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Abstract
Geometric phases are widely used in modern optics, yet their meaning and underlying geome-
try depend on the actual physical settings, which can substantially differ from one another. This
tutorial article introduces geometric phases in nanophotonic systems, focusing on the interaction
of structured light with nanostructures or metaatoms. We compare the present setting with con-
ventional geometric phases of structured-light optics and show that similar phase laws may cor-
respond to genuinely different underlying geometries. Our aim is to provide a pedagogical bridge
between the mathematical language of geometric phases and experimentally relevant examples
from nanophotonics.

1. Introduction

Geometric phases are widely used in optics [1, 2] for different applications. The simplest one is trans-
mission of a polarized plane wave through a waveplate [3, 4], corresponding to the rotation of the
Poincaré sphere around a horizontal axis. Among the best-known examples we find the Pancharatnam–
Berry metasurfaces, which use the orientation of anisotropic metaatoms to control the phase of the
cross-polarized component [5–7]. This principle has enabled dielectric metalenses [8] and reflective
metasurface holograms [9, 10]. Patterned liquid-crystal elements provide a related implementation [11],
while metaatoms with higher-fold rotational symmetries can realize generalized Pancharatnam–Berry
phases [12, 13].

Geometric phases can also be introduced for beams with angular momentum through the associated
Poincaré-sphere representation [14–16]. Their extension to higher-order transverse modes is discussed,
for example, in [17, 18], see also the review [1]. Geometric phases arise in distinct optical settings and
need not share the same underlying geometry. Besides the conventional Pancharatnam–Berry phase of
polarization evolution, they occur in polarization transport along curved optical trajectories [19, 20], in
polarization-dependent beam shifts and reflected structured fields [21, 22], and in geometrically twisted
optical resonators [23]. Distinct geometrical structures also arise for fixed-helicity states in momentum
space [24] and for higher-order spatial modes on Hermite–Laguerre modal spheres [25].

The following question then arises: why are these particular types of phases called ‘geometric’? What
is then the underlying geometry? This question has been initially addressed in [26], which connects the
phase, introduced by Berry with the holonomy of a connection on a line bundle. Here, we discuss the
geometric phases for vortex beams from this point of view, via an explicit description of the underlying
topological and geometrical objects, comparing two different types of possible phases. The effect enables
mode-selective phase control and discrimination of vortex beams based on their total angular momen-
tum (TAM), using simple nanostructures, offering a practical alternative to spatial light modulators and
multi-element polarization schemes.
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We first start with the description of the simplest well-known case of a waveplate and circularly
polarized plane waves, and later generalize it by introducing an analogous geometric phase for opti-
cal beams. Then we provide a mathematical description of the well-known geometric phase for beams,
showing the emergence of a different geometry.

The paper is organized as follows: in section 2 we revisit the well-known Pancharatnam geometric
phase and describe its geometry in detail. In section 3 we describe a direct Pancharatnam–Berry-phase
analogy for vortex beams. In section 4 we discuss the usual geometric phase of higher-order transverse
modes and show that its underlying geometry is different. In section 5, we compare different Poincaré
sphere constructions. In section 6, we compare these geometrical descriptions and discuss open concep-
tual issues concerning geometric phases in linear and nonlinear optics.

The guiding point of this work is the observation that in order to assign a geometric or topolog-
ical meaning to an optical phase, one must first specify the bundle structure over the relevant base
space [24, 27]. Only then can notions such as connection, holonomy, curvature, or topological invariants
be accommodated and acquire a precise meaning. Accordingly, we focus not only on the accumulated
phase, but also on the underlying geometry.

This tutorial is intended both for readers working in structured light, nanophotonics, and optical
angular momentum, and for mathematically oriented readers interested in concrete physical examples
of geometric phases. Polarization optics offers perhaps one of the simplest experimentally accessible,
yet mathematically nontrivial, settings in which the notions of state space, base space, connection, and
holonomy can be observed explicitly. We use this example as a starting point for comparing related opti-
cal phase effects and clarifying the geometrical structures behind them.

Recent reviews cover the historical development and experimental realizations of geometric
phases [28], as well as wavefront control and waveguiding [29]. Their implementation in metasurfaces
has been reviewed in [30], while nonlinear geometric phases have been considered separately in [31]. For
structured optical fields, we also use TAM projections, which more directly reflect the rotational symme-
try of the full electromagnetic field.

A comment on terminology is mandatory at this point. Pancharatnam introduced the geometric
phase in polarization optics through the interference of differently polarized states [3], whereas Berry
introduced geometric phase for the description of cyclic adiabatic evolution of quantum states [32].
Later on he established the precise relation between the two constructions [4]. In the two-state polar-
ization problem considered here, they share the same underlying geometrical structure. The term
Pancharatnam–Berry phase is commonly used in optics for this polarization geometric phase and does
not relate to a third distinct effect. Accordingly, in this context, we do not distinguish between the terms
Pancharatnam phase and Pancharatnam–Berry phase, and use the term Berry phase when referring to
the same construction from the more general geometrical viewpoint.

2. The simplest case of the Pancharatnam phase

In this section, we describe the case of a polarized wave passing through a waveplate in some detail
[33–35].

2.1. Poincaré and Riemann sphere
The polarization state of light E in the basis of right |R〉 and left-circularly polarized |L〉 plane waves
(RCP and LCP, respectively) can be described by two complex numbers (ER,EL) ∈ C2:

E= ER|R〉+ EL|L〉= Ex|Be〉+ Ey|Bo〉 (1)

where

|Be〉=
|R〉+ |L〉√

2
, |Bo〉=−i |R〉− |L〉√

2
, (2)

and ER and EL are complex numbers that fully encode the field state. After normalization,

Ψ̂ =
1√

|ER|2+ |EL|2

(
ER
EL

)
, (3)

the pair of complex amplitudes satisfies |ER|2+ |EL|2 = 1 and therefore lies on the three-sphere S3 ⊂
C2 ' R4. However, for determining polarization states, only the relative amplitude and phase matter;
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Figure 1. Poincaré sphere and examples of nanostructures for a geometric-phase experiment. (a) Depending on the rotation β
of the structure, the Poincaré sphere rotates around different axes. The path corresponds to the case where incident RCP light
is converted to LCP light upon transmission through such a structure. (b) Schematic of the setup illustrating geometric phase.
(c) Numerically calculated phase acquired upon rotation of a cuboid nanoparticle under excitation by a fundamental Gaussian
beam. The phase is wrapped to the range [−π,π], circular markers indicate the calculated points, the dashed lines are guides to
the eye.

not only the overall amplitude but also global phase factor are irrelevant. Let us introduce the vector:

Ψ=

(
ER
EL

)
, (4)

which is analogous to the Jones vector for linear polarization. Since the overall amplitude and phase of
Ψ do not affect the polarization state, we can normalize this vector and consider only the ratio of ER to
EL, represented as a complex number z= ER/EL. The complex plane may be compactified to a Riemann
sphere, with homogeneous coordinates [ER : EL] (see appendix B). The Poincaré sphere then provides a
way of parametrizing polarization states in a unique fashion. The mapping from the complex plane to
the Poincaré sphere is given by the stereographic projection (see appendix A and [36]):

z= cot

(
θ

2

)
e−iφ, (5)

where θ is the polar angle from the north pole of the Poincaré sphere and φ is the azimuthal angle.
This equation shows how a point on the complex plane is related to a point on the Poincaré sphere,
with θ and φ describing the polarization state. The north and south poles of the Poincaré sphere (θ = 0
and θ = π, respectively) correspond to right and left circular polarizations, while points on the equator
(θ = π/2) represent linear polarizations (see figure 1(a)). The remaining points represent elliptical polar-
izations, with the azimuthal angle φ indicating the orientation of the ellipse.

Let us consider the action of a waveplate on an arbitrarily polarized plane wave (1). Note that a
similar consideration is applicable to the case depicted in figure 1(b), where a nanostructure with, for
example, C2v, C1h or D2h symmetry plays the role of a conventional waveplate made from a uniax-
ial crystal. From the modal perspective, this happens because the orthogonal eigenmodes, even and
odd with respect to the mirror-symmetry plane, are non-degenerate, and excited with different phases,
depending on their resonant frequencies [37, 38]. First we consider the case where the waveplate is ori-
ented with its slow axis along the x-direction. As such, it just provides an additional phase δ between
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the components of the input Jones vector E= (Ex,Ey)⊤. For convenience, we write the new vector as
Ẽ= (Exei δ/2,Eye−i δ/2)⊤. Using the following relations

ER =
Ex − i Ey√

2
, EL =

Ex + i Ey√
2

, (6)

Ex =
ER + EL√

2
, Ey =−ER − EL

i
√
2
, (7)

we obtain new values ẼL and ẼR after the waveplate:(
ẼR
ẼL

)
=

(
cosδ/2 i sinδ/2
i sinδ/2 cosδ/2

)(
ER
EL

)
= (Icosδ/2+ i σx sinδ/2)

(
ER
EL

)
. (8)

Here σx is one of the Pauli matrices

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
. (9)

From (8), one can note that if the phase shift corresponds to half-wave retardation, δ = π, we have per-
fect conversion between cross-polarized fields: EL → i ER, ER → i EL.

Let us check what happens if we rotate the optical axis of a waveplate, so as to form an angle β with
the x-axis. We provide the derivations for this case in appendix C. Eventually, we get the general formula
for a plane wave transmitted through a waveplate with arbitrary retardance δ (or a nanostructure with
2-fold rotational symmetry):(

ẼR
ẼL

)
=
(
Icosδ/2+ i

(
cos2βσx + sin2βσy

)
sinδ/2

)(ER
EL

)
. (10)

Importantly, we see that transformation (10) is performed via an SU(2) matrix. One can indeed eas-
ily check that the determinant of this matrix is equal to 1, and U†U= 1. For a waveplate rotated by the
angle β = 45◦ we get (

ẼR
ẼL

)
=
(
Icosδ/2+ i σy sinδ/2

)(ER
EL

)
. (11)

In this case for δ = π we have ER →−EL, EL → ER, with a different relative phase compared to the case
above (β = 0). From equation (10) one can see that a plane wave transmitted through a half-wave plate
rotated by an angle β is transformed as follows(

ẼR
ẼL

)
=

(
0 i e−2iβ

i e2iβ 0

)(
ER
EL

)
(12)

Let us note that in the general case, the SU(2) transformation looks as follows(
ẼR
ẼL

)
=

[
Icos

δ

2
+ i

(
nxσx + nyσy + nzσz

)
sin

δ

2

](
ER
EL

)
, n2x + n2y + n2z = 1. (13)

Interestingly, by comparing equations (10) and (13), one can see that a waveplate cannot realize a rota-
tion about the z-axis (generated by σz). Such a rotation, however, can be achieved using a gyrotropic
medium [4, 39, 40]. The group SU(2) is the double cover (indeed, the universal covering group) of
SO(3), the group of all proper rotations in three dimensions (orthogonal transformations with unit
determinant) [34, 41]. In the present context, these are rotations of the Poincaré sphere [42, 43]. This
means that actually two SU(2) matrices correspond to each rotation of the Poincaré sphere. One can
check that during any transformation of the form (10), all points of the Poincaré sphere are just rotated
around some horizontal axis (the orientation of the axis depends on β). For this, one should keep in
mind the relation between Stokes parameters and Jones matrices [44, 45] and compare with Chapter
IV.5 ‘SU(2): Double Covering and the Spinor’ in [41]. For convenience, we restrict our attention to the
evolution of an initially circularly polarized state |R〉. The path of this state under action of a waveplate
is drawn in figure 1(a). Depending on the retardance δ of the waveplate, the path may have different
lengths and can therefore be parametrized by δ. Using (12) it is easy to see that the phases of the final
state |L〉 will be different, and β- dependent. For two different paths that cut out a slice (a closed con-
tour) from the sphere, the phase difference will be equal to the half of the solid angle Ω/2 [2].
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Figure 2. (a) Illustration of a circle bundle over the sphere S2. Fibres F are topologically circles S1, the base manifold is a sphere
S2. The horizontal lift γ of the curve γ0 via a connection is shown. The tangent space to the total space E at a point p ∈ E, TpE is
shown, together with its decomposition as the direct sum of a horizontal and vertical subspace. Horizontal subspaces are deter-
mined by a connection form. The holonomyΦ of the connection is the geometric phase. Physically, a point on the base sphere
represents the polarization state, the fibre coordinate represents the common optical phase, andΦ is the phase accumulated after
a closed polarization cycle. (b) Visualization of the Hopf fibration. The three-dimensional sphere S3 is fibred into circles and
depicted in 3D space via stereographic projection. The circles are mapped to polarization states on the Poincaré sphere S2. The
correspondence is indicated by colours; for example, the orange circle on S3 is mapped to the orange point on S2. The inset in the
upper right shows one of the possible horizontal lifts of the closed path along the equator of S2, resulting in a holonomy of π.

Figure 1(c) shows the numerically calculated geometric phase for a cuboid nanoparticle in air (D2h)
illuminated by an RCP fundamental Gaussian beam with m= 1 and l= p= 0 (see also appendix G).
The cross-polarized component (LCP, m=−1) acquires a phase factor e2iβ , so its phase winds by 2π
as the particle is rotated from β = 0 to β = π. In the Poincaré-sphere representation, the correspond-
ing SU(2) rotation axis simultaneously completes one full circuit of the equator. The phase of the co-
polarized component (m= 1) is independent of β.

We should note that the analogy between a half-wave plate and a nanostructure is not perfect. In the
case of a non-reflective wave plate, we have a well-defined path parametrizing the polarization state of a
propagating wave, which can be depicted on the Poincaré sphere. In the case of a single nanostructure,
it is not clear what exactly should be considered as a state, nor whether it can be parametrized by a dis-
tance. Moreover, as discussed in [46–48], the question of cross-conversion efficiency should also be taken
into account. One could consider the fields inside the nanostructure and only the polarization state of
the forward-propagating wave component, but this seems somewhat unnatural. However, assuming equal
amplitudes of the two excited eigenmodes, one can still formally write the same SU(2) transformation.

2.2. Differential geometric viewpoint
Let us now consider the simple experiment discussed above from a differential geometric point of
view. For the basic definitions, one may also consult [49–51]. In general, when the polarization state
on the Poincaré sphere (S2) traverses a closed path, the actual state of light (including the common
phase) traces a path in another, higher-dimensional space (see figure 2(a)) which, in our specific case, is
given by the three-dimensional sphere S3. This corresponds to the two normalized complex numbers in
equation (3). In this space, the path is not necessarily closed; its behaviour is in fact determined by the
specific way in which the point moves, physically via a waveplate and mathematically through the holon-
omy of a connection [51–53] — measuring the extent to which the path fails to close —which actually
represents the geometric phase. The three-dimensional sphere is fibred into circles (corresponding to the
total phase). Each circle is mapped to a single point of the base sphere S2 under the bundle projection.
Note, that in the figure 2(a), the fibres are shown as attached to S2 only schematically, the base sphere S2

should not be interpreted as an embedded submanifold of the total space S3.
This construction corresponds to the so-called Hopf fibration. In the same way as a two-dimensional

sphere S2 may be mapped onto a two-dimensional plane (appendix A), a three-dimensional sphere may
be mapped onto a three-dimensional space. Due to the properties of stereographic projection, circles are
mapped to circles or straight lines. Figure 2(b) visualizes the Hopf bundle through a stereographic pro-
jection for a set of polarization states on the Poincaré sphere. The colours indicate the correspondence

5
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between the fibres and the polarization states shown in the inset. Points lying at the same latitude are
mapped to circles of equal radius, which form a torus. Some intuition can be also gained from specifi-
cally dedicated videos, see e.g. [36, 54].

2.2.1. Fibre bundles
When we forget the total phase and consider only the polarization, we have a point on the Poincaré
sphere. This sphere will be called a base space. The total phase (we could deal with the ampli-
tude as well, but we shall not do this here) can be depicted as a point on a circle S1. Thus, to
each point on the Poincaré sphere there corresponds a circle, accommodating the total phase.
The whole system is a fibre bundle, with a total space E, base space B= S2 and fibre F= S1 (see
figure 2(a)) [50, 51]. We denote this arrangement as (E,B,π,F). Here π : E→ B is the projec-
tion that maps each fibre Fx, x ∈ B, to the point x itself. We will discuss the structure of the total
space E in our case in detail later on. So we can imagine the circles as being ‘attached’ to the sphere,
as the teeth of a comb are attached to its base. However, this analogy should not be understood literally:
the circles are associated with the points of the sphere through the mapping π, rather than physically
attached to or embedded in the sphere.

We will work with locally trivial fibre bundles, i.e. those obtained by appropriately ‘gluing’ trivial
bundles (E,U,π,F) with E= U× F, where U⊆ B is an open set from an open cover of B and π : E→
U is the projection onto U; that is, for (x, f) ∈ U× F, π(x, f) = x. The detailed construction of a locally
trivial fibre bundle is not essential for our purposes; it suffices to know that our bundle is ‘good enough’.

2.2.2. Connections
However, since there is no canonical way to identify the fibres with each other, we need an additional
structure, a connection, that specifies how neighbouring fibres are ‘glued together’. For this purpose,
we introduce horizontal and vertical subspaces of the tangent space TpE to some point p of the total
space E.

The vertical subspace Vp is the subspace of the tangent space TpE that consists of vectors that are
tangent to the fibres. Formally, it is defined as:

Vp =
{
u ∈ TpE | π∗u= 0

}
, (14)

where π : E→ B is the projection map, and π∗u denotes the pushforward of u, recalled below.

Pushforward: let f : M→ N be a smooth map between manifolds M and N. The differential, or
pushforward of f , denoted by f∗, is a map

f∗ : TpM→ Tf(p)N (15)

between the tangent spaces TpM and Tf(p)N, mapping a vector v ∈ TpM to a vector f∗v ∈ Tf(p)N.
Informally, if some vector v is a tangent vector to a particular curve C in M passing through p, then,
after a pushforward, it becomes f∗v, a tangent vector at f(p) to the image curve f(C). The horizontal
subspace Hp at a point p in the bundle E is a subspace of the tangent space TpE that complements the
vertical space. The term ‘horizontal’ should not be understood as implying orthogonality to the ver-
tical subspace, as no metric has been introduced so far. A connection on a bundle (E,B,π,F) can be
described in terms of a connection form A. The connection form A is a 1-form on E whose value spec-
ifies the vertical component of a tangent vector. Its action on a tangent vector u ∈ TpE is given by:

Ap (u) := i a, veru= auv ∈ Vp, a ∈ R. (16)

where veru denotes the vertical component of u, and uv is the vertical vector field written explicitly in
equation (29). Thus, Ap(u) is a purely imaginary number whose real coefficient a specifies the verti-
cal component of u. Concretely, this 1-form just takes a vector from the tangent space TpE and returns
its projection onto the vertical subspace Vp, namely the component tangent to the fibre. Equivalently, a
connection specifies a complement Hp to the vertical subspace Vp and picks up the vertical component
of a vector in TpE: in other words, it is the (oblique) projection onto Vp along Hp. Explicitly, the hori-
zontal subspace is defined as follows:

Hp =
{
u ∈ TpE | Ap (u) = 0

}
.

Vertical and horizontal components are depicted in figure 2(a). The definitions above were quite gen-
eral, but for the physical problems under consideration here, we are basically interested in the celebrated
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Hopf bundle, to be discussed below. Physically, this condition fixes the choice of a common phase while
the polarization changes. For the connection used here, horizontal transport means that infinitesimally
neighbouring states are in phase in the Pancharatnam sense, see appendix H.

2.2.3. Geometry of the Hopf bundle
We shall illustrate the above general scheme in the important specific case provided by the Hopf bundle,
shortly H , following [50]. The total space in this case is a three-dimensional sphere S3, embedded in
the four-dimensional space C2, as

|z1|2+ |z2|2 = 1. (17)

The base space is the two-dimensional sphere S2. The projection map π : S3 → S2 reads

π (z1,z2) =
(
2Re(z1z2) , 2Im(z1z2) , |z1|2− |z2|2

)
= (x,y,z) . (18)

These expressions for the three components resemble the Stokes parameters (with a change in notation),
and this is not a coincidence. One can check that, actually, x2+ y2+ z2 = 1. Note that

π (z1,z2) = π
(
ei αz1,e

i αz2
)
, (19)

The fibre F is the circle S1 ≈ U(1) (that is, we have a principal bundle with structure group G= U(1)) and
the above formula says that the projection is invariant under the action of U(1) group. Thus, points on
the same fibre have identical polarization and differ only by the common optical phase. In other words,
the point on the base sphere is determined by the Stokes parameters, whereas motion along the U(1)
fibre leaves these parameters unchanged.

Let us now define a ‘canonical’ connection. Let 〈·, ·〉 : C2×C2 → C be the standard Hermitian inner
product in C2. For any (z1,z2),(w1,w2) ∈ C2, it is defined as:

〈(z1,z2) ,(w1,w2)〉 := z̄1w1+ z̄2w2. (20)

Let us consider a point p ∈ S3 and take any vector v ∈ TpS3. If p ∈ S3 corresponds to (z1,z2) ∈ C2, then
the vertical space Vp is defined as

Vp = {(i az1, i az2) | a ∈ R} (21)

For the horizontal space, we take

Hp =
{
(w1,w2) ∈ C2 | 〈(z1,z2) ,(w1,w2)〉= 0

}
. (22)

That is, Hp consists of all vectors tangent to S3 at p that are orthogonal to p when p is viewed as a
radius-vector in C2. One can define the connection 1-form A on S3 as follows:

A= 2g(z̄1 dz1+ z̄2 dz2) , (23)

where g is a scaling factor. Indeed, action of a form on arbitrary complex vector (v1,v2) returns its
vertical component:

2g(z̄1 dz1+ z̄2 dz2)(v1,v2) = 2g(z̄1v1+ z̄2v2) (24)

For the standard Hopf normalization g= 1/2 (compare with (20)). We will keep this factor to gener-
alize our considerations later on. Expanding the connection form in terms of real and imaginary parts,
we get

A= 2gRe(z̄1 dz1+ z̄2 dz2)+ 2i g Im(z̄1 dz1+ z̄2 dz2) . (25)

However, since (z1,z2) ∈ S3, and (17), we have

2Re(z̄1 dz1+ z̄2 dz2) = d
(
|z1|2+ |z2|2

)
= 0, (26)

and thus,

A= 2i g Im(z̄1 dz1+ z̄2 dz2) . (27)

7
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Finally, expanding z1 = x1+ i x2, and z2 = x3+ i x4 we can express A as

A= 2i g(x1 dx2− x2 dx1+ x3 dx4− x4 dx3) , (28)

where xi represent the real components of the vector in R4.
Let us illustrate the action of this form in coordinates and consider the vertical and horizontal sub-

spaces for the particular example of the Hopf fibration. Consider, at p= (z1,z2) ∈ S3, the following
orthonormal basis of tangent vectors to S3:

uv =−x2∂1+ x1∂2− x4∂3+ x3∂4, (29)

uh1 =−x3∂1+ x4∂2+ x1∂3− x2∂4,

uh2 =−x4∂1− x3∂2+ x2∂3+ x1∂4, (30)

where a physicist can think about ∂i as unit basis vectors ∂i ↔ ei (in this particular case). Then, for a
vector uv starting at p= (x1,x2,x3,x4) and ending at

h(t) = (x1− tx2,x2+ tx1,x3− tx4,x4+ tx3) , (31)

we obtain

h(t)− p= (1+ i t)p− p= (i tz1, i tz2) . (32)

which means that this vector indeed belongs to the vertical space (21). Otherwise, one can directly write
the action of the 1-form (28) on (29): Using that dxj(∂k) = δjk, we have:

A(uv) = 2i g
(
x21+ x22+ x23+ x24

)
= 2i g, (33)

since the point lies on the unit 3-sphere. For completeness, one can also verify that for the two other
tangent vector fields (30) the form gives

A(uh1) =A(uh2) = 0, (34)

which confirms that only uv has a nonzero projection on the vertical subspace, and uh1 and uh2 are hori-
zontal vector fields.

2.2.4. Horizontal lift and holonomy
In this section, we introduce the definitions that are likely the most important for understanding the
Berry phase. Let (E,B,π,F) be a smooth fibre bundle, where E is the total space (S3 in our case), B is
the base space (Poincaré sphere S2 in our case), π : E→ B is the projection map, and F is the fibre. Let
v ∈ TxB be a tangent vector at x ∈ B , and let p ∈ E be a point such that π(p) = x. The horizontal lift of
some vector v at p is the unique vector ṽ ∈ TpE satisfying the following conditions:

1. Projection preservation: the vector ṽ projects to v under the pushforward of π, i.e.

π∗ (ṽ) = v, (35)

where π∗ : TpE→ TxB.

2. Horizontality: the vector ṽ lies in the horizontal subspace Hp ⊂ TpE, defined by the connection form
A, i.e.

Ap (ṽ) = 0. (36)

The horizontal lift γ of a curve γ0 on the base space is defined as follows: the projection of a lifted curve
should be the initial curve, and its tangent vector should be the horizontal lift of the tangent vector
to the initial curve. In figure 2 the horizontal lift of the curve on the base space is depicted with light
blue as well as lifts of tangent vectors. In appendix C.1 we provide an example in coordinates.

However, if the path on the base space is closed, the lifted path, in general, is not closed: one
arrives at a different point on the fibre, as shown in the figure. This difference is called holonomy of
the connection, and corresponds exactly to the geometric phase [26, 55]! An example is also given in
appendix C.1. Optically, the polarization may therefore return to its initial state while the field acquires a

8
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Figure 3.Waveplate evolution and parallel transport in the Hopf bundle. Left: trajectories on the Poincaré sphere generated by
U(δ) = exp(i δσy/2). Rotation about S2 produces a great circle for S2 = 0 and small circles for S2 ̸= 0. Right: stereographic
representations of the corresponding Hopf fibres and lifted trajectories. The waveplate evolution (WP, red) coincides with the
horizontal lift (HL, yellow) for the great circle, whereas the two lifts differ for small circles, reflecting a nonzero dynamical phase.
The highlighted fibre is coloured by the global phase relative to the initial Jones state. The enlarged view illustrates the local dis-
tinction between horizontal transport and waveplate evolution.

nonzero phase, which can be measured relative to a reference field. In principle, holonomy can be intro-
duced prior to the notion of curvature, but the latter notion is crucial for both theoretical and computa-
tional purposes.

The last definition is that of parallel transport: given a point p ∈ E, this is simply the motion of this
point along a horizontally lifted curve. We briefly elaborate on the above concepts in appendix C.3.

2.2.5. Action of the waveplate
As we have seen earlier, the action of the waveplate is described with the help of the SU(2) matrix (10).
But how can we see that this action corresponds somehow to the connection form (28)? We discuss this
in detail in the appendix D. The answer is the following: the motion of a point on the sphere S3 under
the action (10) of an SU(2) one-parameter subgroup comes from parallel transport if and only if the
corresponding projection on the Poincaré sphere moves along a great circle, namely, a geodesic on S2

[4, 56–58]. We illustrate this schematically in figure 3. Paths on the stereographic projections of the parts
of the Hopf fibration illustrate the distinction between the waveplate-induced lift and the horizontal lift.
One can note that both project onto the same curve γ0 on the Poincaré sphere, but the horizontal-lift
tangent is horizontal by definition, whereas the waveplate-induced tangent need not be horizontal. For
the great-circle trajectory S2 = 0, the waveplate-induced tangent at point z lies in Hz, and the waveplate
evolution therefore coincides with parallel transport. For the small-circle trajectories S2 6= 0, it also has
a nonzero component in Vz, along the fibre direction uv(z) = i z. The enlarged inset illustrates this dis-
tinction at the common initial point Az(żHL) = 0, whereas Az(żWP) 6= 0. After a closed circuit on the
base sphere, the endpoint displacement of the horizontal lift along the initial fibre gives the holonomy,
and hence the geometric phase. The waveplate-induced lift additionally accumulates a dynamical phase
associated with its vertical component.

3. A direct Pancharatnam–Berry-phase analogy for vortex beams via the Poincaré
sphere

Let us now consider vortex beams. In cylindrical coordinates, vortex beams allow for the construction of
a higher-order Poincaré sphere [15, 59], which is fully analogous to the usual one:

|Rm〉 ∼ eimφ (ρ̂+ i φ̂) , (37)

|Lm〉 ∼ e−imφ (ρ̂− i φ̂) , (38)

where |Rm〉 and |Lm〉 signify right- and left-handed vortex beams, respectively, with m ∈ Z denoting the
TAM projection, φ the azimuthal angle, and ρ̂, φ̂ are unit vectors of cylindrical coordinate system. The
equivalence sign ∼ stands for the symmetry behaviour, i.e. behaviour under rotations around the z-axis.

9
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Precisely, this means that under rotation of the vector function as a whole by some angle α around the
z-axis, the function does not change except for an additional phase e±imα. See e.g. [60, 61] for a precise
definition; a detailed discussion can be found in [62]. Note, that

(x̂± i ŷ) = e±iφ (ρ̂± iφ̂) , (39)

and the sign refers to the polarization (helicity) here. We omit the dependence on the radial coordi-
nate r [63], since it does not alter the general symmetry we are interested in. Similarly to equation (1)
we can introduce the following linear combination, or a vector vortex beam:

E= c1|Rm〉+ c2|Lm〉. (40)

At this stage we want to describe an experiment, what would be analogous to the one with the wave-
plate. A vector vortex beam is fundamentally different from a plane wave, being anisotropic in the trans-
verse direction. As already discussed, for plane waves, not only waveplates but also geometric-phase
metasurfaces with cuboid dielectric metaatoms are widely used [64, 65]. Related PB elements based on
subwavelength dielectric gratings and patterned liquid crystals were demonstrated in [11, 66], see also
the review [2].

Such metasurfaces, as well as liquid-crystal-based setups governed by the same principles, are often
used for structured-light generation [11, 67]. Indeed, each metaatom has, e.g. C2v, D2h or C1h symme-
try. For these symmetries, two eigenmodes, one of which is excited by an x-polarized wave and the other
by an y-polarized wave, are transformed according to the different irreducible representations, and, as
a consequence, have different resonance frequencies and are excited with different phases [37, 62]. This
consideration via the eigenmodes and irreps may appear too complicated for this simple case of a rect-
angular block; however, it can be easily adapted to the vortex beam case. We expand the discussion on
the modal excitation in the appendix E. Indeed, vector beams, which are defined as:

|Bme〉 ∝ |Lm〉+ |Rm〉 (41)

|Bmo〉 ∝ |Lm〉− |Rm〉, (42)

where the indexes e and o denote the parity under reflection in the y= 0 plane, refer to the end-
points of a diameter of the higher-order Poincaré sphere. They serve as an analogy for vertical and hor-
izontal linear polarization in the plane wave case. Thus, instead of the rectangular block, one should
use a nanostructure, in which |Bme〉 and |Bmo〉 are transformed according to the different irreps. This
metaatom should have Cnv or Dnh symmetry with 2m= nν, ν ∈ Z (See also [62], section 8). For such
a structure, these vector beams will excite eigenmodes which have different phases, leading to exactly the
same process previously discussed. Note that this process is not perfect because other values of m are
also obtained during scattering. Since one cannot avoid them, the only way out is to tailor the geometry
so as to minimize their contribution. Although this process is analogous to the simplest case, there is an
important difference. In order to obtain the same phase difference δ one should rotate the nanostructure
by a smaller angle β (compare figure 1(a) and 4(a)). One can also notice that opposite points on the
diameter refer to the beam rotation by β = π/(2m), as well as the nanostructure rotation for the oppo-
site paths on the Poincare sphere. For a plane wave m=±1. It is also analogous to the transformation
implemented by a q-plate, as described in [67, 68]. Although the physical implementations are different,
the detailed shape of the q-plate is not essential for this analogy.

Let us also note that, in principle, if we have an incident wave with TAM projection minc and an out-
put wave of the same frequency with the TAM projection mout, the acquired phase will be equal to [69]

ϕ(β) =
(
minc−mout

)
β, (43)

however, the corresponding geometric interpretation is not straightforward for other |mout| 6= |minc|.
Moreover, in view of the selection rules for scattering, only mout =minc+ nZ are allowed.

Figure 4(b) shows a numerical calculation of geometric phase for particles of different symmetries
illuminated by a beam with m= 3 featuring second order phase singularity (LG mode with l= 2, p= 0,
see appendix G). One can see that both D3h and D6h particles with the same input, provide a 2π phase
winding of the cross polarized component under rotation by the angle π/3. In summary, the construc-
tion is the direct analogue of the polarization case, with the two opposite-TAM states replacing the two
circular-polarization states and the rotation of the nanostructure controlling the acquired phase.
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Figure 4. (a) Geometry of the experiment involving the transmission of vortex beams with TAM projectionm through a prism
with n-fold rotational symmetry. This setup is fully analogous to the one depicted in figure 1, but different β is required.
(b) Numerically calculated phase acquired by the rotation of nanoparticles with D3h and D6h symmetries under excitation by
a vortex beam (m= 3). The phase is wrapped to the range [−π,π], circular markers indicate the calculated points, the dashed
lines are guides to the eye. For both nanoparticles the condition 2m= nν is satisfied, therefore 2π phase is accumulated by π/3
rotation.

4. The usual geometric phase of vortex beams via the Hermite–Gaussian sphere

Let us now proceed to another experiment, which is commonly associated with the geometric phase of
optical beams. This experiment possesses a completely different geometry, when compared to the one
described above. First, we consider only the scalar part of the beam, because polarization may be con-
sidered independently for this experiment. Here we will use the paraxial approximation. In the previous
case, no such approximation was needed. The Hermite–Gaussian modes are solutions of the paraxial
wave equation [70–72]

∂2

∂x2
u(r)+

∂2

∂y2
u(r) =−2i k ∂

∂z
u(r) , (44)

and may be written as

uHGνη (r) =
1

γ
ψν

(
x

γ

)
ψη

(
y

γ

)
exp

[
i kr2t
2R

− i χ (ν+ η+ 1)

]
, (45)

where ψn(ξ) are the normalized Hermite functions corresponding to the one-dimensional harmonic
oscillator:

ψn (ξ) =
1√

2nn!
√
π
e−ξ2/2Hn (ξ) . (46)

χ = χ(z) is the Gouy phase, γ = γ(z) is the spot radius and R= R(z) is the radius of the curvature of
the wavefront, η,ν ∈ N0, k is a wavenumber, r2t = x2+ y2, Hn(ξ) is a Hermite polynomial [71]. The solu-
tions can be also presented in a different form:

uLGℓp (r) = exp

[
ik

2R
r2t − i χ(N+ 1)

]
1

γ
ψlp

(
rt
γ
,φ

)
, (47)
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ψℓp (ρ,φ) =

√
p!

π (p+ |ℓ|)!
e−ρ2/2 ei ℓφ ρ|ℓ| L|ℓ|p

(
ρ2
)
, (48)

where N= η+ ν = 2p+ |ℓ| and L|ℓ|p is the generalized Laguerre polynomial. Notice that there are N+ 1
solutions for each N. For our purposes, an exact form is not necessary, because we are only interested in
the following presentation [71, 73, 74]:

uHGνη (r) =
1√
ν!η!

(
â†x
)ν (

â†y

)η

u00 (r) (49)

where

âx =
1√
2bk

[
kx+(b+ i z)

∂

∂x

]
, (50)

â†x =
1√
2bk

[
kx− (b− i z) ∂

∂x

]
. (51)

and ây is defined analogously with x→ y [71, 73], b is the Rayleigh range, χ(z) = arctan(z/b), and
1

b+i z =
1

kγ2 −
i
R [71]. Let us define the operators [75–77]

Lx =
1

2

(
â†x âx − â†y ây

)
=

1

4bk

[
k2
(
x2− y2

)
+ 2i kz

(
x∂x − y∂y

)
−
(
b2+ z2

) (
∂2x − ∂2y

)]
. (52)

Ly =
1

2

(
â†x ây + â†y âx

)
=

1

2bk

[
k2xy+ i kz

(
x∂y + y∂x

)
−
(
b2+ z2

)
∂x∂y

]
(53)

Lz =
1

2i

(
â†x ây − â†y âx

)
=
i

2

(
y∂x − x∂y

)
(54)

L0 =
1

2

(
â†x âx + â†y ây

)
=
1

4bk

[
k2
(
x2+ y2

)
+ 2i kz

(
x∂x + y∂y

)
− 2k(b− i z)−

(
b2+ z2

) (
∂2x + ∂2y

)]
. (55)

For fixed mode order N, Lx, Ly, and Lz generate SU(2) transformations within the transverse-mode sub-
space, analogous to polarization rotations on the Poincaré sphere. For z= 0 we have [77]

Lxu
HG
νη (r) =

1

2
(ν− η)uHG

νη (r) , (56)

and introducing

â†± =
â†x ± i â†y√

2
, (57)

we get

uLGℓp (r) =
1√

ν+!ν−!

(
â†+

)ν+
(
â†−

)ν−
u00 (r) , (58)

Lzu
LG
ℓp (r) =

1

2
(ν+ − ν−)u

LG
ℓp (r) . (59)

where ℓ= ν+ − ν−, p=min(ν+,ν−) and N= ν+ + ν−.
Let us imagine an experiment, which would change the ‘relative phase’ δ between â†x and â†y . This

would mean, that uHGνη (r) will acquire some additional relative phase equal to (ν− η)δ/2. This can be
realized with the mode converter ([74], equations (20)–(22), [78]). In an astigmatic mode converter, this
relative phase is produced by the different Gouy-phase shifts accumulated along the two transverse axes.
Thus,

uLGℓp (r) =
1√

ν+!ν−!

(
â†x + i â

†
y

)
√
2

ν+
(
â†x − i â†y

)
√
2

ν−

u00 (r) , (60)

transforms into

u ′LG
ℓp (r) =

1√
ν+!ν−!

(
ei δ/2â†x + i e

−i δ/2â†y

)
√
2

ν+
(
ei δ/2â†x − i e−i δ/2â†y

)
√
2

ν−

u00 (r) . (61)
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Let us note, that in each multiplier, â†i behaves just in the same way as Ei in previous waveplate
considerations. Thus, one can depict all the states on the Hermite–Laguerre sphere, which would be a
Poincaré-like sphere, constructed for creation operators. One can also consider a fibre bundle associated
with such a sphere. Note that it is important, that all the multipliers behave identically. On the one side,
just by comparison with a half-waveplate, one may consider the 3-sphere S3, associated with complex
numbers (c1, c2), associated with ‘state’ Φ, which describes the phases of the creation operators:

Φ = c1â
†
+ + c2â

†
− (62)

Φ⊥ =−c∗2 â
†
+ + c∗1 â

†
−, (63)

|c1|2+ |c2|2 = 1. (64)

For equation (61), analogously to equation (8), the corresponding coefficients are

c1 = cos
δ

2
, c2 = i sin

δ

2
, (65)

defined up to an arbitrary common phase factor ei α. The actual state of a beam equation (61) can be
written simply as

u ′LG
ℓp (r) =

1√
ν+!ν−!

Φν+Φ
ν−
⊥ u00 (r) . (66)

For the case of two operators, the geometry is just the same as in the simplest case. However, one
should keep in mind that each point on the operator 2-sphere would correspond to some state of
the beam (61), which we want to be a point in the total space, so the fibre coordinate corresponds
to the phase of the beam. From (66) one can see that, the common phase turns out to be a phase
(ν+ − ν−)α= lα, where α corresponds to the ‘phase’ of the operators Φ. For ℓ 6= 0, points of a fibre
whose phases α differ by 2π/|ℓ| should be considered equivalent, giving rise to a smooth orbifold,
namely the lens space L|ℓ|,1 [79, 80]. This circle bundle has first Chern number ℓ, corresponding to the
monopole strength g= ℓ/2 [81]. The connection form has a similar form, but with multiplier g= ℓ/2
in (23). Polarization is considered independently, and modified, as before, via the waveplate. If polariza-
tion follows the same rotation path, the total phase may be expressed in terms of the TAM projection
m= ℓ+σ. Thus, the essential difference from the polarization case lies not in the fibre coordinate itself,
which again represents the optical phase, but in the base space and in how its evolution gives rise to the
accumulated phase.

For higher-order modes, which consist of, e.g. three basis states, an octant representation of the base
space may be useful [82]. In this case, the particular geometry of the whole bundle remains an open
question.

4.1. Majorana representation
Let us write again the relations between different indices, and introduce J and µ:

J= N/2, µ= ℓ/2, (67)

J+µ=
N+ ℓ

2
= ν+, (68)

J−µ=
N− ℓ

2
= ν−, (69)

and express the state (58) as follows [83–87]:

|J,µ〉=

(
a†+

)J+µ

√
(J+µ)!

(
a†−

)J−µ

√
(J−µ)!

|0,0〉. (70)

Let us consider an arbitrary beam of fixed order N:

|Ψ〉=
J∑

µ=−J

cµ |J,µ〉=
J∑

µ=−J

cµ

(
a†+

)J+µ(
a†−

)J−µ

√
(J+µ)! (J−µ)!

|0,0〉, (71)
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or, equivalently

|Ψ〉=
J∑

µ=−J

cµ

(
a†+

)J+µ(
a†−

)−(J+µ)

√
(J+µ)! (J−µ)!

(
a†−

)2J
|0,0〉. (72)

For cJ 6= 0 let −zi be the roots of the polynomial of a power 2J in the variable x (formally one can con-
sider (a†+)(a

†
−)

−1 as x in (72)) and with index shift J+µ= i:

2J∑
i=0

ci−J
xi√

(2J− i)!i!
= 0↔ cJ√

(2J)!

2J∏
i=1

(x+ zi) = 0. (73)

Keeping in mind the fundamental theorem of algebra, one can also write (72) in the same form:

|Ψ〉= cJ

√
1

(2J)!

2J∏
i=1

(
a†+ + zi a

†
−

)
|0,0〉. (74)

If cJ = 0, the polynomial in (73) has degree lower than 2J. Its finite roots are supplemented by roots at
infinity so that their total number remains 2J. In the factorized state (74), each root at infinity corre-
sponds to a factor a†−. Thus, we have a correspondence between coefficients cµ and roots zi, which can
be depicted on the sphere S2 with the help of stereographic projection. For a Laguerre–Gaussian beam
only one cµ0 is non-zero, thus we have J+µ0 roots zi = 0, and J−µ0 at infinity. The action of the mode
converter rotates the roots collectively.

5. A zoo of Poincaré spheres

There are many different objects called Poincaré spheres in the structured-light literature. Most of them
are constructed in the same way: one chooses two orthogonal basis states and considers their linear com-
binations as in (1). As discussed in section 2 and appendix B, for two states |N〉 and |S〉 we can write

|Ψ(θ,φ)〉= cos θ
2
|N〉+ eiφ sin θ

2
|S〉, 0⩽ θ ⩽ π, 0⩽ φ < 2π. (75)

Thus, in order to define a particular Poincaré-like sphere, one has to specify its two pole states. In the
context of structured light and paraxial approximation, we characterize these states by their polarization
and topological charge.

One of the first spatial-mode Poincaré spheres was introduced by Padgett and Courtial for first-order
modes [15]. In their construction, the two poles correspond to the LG modes with ℓ=+1 and ℓ=−1.
The same formal construction can be extended to arbitrary ℓ:

|N〉= |π 〉uLG+ℓ,p, |S〉= |π 〉uLG−ℓ,p, (76)

where |π 〉 is a fixed polarization state. Thus, polarization does not change on this sphere. This construc-
tion is often called the orbital Poincaré sphere [88–90].

The term ‘orbital’ is potentially misleading. In paraxial optics, this index has historically been
referred to as an orbital angular momentum. However, ℓ is topological charge and does not define the
orbital angular momentum of an individual photon, since the spin and orbital parts of the angular
momentum of a massless field are not separable [91, 92]. Thus, orbital Poincaré sphere is just a histor-
ical name. Moreover, the same name is also used by some authors [28, 76] in a different sense, for a
different construction described below.

For ℓ= 1, the transformation of the state on the sphere equation (76) is produced by the standard
astigmatic mode converter [93]. This is not true for higher orders. For example, one can define a sphere
with uLG+2,0 and uLG−2,0 at its poles, but the intermediate states on this sphere are not the states produced
by a cylindrical-lens converter [17, 18]. The mode converter instead transforms states on the Hermite–
Laguerre sphere [18] discussed also in section 4. This sphere is constructed for the creation operators
â†± introduced in equation (58), while their transformation is given by equation (61). For N= 1, the
Hermite–Laguerre sphere coincides with the orbital Poincaré sphere in equation (76). For N> 1, powers
of the transformed operators produce additional cross terms and, consequently, additional modes of the
same order. Therefore, the two constructions may have the same pole modes but different states between
the poles.
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Higher-order Poincaré spheres are obtained by using both polarization and phase vortex [94]. From
equation (39),

|N〉 ∼ |R〉uLGm−1,p, |S〉 ∼ |L〉uLG1−m,p. (77)

The states |N〉 and |S〉 have TAM projections +m and −m, and topological charges m− 1 and 1−m,
respectively. This is the higher-order Poincaré sphere considered in section 3. Holleczek et al considered
two such spaces for first-order cylindrically polarized fields [94] with the difference in the choice of the
polar axis.

The hybrid-order Poincaré sphere of Yi et al is constructed in the same way, but the topological charges
of its two poles are independent [95]:

|N〉 ∼ |R〉uLGℓ1,p, |S〉 ∼ |L〉uLGℓ2,p (78)

The two polarizations are orthogonal, but ℓ1 and ℓ2 do not have to be opposite. For ℓ2 =−ℓ1,
equation (78) reduces to the higher-order Poincaré sphere above.

The sphere used by Ling et al for full Poincaré beams is a particular hybrid-order Poincaré
sphere [96]:

|N〉 ∼ |R〉uLG0,0, |S〉 ∼ |L〉uLGℓ,0. (79)

The generalized Poincaré sphere of Ren et al combines a continuous family of such two-state
spheres [97]. For each fixed value of the parameter RG, the corresponding space can be written as

|N〉 ∼ |π (RG)〉uLG−ℓ,p, |S〉 ∼ |π⊥ (RG)〉uLGℓ,p,
〈
π⊥ (RG)

∣∣π (RG)〉= 0. (80)

The parameter RG ∈ [1/2,1] is represented as the radius of the generalized sphere. A surface with a fixed
radius RG is called a spherical shell. Moving from one shell to another changes the ellipticity of the pole
polarizations themselves. The radial coordinate labels which orthogonal polarization basis is used to con-
struct the sphere.

Thus, most objects in this ‘zoo’ differ only in the two states used as their basis. The Hermite–
Laguerre sphere is different: it is constructed for creation operators. Finally, for three or more basis
states, the full projective state space is no longer a sphere, Poincaré spheres describe only two-state sub-
spaces. Higher-dimensional states require other representations, such as the octant constructions [82].

6. Discussion

We wish to point out that in the literature the term geometric phase is not always used consistently. In
particular, while for a wave plate the trajectory on the Poincaré sphere is clearly defined and can be
parametrized by a real coordinate, this is no longer the case for the corresponding nanoparticle. In a
nanoparticle, the polarization cannot be always defined or tracked inside the structure in the same way
as in a waveplate, and the associated unitary matrices are therefore introduced in a rather formal sense.
Nevertheless, for nanoparticles, the phase can be obtained by a different procedure, namely by rotating
the particle and moving to a different reference frame.

For the so-called nonlinear geometric phase, there exists an analogy with this approach [98], how-
ever, in this case it is apparently no longer possible, even formally, to introduce a unitary matrix or
a closed path [99] on the Poincaré sphere. This raises the question of whether all these phases should
indeed be termed geometric, or whether the concept of geometric phase should be extended to a broader
class of problems. We regard the strict delineation of this class of phases in optics as an open question
for discussion.

We further suggest to reserve the term Pancharatnam–Berry phase exclusively for phases whose geom-
etry coincides with that described here and is associated with the Hopf fibration. Other phases, for
example, the frequently used illustration (see figure 5) based on parallel transport of a tangent vector
on a sphere are indeed geometric phases, but they can be misleading when used in discussions of the
Pancharatnam–Berry phase, as they are characterized by a fundamentally different geometry. This pic-
ture based on parallel transport of a tangent vector on S2 corresponds not to the Hopf fibration, but
to the unit tangent bundle with a different value of Chern class c1(TS2) = 2, which is also the Euler
class, whereas the Hopf bundle S3 → S2 has c1 = 1 [100, 101]. Its total space is L(2,1)' SO(3)'RP3,
rather than S3. Thus the two constructions define genuinely different circle bundles over the base S2,
even though both have fibre S1.
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Figure 5. A frequently used illustration of a geometric phase which, however, is not a Pancharatnam–Berry phase and has a dif-
ferent geometry; it is equal to the full solid angle rather than half of it.

Table 1. Summary of the geometrical settings discussed in the tutorial.

Case Base space Total space Phase law PB?

Polarization waveplate Poincaré sphere Hopf bundle Ω/2, e±2iβ Yes

Nanostructure, 2mout/in = nν Formal Poincaré

analogy

Formal Hopf bundle Ω/2,

ei (minc−mout)β

Restricted

Arbitrary TAM pair Formal two-state

sphere

Hopf bundle after choosing

the two-state subspace

ei (minc−mout)β Weak analogy

HG/LG usual consideration Hermite–Laguerre

sphere

Lens spaces ℓΩ/2 Not PB

Arrows on sphere, unit

tangent bundle

Sphere S2 L(2,1)≃ SO(3)≃ RP3 Ω Not PB

Table 1 summarizes the main geometrical settings discussed above. The same rotation-dependent
phase factor does not by itself define a unique geometric phase; the relevant distinction is the underlying
base space and fibre structure.

Another open issue concerns the non-uniqueness of the connection. The connection discussed here is
the canonical one, however, it is in principle possible to introduce other connections that are not related
to it by a gauge transformation and that yield different curvature and different holonomy, while still
corresponding to the same Chern class. To our knowledge, such situations have not been discussed in
the optics literature. Nevertheless, it cannot be excluded that for other physical problems precisely these
alternative connections may turn out to be relevant. It might then be expedient to resort to the classical
complex algebraic-geometric formalism employed in [102, 103]. On the experimental side, some of the
theoretical issues discussed in [104] may be also fruitfully explored.

7. Conclusions

Summing up, in this paper we have analysed the geometric (Pancharatnam) phase, starting from its
abstract mathematical definition and establishing an explicit bridge to physical observables through con-
crete calculations. We have further demonstrated that for vortex beams, an entirely analogous Berry
phase can be introduced, which is equal to Ω/2, rather than ℓΩ/2, within a distinct experimental con-
figuration. In the nanostructure setting considered here, rotational symmetry determines which TAM-
conversion channels are allowed, while the phase of each channel depends on minc−mout. Different
spatial modes can therefore respond differently to the same structural rotation. This provides a simple
route to mode-selective phase control and discrimination, which may be useful for mode multiplexing in
nanophotonic systems. More general multimode and nonlinear cases remain to be explored.

As new types of optical geometric phases continue to emerge, it becomes increasingly important to
move beyond heuristic analogies and specify their geometry precisely. Similar phase laws or Poincaré-
like representations do not by themselves imply the same underlying mechanism. A formulation in terms
of the relevant state space, bundle, and connection provides a common framework in which different
geometric phases can be defined, compared, and consistently classified.
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Appendix A. Stereographic projection

Let the center of a sphere of radius r be at (0,0,0). Draw a line from the north pole that intersects the
sphere and the plane z= 0 at (x,y,z) and (X,Y,0), respectively (see figure 6). We establish a relationship
between the coordinates. From the similarity of triangles,

X=
rx

r− z
, Y=

ry

r− z
. (81)

However, we would like to express the sphere coordinates in terms of the plane coordinates. For this, we
consider the plane as a complex plane and introduce

Z=
r(x+ i y)

r− z
, Z=

r(x− i y)
r− z

. (82)

Consider

ZZ=
r2
(
x2+ y2

)
(r− z)2

=
r2
(
r2− z2

)
(r− z)2

=
r2 (r+ z)

(r− z)
, (83)

from here

z=
r
(
ZZ− r2

)(
ZZ+ r2

) , (84)

x=
X(r− z)

r
=

(
Z+Z

)
(r− z)

2r
=

r2
(
Z+Z

)(
ZZ+ r2

) , (85)
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Figure 6. Stereographic projection establishes a one-to-one correspondence between the points on the sphere and those on the
plane.

y=
Y(r− z)

r
=

−i r2
(
Z−Z

)(
ZZ+ r2

) . (86)

Thus, every point on the sphere, except the north pole, corresponds to a point on the plane. The
extended plane includes the point at infinity, which corresponds to the north pole. Stereographic pro-
jection preserves angles and generalized circles; that is, it maps circles on the sphere to circles or straight
lines on the plane.

Appendix B. Projective space

One can also find a detailed explanation and relation to the Poincaré sphere in [36]. The complex pro-
jective space CPn is the quotient set Cn+1\{0} with respect to the equivalence relation

x∼ y⇔∃λ ∈ C\{0} : x= λy (87)

CPn =
(
Cn+1\{0}

)
/∼ (88)

One can often encounter notations like C\{0} := C∗. The complex projective line CP1 is homeomor-
phic to a sphere, which is also called the Riemann sphere. In other words, the Riemann sphere can be
defined as the set of all lines passing through the origin in C2. Any point on the Riemann sphere can
be represented by a pair of complex numbers (z1,z2), and two points (z1,z2) and (w1,w2) represent the
same point on the Riemann sphere if there exists a nonzero complex number λ such that:

(z1,z2) = λ(w1,w2) . (89)

This equivalence relation introduces the concept of projective coordinates on the Riemann sphere, typ-
ically denoted as [z1 : z2]. The complex plane C corresponds to the subset of the Riemann sphere where
z2 6= 0, and each point z ∈ C is identified with the point [z1/z2 : 1] = [z : 1] on the Riemann sphere. The
point at infinity is represented by [1 : 0].

Appendix C. Derivations for the SU(2) matrix for the rotated waveplate

The optical axis of the waveplate is rotated by an angle β with respect to the x-axis. We can introduce
new Ex′ and Ey′ in another coordinate system along the symmetry planes of the waveplate.

In general case it is

Ex = cosβEx′ − sinβEy′ , Ey = sinβEx′ + cosβEy′ (90)
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The initial circularly polarized wave is expressed through the new coordinates as

ER = e
−iβ Ex′ − i Ey′√

2
, EL = e

iβ Ex′ + i Ey′√
2

(91)

Ex′ =
eiβER + e−iβEL√

2
, Ey′ =−e

iβER − e−iβEL
i
√
2

(92)

Therefore for electric field components transmitted through a rotated waveplate we have:

ẼR = e
−iβ

(
ei δ/2

eiβER + e−iβEL
2

+ i e−i δ/2
eiβER − e−iβEL

2i

)
(93)

ẼL = e
iβ

(
ei δ/2

eiβER + e−iβEL
2

− i e−i δ/2 e
iβER − e−iβEL

2i

)
(94)

ẼR =

(
ei δ/2

ER + e−2iβEL
2

+ e−i δ/2
ER − e−2iβEL

2

)
(95)

ẼL =

(
ei δ/2

e2iβER + EL
2

− e−i δ/2 e
2iβER − EL

2

)
(96)(

ẼR
ẼL

)
=

(
cosδ/2 i e−2iβ sinδ/2

i e2iβ sinδ/2 cosδ/2

)(
ER
EL

)
. (97)

So we get the general formula:(
ẼR
ẼL

)
=
(
Icosδ/2+ i

(
cos2βσx + sin2βσy

)
sinδ/2

)(ER
EL

)
. (98)

C.1. Horizontal lift and holonomy: an example
For more general considerations see also the book [51]. Let A be the global U(1) connection 1–form on
S3. For a lifted curve z(t) ∈ S3 ⊂ C2 the horizontality is

A(ż(t)) = 0. (99)

Here we use z= (z1,z2) with z1 = x1+ i x2, z2 = x3+ i x4. Let us fix any (not necessarily horizontal,
preferably closed) reference lifted curve zref(t) with the same base projection. Any other lift differs by a
fibre rotation e−i α(t), hence

z(t) = e−i α(t)zref (t) , ż= e−i α(t) (żref− i α̇zref) . (100)

Using the U(1)–invariance of A and A(uv) = i , the horizontality condition (99) with (100) gives

0=A(ż) =A(żref)− i α̇(t) =⇒ α̇(t) =−i A(żref (t)). (101)

In real coordinates on S3 ⊂ R4 we use

A= i (x1 dx2− x2 dx1+ x3 dx4− x4 dx3) ,

A(ẋ) = i (x1ẋ2− x2ẋ1+ x3ẋ4− x4ẋ3) . (102)

Now we consider the example of the closed curve on the Poincaré sphere with a fixed θ and denote
a= cos(θ/2), b= sin(θ/2). A convenient (non-horizontal) closed reference lift of this parallel is given
by

xref (t) = (a, 0, bcosφ(t) , −b sinφ(t)) , (103)

whose Hopf projection is the latitude (parallel) on S2 with Z= cosθ. Indeed, z1(t) = a, z2(t) =
bcosφ(t)− i b sinφ(t) = be−iφ(t), and using the Hopf map (18) we obtain z1z2 = a · beiφ(t),

π (zref (t)) = (sinθ cosφ(t) , sinθ sinφ(t) , cosθ) .

Along this curve the connection form evaluates to

A(ẋref (t)) =−i b2 φ̇(t) =−i sin2 θ
2
φ̇(t) =− i

2
(1− cosθ) φ̇(t) . (104)
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Therefore, the horizontality equation (101) gives

α̇(t) =−i A(ẋref (t)) =−1
2
(1− cosθ) φ̇(t) . (105)

For a closed loop along the parallel, φ increases by 2π, hence

∆α=−1
2

ˆ 2π

0
(1− cosθ)dφ=−π (1− cosθ) ,

Hol= exp(−i ∆α) . (106)

Since the solid angle of the spherical cap bounded by the parallel is Ω= 2π(1− cosθ), we have the
equivalent relation

∆α≡−1
2
Ω, Hol= exp

(
i
Ω

2

)
. (107)

Note that we could consider a different reference lift, e.g.

xref (t) =

(
acos

φ(t)

2
,a sin

φ(t)

2
,bcos

φ(t)

2
,−b sin

φ(t)

2

)
, (108)

and this one is not closed. This means that one should add an additional phase, in this case, π, which
corresponds to the non-closedness of the reference lift. This is related to the part of the phase that is
referred to as dynamical in [105].

C.2. Global and local descriptions
In practical applications one usually does not work directly with the global connection form A on
the total space E, but rather with its local representatives on the base manifold. This step is often left
implicit, but it is important to state it explicitly: obtaining a local connection on the base requires the
choice of a local section of the fibre bundle. We introduce angular coordinates on S3(θ,φ,ψ) with
θ ∈ [0,π], φ ∈ [0,2π), and ψ ∈ [0,4π), and write [50]

z1 = cos
θ

2
exp

(
i
ψ+φ

2

)
, (109)

z2 = sin
θ

2
exp

(
i
ψ−φ

2

)
. (110)

The projection π : S3 → S2 given by the Hopf map gives

x= sinθ cosφ, y= sinθ sinφ, z= cosθ, (111)

which is the standard spherical parametrization of S2. The angles (θ,φ) therefore parametrize the base
B= S2, while ψ parametrizes the fibre F= S1.

To pass from the global connection on E to a local gauge potential on B, we need a local section. A
(local) section is a smooth map

s : U⊂ B→ E (112)

such that π ◦ s= idU. For the Hopf bundle we use the canonical sections

fN (θ,φ) = (θ,φ,ψ =−φ) , (113)

fS (θ,φ) = (θ,φ,ψ =+φ) , (114)

defined on the coordinate patches UN = S2 \ {south pole}, US = S2 \ {north pole}, respectively, so that
each section is smooth on its domain.

Given a connection 1-form A on E, its local representative on U⊂ B is obtained as a pullback along
a chosen section s. Let s : B→ E be a smooth map and let α be a 1-form on E. The pullback of the 1-
form α, denoted by s ∗α, is the 1-form on B defined by

(s ∗α)x (v) = αs(x) (s∗v) , (115)
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for any x ∈ B and v ∈ TxB, where s∗ : TxB→ Ts(x)E is the pushforward. In spherical coordinates the
global connection (28) is written as

A= i g(dψ + cosθ dφ) . (116)

The local connection forms (also called gauge potentials) on UN and US are then defined by

AN := f ∗NA, AS := f ∗S A.

Using (113)–(116) and the fact that fN and fS only change ψ, we obtain

AN = f ∗NA= i g(d(−φ)+ cosθ dφ) =−i g(1− cosθ) dφ, (117)

AS = f ∗S A= i g(dφ + cosθ dφ) = i g(1+ cosθ) dφ. (118)

These 1-forms AN and AS are the local connection forms (gauge potentials) on the base S2 in the north-
ern and southern charts. On the overlap UN ∩US they are related by the gauge transformation.

C.3. Curvature and Chern classes
A crucial notion is then that of curvature of a connection. Given two horizontal vector fields u, v, their
Lie bracket ([u,v]( f) := u

(
v( f)

)
− v

(
u( f)

)
) is, in general, not horizontal: the operator

F (u,v) :=−A([u,v]) (119)

is the curvature of the given connection. Geometrically, F(u,v) represents the infinitesimal holonomy
associated with a small loop spanned by u and v.

The curvature of a connection is defined globally as the 2-form,

F := dA+A∧A, (120)

where dA(u,v) = u
(
A(v)

)
− v

(
A(u)

)
−A

(
[u,v]

)
for any vector fields u,v on E and (A∧A)(u,v) =

[A(u),A(v)]. When dealing with the case of a principal bundle — wherein F= G, a Lie group, called
structure group freely acting on fibres, namely, without fixed points — and if G is abelian, the second
term will actually drop out. So in our case G= U(1) and F = dA. Stokes’ theorem then yields (pulling
back the relevant forms to the base via a local section s so that, slightly abusively, we may look at F as a
2-form F := s∗F thereon):

ˆ
C

A=

ˆ
D

dA=

ˆ
D

F (121)

for a loop C bounding a 2-dimensional domain D on the base space and where A= s∗A. The holon-
omy HolA(C ) of the connection A around C , i.e. the (generalized) Berry phase will then be

HolA (C ) = exp

(
−
ˆ

C

A

)
= exp

(
−
ˆ

D

F

)
. (122)

Computing F= dA from either local potential (117) and (118) gives

FN = dAN =−i g d(1− cosθ)∧ dφ=−i g sinθ dθ∧ dφ, (123)

FS = dAS = i g d(1+ cosθ)∧ dφ=−i g sinθ dθ∧ dφ. (124)

Thus FN = FS =: F defines a globally well-defined curvature 2-form on S2. For a closed curve C ⊂ S2

bounding an oriented surface D, Stokes’ theorem yields

˛
C
AN/S =

¨
D
F. (125)

Since sinθ dθ∧ dφ is the area form on the unit sphere, the integral of the curvature over D equals the
solid angle Ω(C) enclosed by C:

¨
D
F=−i gΩ(C) . (126)
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Finally, integrating the curvature over the whole sphere gives
˜

D F=−4π i g. The first Chern number
therefore reads

c1 =
1

−2π i

¨
S2
F= 2g, (127)

which reduces to c1 = 1 upon choosing the standard normalization g= 1
2 .

Appendix D. SU(2)-actions and parallel transport

We use again z1 = x1+ i x2 and z2 = x3+ i x4. A vector field is written in the real basis (∂1, . . . ,∂4). Let
U ∈ SU(2) act on every point of C2(z1,z2) as follows:

ΦU : (z1,z2)
T 7→ (z ′1,z

′
2)

T
= U (z1,z2)

T
. (128)

This induces a real linear map Q ∈ SO(4) (compare with rotation in quaternion form) on x=
(x1,x2,x3,x4)T:

x ′ = Qx. (129)

We want to find a vector field on S3 that corresponds to an infinitesimal rotation generated by such a
unitary matrix. Now consider the example U= cosδ/2 I+ i sinδ/2 σx. For this case

Qx =


cosδ/2 0 0 − sinδ/2
0 cosδ/2 sinδ/2 0
0 − sinδ/2 cosδ/2 0

sinδ/2 0 0 cosδ/2

 . (130)

In the general case (10) we introduce the notation

c= cosδ/2, s= sinδ/2, (131)

c2 = cos(2β) , s2 = sin(2β) (132)

and get

Q(δ,β) =


c 0 s s2 −s c2
0 c s c2 s s2

−s s2 −sc2 c 0
s c2 −s s2 0 c

 , (133)

and with an additional σz rotation U= cosδ/2 I+ i sinδ/2 σz, which is not realized via the waveplate

Qz =


c −s 0 0
s c 0 0
0 0 c s
0 0 −s c

 . (134)

When considering an infinitesimal rotation we should just take the corresponding generator LQ to get
the corresponding vector field as ẋ= LQx, leading to, e.g.

Lz =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 . (135)

With corresponding vector field

uz =−x2∂1+ x1∂2+ {x4∂3− x3∂4} . (136)

Analogously,

ux =−x4∂1+{x3∂2− x2∂3}+ x1∂4, (137)
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uy = {x3∂1}+ x4∂2−{x1∂3}− x2∂4. (138)

Note that they differ from horizontal or vertical vector fields (29) and (30). For convenience, we put the
non-matching terms in curly brackets. So, a unitary 1-parameter subgroup realizes a specific motion on
S3 along the vector fields, given above, which are not horizontal. This means that, in general, a point in
S3 does not move in the way prescribed by the connection form (23), and when we have a closed curve
on the Poincaré sphere, realized by a SU(2) rotation, the lifted curve on the S3 sphere is not horizon-
tal (see, for example, figure 3 in [58] as an instance of non-parallel transport). However, for particular
lines, where non-coinciding terms for ux and uy are zero, we still move along horizontal vector fields!
For example, for ux we want x3 = x2 = 0, which means that z1 is purely real and z2 is purely imaginary.
That corresponds to the great circle with x= 0 (18). But σx corresponds to the rotation of the Poincaré
sphere around the x-axis, which means that the motion in S3 induced by that along a great circle in S2

is indeed dictated by parallel transport. Similarly, we can consider other rotation angles of the waveplate,
however, moving on a great circle of S2 provides a necessary condition for the phase to be geometric.

Appendix E. Eigenmodes, scattering and irreps

In this section we discuss, how the shape of the nanostructures was chosen based on their scattering
properties for a particular vortex beam. As follows from Wigner’s theorem [106], if a resonator belongs
to a particular symmetry group, i.e., it does not change its shape under all transformations of that
group, its eigenmodes transform according to its irreducible representations. This means that eigen-
modes of different symmetries can be classified according to the irreducible representations (irreps) [37,
38]. The symmetry behaviour of the scattered wave can also be decomposed into a direct sum of irreps,
and a particular mode will be excited only if the same irrep belongs to the decomposition of the inci-
dent wave [37, 107].

However, in the case of axially symmetric systems, these considerations may be simplified. We are
interested only in a single quantity that describes the symmetry behaviour of the incident wave and the
eigenmodes under rotations around the z-axis: the projection of the total angular momentum (TAM).
Plane waves and the discussed vortex beams possess a well-defined value of m. But then the nanostruc-
ture has n-fold symmetry. This means that each eigenmode contains all possible values of m that differ
by nν, ν ∈ Z. Consequently, the function describing this eigenmode may be decomposed into a series,
each term of which has the same symmetry behaviour as the exponential ei (mi+nν)φ, where mi is an
integer that characterizes the eigenmode. It can be understood with the help of a Fourier-like decom-
position of the shape of the nanostructure, written as a function of the angle φ. Rigorous considerations
for vector functions can be found in [37], and a simplified scalar version in [107, 108]. Thus, after all, if
m is the TAM projection of the incident field, then all eigenmodes for which

∃ν ∈ Z,m=mi + nν (139)

is valid are excited.
In particular, this means that if we have a triangular nanostructure, n= 3, and, for example, the

incident beam has m= 3, then the component with m=−3 TAM projection could also contribute to
the scattered field, because for the triangular structure, all eigenmodes with TAM projection 3+ 3ν are
excited, and for the hexagonal structure, 3+ 6ν. However, not only does m=−3 contribute to scatter-
ing, but also an infinite number of other possible values.

The contribution of each TAM projection depends on the resonances and the particular shape of the
structure and can be optimized.

Another way to view this is to keep in mind that two different eigenmodes, or more precisely two
different types of eigenmodes, must be excited with different phases. They should be independently
excited by

|Be〉=
|R〉+ |L〉√

2
and |Bo〉=−i |R〉− |L〉√

2
, (140)

with different phases and amplitudes. This would be analogous to horizontal and vertical linear polar-
izations on the Poincaré sphere. This means that such eigenmodes should each transform according to
a 1-dimensional irrep, because if they transformed according to a 2-dimensional irrep into each other,
they would have the same amplitudes and phases. Group representation theory tells us that this is valid
for shapes for which the condition 2m= nν is satisfied, exactly as in the previous case.
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E.1. Cases with different TAM projections and another view on the geometry
The higher-order Poincaré sphere is defined based on two basis states, and, in principle, it does not nec-
essarily have to be based on mirror-symmetric states, such as left- and right-polarized plane waves or
the previously considered beams. We could also consider a hybrid-order Poincaré sphere and construct
something similar for any two arbitrary values of m. Considerations based on irreps are not straightfor-
ward in this case and can be misleading, because now the modes can transform according to any irrep.
However, the selection rules, which determine whether a mode with another m will be excited, are still
valid:

minc−mout = nν. (141)

But how can we now determine, which phase is obtained during rotation of the nanostructure? We can,
in principle, follow the same approach as described in [69, 98, 109]. For this, we consider a system con-
sisting of a nanostructure irradiated by a particular TAM component and a particular TAM component
of the scattered field, and first rotate the system as a whole by an angle β. The incident and scattered
fields acquire the phases e−i m

out/incβ , each with its own value of m. Then, we perform a time shift such
that the incident field coincides with the one before rotation. This corresponds to the same incident
field, but a rotated nanostructure. The scattered field already has the phase e−i m

outβ , and after the time
shift it acquires an additional phase ei m

incβ , because it has the same frequency as the incident field. This
gives the expression (43). Note that here we did not use the language of unitary matrices at all, nor did
we consider any real path on the Poincaré sphere and its holonomy.

The geometric interpretation of this phase remains quite formal and may be somewhat forced. It
again raises the question of the definition of the geometric phase in physics: should the holonomy inter-
pretation be necessary, or can one just rely on the vague idea that ‘the phase depends somehow only on
the geometry, but not on the resonances’, which, of course, does not yet constitute a rigorous definition
but may possibly be refined.

Appendix F. Interpretation in terms of coherent states

The preceding observations could be rephrased via Perelomov’s coherent states ([87, 110, 111], see also
[104]). In physical terms, let us choose a state on the Poincaré sphere, for instance, a pole. Any trans-
formation that belongs to the group SU(2) can either move the state to another one, which corresponds
to a different point on the sphere, or just introduce some phase (for the pole it would be the subgroup
of rotations around the z-axis). In mathematical terms, we consider an action of a compact Lie group G
(SU(2) in our case) on a finite-dimensional vector space V (space of polarization states) and obtain the
orbit of this action on a vector |ξ〉 ∈ V:

Oξ = {[U(g) |ξ〉] |g ∈ G} ∼= G/H. (142)

where H, called the isotropy group of |ξ〉 (in our case H is U(1) and G/H is topologically S2), satisfies

U(h) |ξ〉= ei {α(h)}|ξ〉 (143)

with ei α(·) a character of H, namely, a one-dimensional representation of H:

ei {α(h1h2)} = ei {α(h1)} ei {α(h2)}, h1,h2 ∈H. (144)

The above arrangement is termed a coherent state system associated with the representation U(·) and the
vector |ξ〉. Physically, coherent states are all possible states which can be obtained from a given one by an
action of the group. Ultimately, we have a principal bundle with structure group H and base manifold
G/H.

A unitary irreducible representation U(·) of G= SU(2)∼= S3 is labelled by its ‘spin’ J and it has
dimension 2J+ 1. For the Poincaré-sphere orbit considered here, H= U(1)∼= SO(2)≈ S1. Upon tak-
ing the corresponding reference vector |ξ〉 ∈ VJ and acting thereon via the representation, we obtain the
coherent-state manifold

{[U(g) |ξ〉] |g ∈ SU(2)} ∼= SU(2)/U(1)∼= S2. (145)
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Appendix G. Details of numerical simulations

We numerically calculate the phase ϕ of the electric field acquired by rotation of a silicon particle
exhibiting different symmetries under illumination by a circularly polarized paraxial Laguerre–Gaussian
beam

Einc ∝ (x̂± i ŷ)uLGlp (r) . (146)

TAM projection m of such an input field can be obtained by writing the expression for a circularly
polarized field in equivalent form (see equations (39), (47) and (48))

E±lp = e±iφ (ρ̂± i φ̂)uLGlp (r) . (147)

Combining the angular dependencies e±iφei lφ, for the TAM projection of an LG beam we have m=
l± 1. The phase acquired by the rotation of the particle under excitation with a beam (λ= 1550 nm)
having TAM-projection m was determined as follows:

ϕ±m = arg

[ˆ
S
E(ρ,φ,z0) · (ρ̂∓ i φ̂)e∓i mφdS

]
, (148)

where the upper(lower) sign corresponds to the right(left) hand light helicity; the integration was per-
formed over the surface positioned below the particle (z0 =−1 µm). Geometrical parameters of the par-
ticles were the following: D2h particle width w= 263 nm, height h= 790 nm, depth d= 345 nm; D6h
particle w= 291 nm, h= 700 nm, the radius of the inscribed circle R= 922 nm; D3h particle w= 591
nm, h= 700 nm, R= 1300 nm. Calculations were performed using COMSOL Multiphysics™ software.

Appendix H. Horizontal lift and the usual Berry integral

In this section, we provide a correspondence between the standard notation, e.g. in [4, 29, 112], and the
present approach. Let z= (z1,z2) ∈ S3 ⊂ C2 be a normalized representative of a polarization state. We
use the Hermitian product (20): 〈z|w〉= z1w1+ z2w2. Let z ∈ S3 ⊂ C2 be a normalized representative of a
ray (ray [z] ∈ CP1 is the physical state defined up to an overall phase [113–115]),

〈z|z〉= 1. (149)

Consider another normalized representative z ′ of a neighbouring ray. The Pancharatnam condition says
that the two states are in phase if [3, 114]

〈z|z ′〉 ∈ R+. (150)

Now let the neighbouring representative be obtained from a smooth curve z(t) ∈ S3,

z ′ = z(t+ dt) = z(t)+ ż(t)dt. (151)

Then

〈z(t) |z(t+ dt)〉= 1+ 〈z(t) |ż(t)〉dt. (152)

Since the curve stays on S3, we have

d

dt
〈z(t) |z(t)〉= 0, therefore, 〈ż(t) |z(t)〉+ 〈z(t) |ż(t)〉= 0, (153)

and hence

Re〈z(t) |ż(t)〉= 0. (154)

Thus 〈z(t)|ż(t)〉 is purely imaginary. The Pancharatnam condition requires

〈z(t) |z(t+ dt)〉 ∈ R+. (155)
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Using the previous expressions, we get both Im〈z(t)|ż(t)〉= 0 and Re〈z(t)|ż(t)〉= 0, which means

〈z(t) |ż(t)〉= 0. (156)

This is precisely the condition that the tangent vector ż(t) belongs to the horizontal space defined in
equation (22), and can be also found in, e.g. [26]. Therefore, the horizontal space consists of those
infinitesimal changes of the representative which keep neighbouring states in phase in the Pancharatnam
sense.

Note, that (compare with (99))

A(ż) = i (x1ẋ2− x2ẋ1+ x3ẋ4− x4ẋ3) = i Im〈z|ż〉= 〈z|ż〉. (157)

The same object is usually written in Berry’s notation after choosing a local reference lift. Let the base
point be denoted by R, and let zref(R) be a chosen normalized representative of the corresponding ray.
For a curve R(t) on the base, the reference lift is

zref (t) = zref (R(t)) , 〈zref (t)|żref (t)〉= 〈zref (R)|∇Rzref (R)〉 · Ṙ. (158)

Therefore, in this local gauge, the usual Berry phase along a closed curve C is

γB [C] = i

˛
C
〈zref (R)|∇Rzref (R)〉 · dR. (159)

Equivalently,

γ = i

˛
C
〈zref|dzref〉. (160)

This is the same connection as above.
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