds to a maximal deviation of about 15%
from the experimental charge radius. For the energies
the lower bound is chosen to be 50MeV below the ex-
perimental value. The upper bound for the energy is
chosen more conservatively since HF calculations give
too-small ground-state energies compared to full ab initio
calculations. Approximately 40% of the originally sam-
pled set fulfill these constraints. In Fig. 4 we show that
the restricted set still covers a large part of the 3N LEC
space.

In Fig. 3 the corresponding interactions that fulfill these
constraints are highlighted in blue, whereas all other in-

teractions are colored in orange in the histograms. When
restricting to the constrained set of emulator data, the
maximum emulator error for both energies and radii is
reduced significantly and does not exceed a few per mille.
Given the wide range of LEC variations, the constructed
HF emulator is thus remarkably precise. Note that the
visualization might be a bit misleading due to the log-
arithmic scale in Fig. 3. By construction, the number
of interactions that fulfill the constraints is the same for
energies and radii.

To potentially further improve the quality of the emu-
lator for the constrained energy and radius regime, the
same constraints were used on the training data in Fig. 5.
In this plot only the constrained emulator results are
shown. The emulator error for both energies and radii
is reduced by two orders of magnitude with respect to
the emulator without constraints on the training data.
Outside the regime of the constrained emulated energies
and radii, the accuracy worsens considerably. This is not
surprising, as the training data do not cover the full LEC
space anymore. Since we are interested in Hamiltonians
corresponding to realistic energies and radii, we generate
our emulators based on constrained training vectors in
the following, whenever possible. Note that this strategy
requires calculating significantly more interactions to con-
struct an emulator of a given size, because only around
40% of the considered points satisfy the constraints.

E. Regularization of the eigenvalue problem

With an increasing number of training points, the train-
ing vectors tend to exhibit increasing linear dependencies,
which makes the solution of the generalized eigenvalue
problem Eq. (2) numerically unstable. This is quantified
through the condition number

κ =
max |λi|
min |λi|

, (21)

where λi are the eigenvalues of the norm matrix N . The
presence of small eigenvalues hence leads to a very large
condition number.

As a remedy, the generalized eigenvalue problem can be
regularized by projecting onto the subspace of eigenvectors
with the largest norm eigenvalues. This is practically
obtained through the singular value decomposition of the
norm matrix

N = LΣRT , (22)

where L,R are orthogonal matrices and Σ = diag(si)
is a diagonal matrix containing the ordered set of non-
negative singular values si ≥ 0. We define the subspace
projection by taking the leading columns (rows) of L
(RT ) corresponding to the k-largest singular values with
s > smin. From this, we obtain a pair of nonsquare
matrices L̃ and R̃ that fulfill the following orthogonality
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FIG. 5. Same as Fig. 3, but with all training vectors restricted
to the energy and radius constraints from Eq. (20).

conditions in the k-dimensional subspace:

L̃T L̃ = 11k×k , (23a)

R̃T R̃ = 11k×k . (23b)

We then further write Σ = Σ1/2Σ1/2 and project the EC
Hamiltonian according to

H̃ = Σ̃−1/2L̃THR̃Σ̃−1/2 . (24)

Note that Σ−1/2 is well defined because Σ is a diagonal
matrix with real, positive entries. This leads to a new
eigenvalue problem in a lower-dimensional subspace

H̃⃗̃x = λ⃗̃x . (25)
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FIG. 6. Median, 0.15- and 0.85-quantile of the cross validation
as a function of the singular value cutoff smin. The value of
smin used in this work is marked by the red line.

The condition number of this regularized problem is de-
termined by the chosen smin value. Note that this regu-
larization method is well known in GCM calculations that
similarly suffer from linear dependencies within the set
of many-body vacua generated along a set of collective
coordinates [26, 42].

In Fig. 6 we show the sensitivity of the emulated results
as a function of the chosen smin value. Specifically, the
figure shows the median med|∆E/E| and med|∆R/R|
and the 0.15- and 0.85-quantile of the distribution of
the absolute value of the relative emulator error for the
energy and charge radius of 48Ca. While the median and
standard deviation become systematically smaller down
to values of smin ≈ 10−6, the results remain stable to a
good approximation below this threshold. For our results
shown in the next section we use smin = 10−6.

IV. APPLICATION TO CALCIUM ISOTOPES

Next, we will use our developed emulator to study
the sensitivity of the charge radius increase from 48Ca
to 52Ca to modifications of the employed nuclear in-
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FIG. 7. Distribution of emulated energies (left panel) and radii (middle panel) for 48Ca and of δ⟨R2
ch⟩48,52 (right panel). The

blue distributions are restricted to the energy and radius constraints from Eq. (26).

teractions, focusing on the 3N LEC sensitivity. This
is driven by the large measured charge radius increase
δ⟨R2

ch⟩48,52 = 0.530(5) fm2 by the COLLAPS collabora-
tion [24]. Ab initio calculations based on different chiral
NN +3N interactions are still not able to reproduce this
large increase [24, 40].

A. Distribution of LEC samples

Since we consider very large ranges for the 3N LECs
for training and emulation, see Eq. (19), not all of the
considered interactions yield reasonable energies and radii.
In fact, Fig. 7 demonstrates that a significant fraction of
the considered interactions yields energies and radii very
far away from the experimental regime. Because of this,
we impose the following constraints on the evaluation
points of the emulator:

−489MeV < E(52Ca) < −100MeV,

−466MeV < E(48Ca) < −100MeV,

3.02 fm < R(52Ca) < 4.09 fm,

2.95 fm < R(48Ca) < 4.00 fm. (26)

These ranges are the same for 48Ca as in Eq. (20) with
similar chosen boundaries for 52Ca. As indicated for
the 48Ca constraints in Fig. 4, the LEC distributions
of the constrained interactions still cover a large part
of the original LEC intervals, Eq. (19). The subset of
interactions that satisfy the constraints is highlighted
in blue in Fig. 7. Interestingly, even when allowing for
such large ranges of energies and radii, none of the 3N
variations with the constrained energies and radii can
explain the large experimental value of δ⟨R2

ch⟩48,52 (see
right panel). Note that the results based on unrestricted
energies and radii can have a very large emulation error.
In Fig. 8, δ⟨R2

ch⟩48,52 is shown for the emulator with
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FIG. 8. Distribution of the emulated δ⟨R2
ch⟩48,52 for the emu-

lator with unconstrained training data, to show the difference
to the emulator with constrained training data in Fig. 7. The
emulated blue distribution is restricted to the energy and ra-
dius constraints from Eq. (26).

unconstrained training data. In this plot the large values
of δ⟨R2

ch⟩48,52 for the unconstrained data disappear. The
maximal value we observe in our sample set is about
δ⟨R2

ch⟩48,52 = 0.32 fm2.
Finally, Fig. 9 shows the correlations between the

ground-state energies and radii of 48Ca and 52Ca for
the emulated interactions constrained by Eq. (26). For
both observables, a strong correlation is observed within
the variations of the 3N LECs. While the energy correla-
tion band has some overlap with the experimental point
(upper panel), even though only with fewer interactions,
the experimental value for the radii is clearly outside of
the correlation band. This shows that, at least for the
considered NN interaction (N3LO EM 500 SRG evolved
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experimental value for δ⟨R2

ch⟩48,52.

to λSRG = 1.8 fm−1), at the HF level all 3N variations
cannot explain the large experimental δ⟨R2

ch⟩48,52.

B. Variation of the NN interaction

We therefore extend our study to other NN interactions
to explore the impact on the differential charge radius. In
this first study, we do not vary NN LECs, but instead
consider the N3LO Entem, Machleidt, Nosyk (EMN) in-
teraction [43] with cutoff 450MeV both unevolved and
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FIG. 10. Distribution of the relative error of the emulated
ground-state energies to exact HF calculations for different
NN interactions. Results are shown for the N3LO EMN 450
interaction SRG-evolved to λSRG = 1.8 fm−1 (upper panel) and
unevolved (lower panel). The blue distributions are restricted
to the energy and radius constraints from Eq. (26).

SRG-evolved to λSRG = 1.8 fm−1. This has the advan-
tage that NN observables are automatically preserved.
In Fig. 10, the cross validation of the energies is shown
for λSRG = 1.8 fm−1 (upper panel) and for the unevolved
case (lower panel). We emphasize that constraining the
training data for the unevolved interaction was impossible,
as only about a percent of the considered data falls into
the constrained energies and radii. In the case of the
unevolved interaction, the distribution restricted to the



10

12.0 12.5 13.0 13.5

R2
ch(48Ca) [fm2]

12.25

12.50

12.75

13.00

13.25

13.50

13.75

14.00
R

2 c
h
(5

2
C

a
)

[f
m

2
]

Emulated data

Experiment

FIG. 11. Distribution of the emulated mean-square chare radii
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450 interaction. The red line shows the correlation using the
experimental value for δ⟨R2

ch⟩48,52, and the experimental point
(red cross) additionally takes the experimental 48Ca charge
radius into account.

energy and radius constraints from Eq. (26) is significantly
wider than the distribution for the 1.8/2.0 (EM) interac-
tion shown in Fig. 3. We suspect that the deterioration
of the emulator performance is due to the appearance of
unbound training states for the large 3N LEC intervals,
which did not appear for 1.8/2.0 (EM) interaction. For
the SRG-evolved N3LO EMN 450 interaction 37% meet
the constraints, while for the unevolved case it is only
about 1%. Thus, not only the size of the considered LEC
domain but also the actual physics on this domain impact
the emulator’s accuracy. In particular, unbound training
states can lead to a significant loss in accuracy.

Moreover, Fig. 11 shows that the broad 3N LECs vari-
ations combined with the SRG-evolved N3LO EMN 450
interaction can also not reproduce the experimental value
of δ⟨R2

ch⟩48,52 at the HF level. While this certainly does
not represent a comprehensive sensitivity study to the
employed NN interactions, these results at least suggest
that variations of the NN interaction, under the con-
straints of preserving NN observables, may also not yield
Hamiltonians that can reproduce the large differential
charge radius at the HF level.

C. Impact of many-body correlations

As a final application, we study the role of many-body
correlations on the charge radii of 48Ca and 52Ca. To
this end, we employ the ab initio in-medium similar-
ity renormalization group (IMSRG) that accounts for
the dominant particle-hole correlations in nuclear ground
states [7, 40, 44]. The IMSRG approach is based on a
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FIG. 12. Distribution of the emulated mean-square charge
radii for HF (open symbols) and IMSRG calculations (filled
symbols). The different symbols label different selected 3N
LECs (see text for details). Here, we have used again the NN
part from the 1.8/2.0 (EM) interaction.

unitary transformation U(s) of the nuclear Hamiltonian

H(s) = U†(s)H U(s) , (27)

parametrized through a continuous flow parameter s. The
transformation decouples particle-hole excitations from a
reference state |Φ⟩, which is taken to be a HF reference
state for closed-shell nuclei. In the limit of s → ∞, the
IMSRG ground-state energy is given by the expectation
value EIMSRG = ⟨Φ|H(s)|Φ⟩.

In practice, Eq. (27) is solved from the differential
equation

d

ds
H(s) = [η(s),H(s)] , (28)

with anti-Hermitian generator η(s) that determines the
unitary transformation. Other operators, e.g., the charge
radius, are transformed consistently with the same U(s).
Solving the differential equation Eq. (28) induces many-
body operators, as the particle rank is raised through
the evaluation of the commutator on the right-hand side.
These induced many-body operators must be truncated to
keep the IMSRG evolution numerically tractable. In this
work, we truncate all operators at the normal-ordered two-
body level giving rise to the standard IMSRG(2) trunca-
tion, which is known to accurately reproduce ground-state
properties of closed-shell nuclei [7, 40, 45]. We employ the
Magnus formulation of the IMSRG that allows for a more
stable solution of the IMSRG flow equations through

U(s) = exp(Ω(s)) , (29)

by solving directly for the anti-Hermitian operator Ω
itself [46]. This also directly yields the unitary transfor-
mation that can be used for the operator evolution. For
our calculations we use the imsrg++ code [47].
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The large number of emulated interactions makes an
exhaustive study of the impact of many-body correlations
impossible. We therefore select a representative set of
N = 20 LEC combinations that correspond to particularly
large values of the differential charge radius based on our
emulated HF results and performed IMSRG(2) calcula-
tion for these cases. In Fig. 12 we show the mean-square
charge radius of 52Ca vs 48Ca, both at the HF and IM-
SRG(2) level for 5 of these interactions that were closest
to the experimental values. As in our HF survey, none of
the investigated interactions was able to reproduce the
large charge-radius increase. The figure also shows that
it is challenging to predict the IMSRG(2) result just from
the HF level, given the accuracy needed. Moreover, from
our 20 interactions, the sign of the IMSRG(2) correction
can be either positive or negative. Furthermore, for some
of the investigated LEC combinations the IMSRG calcu-
lation did not converge, probably due to the large LEC
values. This clearly hints at the importance of including
many-body correlations already in the training vectors
and that too simplistic training vectors can lead to not
precise enough emulators for selected observables.

V. SUMMARY AND OUTLOOK

We have constructed an EC-based HF emulator to in-
vestigate the impact of 3N LEC variations on calcium
isotopes, with a focus on the large charge-radius increase
from 48Ca to 52Ca. Based on an extensive cross validation,
we have demonstrated that the HF emulator has an accu-
racy of better than one percent. Our results show that
the charge radii of 48Ca and 52Ca are strongly sensitive
to variations of the 3N LECs. However, as ground-state
properties are strongly correlated, the differential charge
radii are less sensitive to those variations. As an outcome,

we observed that even extensive variations of the 3N
LECs are not sufficient to explain the large charge-radius
increase towards the N = 32 shell closure. Exploratory
variations of the underlying NN interaction did also not
resolve this puzzle. This suggests that neglected many-
body effects, e.g., associated with nuclear collectivity, play
an important role.

A key challenge in our approach is the lack of many-
body correlations in the training vectors. While many-
body correlations lead to rather small changes in radii,
due to our broad range of 3N LEC variations, it is chal-
lenging to anticipate the size (and sign) of many-body
corrections to the HF radii. This clearly motivates fu-
ture extensions to use many-body data, e.g., IMSRG
ground-state observables. However, for the IMSRG, a
wave-function-driven approach—such as EC—is not ideal,
as the evaluation of operator kernels is formally challeng-
ing. As an alternative, data-driven emulators can be used
that purely rely on the observables themselves (and not on
wave functions). Promising methods for emulating many-
body data include parametric matrix models [48–52] and
neural networks [53].
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