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Abstract
In this paper, a mathematical model is proposed to describe the spread dynamics of COVID-19, considering the factors of
self-protection and vaccination. The basic reproduction number of the model, which is a critical signal of the dynamics of
COVID-19 transmission, is calculated using the next-generation matrix method. A study of the local stability of steady states
has been conducted. Moreover, global stability is demonstrated using Lyapunov’s second method and LaSalle’s invariance
principle. In addition, the effect of vaccination on the evolution of the disease spread has been studied. Further, an optimal
control problem is formulated and solved to reduce the number of infected individuals and the cost of the controls by
considering self-protection and vaccination as intervention options. Specifically, our results indicate that implementing optimal
control strategies, such as time-dependent interventions, reduces disease transmission and overall infection burden. Themodel
demonstrates that strategically timed and intensity-optimized control measures can flatten the epidemic curve, delay peak
infection, and minimize the outbreak’s cost and duration. Finally, comprehensive simulations were performed across various
initial conditions and parameter settings to verify the theoretical findings.

Keywords COVID-19 pandemic · Stability · Basic reproduction number · Vaccination · Optimal control · Pontryagin
maximum principle · Numerical simulations

1 Introduction

The coronavirus disease (COVID-19) was first observed in
December 2019 in the Wuhan Province of China, and then
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it spread throughout the world. It affected the whole world
in the most devastating way possible. The World Health
Organization (WHO) officially declared COVID-19 a global
pandemic on March 11, 2020. The predominant route of
COVID-19 transmission occurs via direct contact with an
individual carrying the infection. Globally, COVID-19 has
infected over 600 million individuals, resulting in more than
6 million fatalities [1–3]. In addition to a lack of diagnostics,
many cases are asymptomatic, contributing to the underes-
timation of instances [4–7]. China’s Wuhan, Hubei, was the
first place to detect COVID-19 [8–12]. Afterward, nearly
every country was affected by the virus.

The tremendous efforts of numerous scientists have led
to the advancement of vaccines for COVID-19 like the
Pfizer/BioNTech Comirnaty vaccine, the Bharat Biotech
BBV152 COVAXIN vaccine, the COVISHIELD vaccine,
and the AstraZeneca/AZD1222 vaccine [3, 13]. While most
vaccines need two doses, Johnson & Johnson requires only
one [13, 14]. It is almost impossible to vaccinate all sus-
ceptible persons, mainly due to economic reasons. This is
especially so in nations where vaccines are difficult to get
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or prohibitively expensive. Consequently, the building of a
framework capable of predicting the optimal level of vac-
cine coverage is a top priority for health administrators and
policymakers.

Epidemiological modeling has significantly advanced the
comprehension of the propagation patterns of infectious dis-
eases, which is essential for implementing effective control
measures [15–23]. The investigation of smallpox transmis-
sion dynamics in 1760 initiated the exploration of epidemic
modeling, which has progressively developed into a cru-
cial framework for analyzing the spread of pandemics [24].
Kermack and McKendrick [25] developed a mathematical
model characterized by three ordinary differential equations,
which are widely recognized as the susceptible-infected-
removed (SIR)model for infectious diseases. In a typical SIR
model, the total population is divided into three categories:
susceptible individuals S(t), infected individuals I (t), and
removed individuals (either through recovery or death) R(t)
[25, 26]. However, a latent phase precedes the development
of many infectious diseases. This necessitates the addition
of an additional compartment E(t) representing the exposed
population to the model, leading to a system of four ordinary
differential equations (ODEs) [27]. In [28], an extended SIR
model has been developed by adding the exposed class E(t).
Bailey and Bartlett [29, 30] pioneered the development of
stochastic models to describe infectious disease transmission
dynamics in the 1950s and early 1960s. Moreover, Bartlett
was the first to use the Monte Carlo simulation technique to
study epidemics of contagious diseases [31, 32].

Since the outbreak of COVID-19, a significant number of
researchers have passionately contributed to enhancing epi-
demiological modeling [33–42]. The SEIR model has been
employed during the COVID-19 outbreak to understand the
initial dynamics and evaluate the effectiveness of interven-
tions implemented following the outbreak [43–47]. In [48], a
fractional modeling study has been carried out to investigate
the transmission mechanism of SARS-CoV-2, taking into
account the different phases of infection and transmission
routes. Also, Zarin et al. [49] discussed a reaction-diffusion
framework to understand the spread of the disease so that
effective public health intervention strategies can be taken. A
study on the co-dynamics of monkeypox and COVID-19 dis-
eases has been conducted in [50] to understand the impact of
robust control measures and the fractal dimension. The idea
of optimal control procedure has been utilized in the study
of COVID-19 transmission in [51–53], demonstrating that
optimal control strategies can effectively mitigate the spread
of the novel coronavirus.

In this study, we introduce a compartment-based model
[54] that includes the class V (t) representing vaccinated
individuals and the class P(t) representing self-protected
individuals. The P(t) compartment reflects the behavioral
response of individuals who adopt protective measures (e.g.,

mask-wearing, hand hygiene, avoiding crowds) without
being infected, exposed, or vaccinated. Unlike traditional
SEIRV models, which typically assume homogeneous mix-
ing and overlook individual-level behavior modification, our
model explicitly accounts for a dynamic subgroup of the
population that alters its risk profile through self-initiated
protection. This compartment not only reduces the effec-
tive contact rate but also influences the overall transmission
dynamics by creating a feedback loop between public per-
ception and disease spread. Incorporating this behavioral
dimension improves the realism and predictive power of
the model, especially in scenarios where public aware-
ness and compliance significantly affect epidemic outcomes.
As shown in [55], COVID-19 cannot be adequately char-
acterized by deterministic models with fewer than five
compartments, such as SIR and SEIR. This research seeks
to investigate the transmission dynamics of the COVID-19
epidemic by employing the PSEIRV model in combination
with the principles of dynamical system theory. While the
discrete model offers comparable accuracy, we focus on the
continuous deterministic model due to its simplicity in anal-
ysis. Additionally, wewill assess the influence of vaccination
on the dynamics of the model.

In addition, by incorporating self-protection and vacci-
nation as control strategies, a problem in optimal control
is formulated for the proposed model, and the correspond-
ing optimal control solution is systematically characterized.
Unlike previous epidemic control models that often assume
static or uniform intervention strategies, our model incor-
porates a time-dependent optimal control framework that
dynamically adjusts intervention levels based on the current
epidemic state. This allows for a more realistic and efficient
allocation of resources. Furthermore, our model integrates
multiple control variables simultaneously (e.g., vaccination
and public awareness), capturing the synergistic effects of
combined strategies. We also account for constraints such
as limited resources or behavioral responses, which are often
overlooked in classical models. These enhancements provide
a more robust and adaptable framework for informing public
health decision-making.

The rest of the paper is amended as follows: In Sect. 2,
the model formulation is described. Section 3 presents the
essential characteristics of the model, including positivity,
boundedness, and the region of invariance. Section 4 deter-
mines the disease-free equilibriumand the basic reproduction
number. Section 5 focuses on determining the endemic equi-
librium of the model. Section 6 examines the impact of
vaccination, while Sect. 7 dealt with the model’s stability. In
Sect. 8, the existence of optimal control in terms of the self-
protection rate and vaccination rate that optimally reduces the
disease is investigated. In Sect. 9, a few numerical examples
are performed to validate the conclusions drawn in the pre-
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vious sections. The conclusion and discussion are contained
in the final Sect. 10.

2 Model Formulation

Here, we designed a compartment-based model to illustrate
the spread of COVID-19. Themodel classifies the entire pop-
ulation into six crucial subgroups: the susceptible class S(t),
people who can potentially get COVID-19; self-protected
class P(t), these are the people adhering to protective mea-
sures like wearing masks, social distancing, sanitizing, etc.,
and hence insusceptible to infection; those in the latent phase
of infection L(t), these are the people who are infected but
not yet infectious; those who are infectious I (t), they are
the ones spreading the infection; those who have been vac-
cinated V (t), and the survivors of COVID-19 R(t). Each
compartment is presumed to behomogeneous.Consequently,
everyone in the same compartment faces the same hazards.
It is also assumed that a person develops immunity after
recovering from the illness. Furthermore, all newborns are
considered vulnerable to infection. The total population can
be determined as

N (t) = P(t) + V (t) + S(t) + L(t) + I (t) + R(t),

at any time t . We have developed the following model based
on the above assumptions:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d P(t)

dt
= pS − d P,

d S(t)

dt
= b − β I S − (d + v + p)S,

d L(t)

dt
= β I S − (d + σ)L,

d I (t)

dt
= σ L − (d + γ )I ,

d R(t)

dt
= γ I − d R,

dV (t)

dt
= vS − dV ,

(1)

with the initial conditions

P(0) ≥ 0, S(0) ≥ 0, L(0) ≥ 0, I (0) ≥ 0,

R(0) ≥ 0, V (0) ≥ 0. (2)

Here, the constant birth rate and the natural death rate
are denoted by b and d, respectively, whereas β denotes the
effective contact rate of the susceptible population with the
infectious population, and p denotes the protection rate. The
rate of vaccination is denoted by v. σ represents the rate at
which the exposed class transitions to the infectious class,
and γ is the natural recovery rate. Figure 1 depicts the math-
ematical model as a diagram (1).

3 Basic Properties

From the perspective of biological scenarios, the solution of
the system (1)must be positive and bounded in the regionR6+.
Thus, this section will examine the primary characteristic of
the solutions of the system (1) with the initial conditions (2)
such as positivity and boundedness.

Theorem 1 Suppose the parameters and initial values are
positive. In that case, for all time t, the solutions of the sys-
tem (1), i.e., P(t), V (t), S(t), L(t), I (t), and R(t), remain
positive.

Proof We shall prove by contradiction. Let

τ = sup{ψ > 0|∀t ∈ [0, ψ], P(t) > 0, V (t) > 0,

S(t) > 0, L(t) > 0, I (t) > 0, R(t) > 0}.

By continuity of solutions τ > 0 if P(0) > 0, V (0) >

0, S(0) > 0, L(0) > 0, I (0) > 0, R(0) > 0. Therefore, it is
sufficient to show that τ = +∞.

If possible, suppose τ < ∞. As a result, the continuity of
solutions implies that

P(τ ) = 0, or S(τ ) = 0, or L(τ ) = 0, or I (τ ) = 0, or

R(τ ) = 0, or V (τ ) = 0.

Fig. 1 Graphical presentation of
the model (1)
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If P(τ ) is zero before the other variables become zero, then

d P(t)

dt

∣
∣
∣
t=τ

= lim
t→τ−

P(τ ) − P(t)

τ − t
= − lim

t→τ−
P(t)

τ − t
≤ 0.

(3)

But, the first equation of the system of equations (1) implies
that

d P(t)

dt

∣
∣
∣
t=τ

= pS(τ ) − d P(τ ) = p > 0,

which contradicts inequality (3).
Now, if S(τ ) = 0 before the other variables become zero,

then

d S(t)

dt

∣
∣
∣
t=τ

= lim
t→τ−

S(τ ) − S(t)

τ − t
= − lim

t→τ−
S(t)

τ − t
≤ 0. (4)

However, the second equation of (1) implies that

d S(t)

dt

∣
∣
∣
t=τ

= b−β I (τ )S(τ )/N −(d +v+ p)S(τ ) = b > 0,

contradicting inequality (4).
Similarly, if L(τ ) becomes zero first, then

d L(t)

dt

∣
∣
∣
t=τ

= lim
t→τ−

L(τ ) − L(t)

τ − t
= − lim

t→τ−
L(t)

τ − t
≤ 0; (5)

however, the third equation of (1) implies that

d L(t)

dt

∣
∣
∣
t=τ

= β I (τ )S(τ )/N − (d + σ)L(τ )

= β I (τ )S(τ )/N > 0,

contradicting inequality (5).
Next, if I (τ ) becomes zero first, then

d I (t)

dt

∣
∣
∣
t=τ

= lim
t→τ−

I (τ ) − I (t)

τ − t
= − lim

t→τ−
I (t)

τ − t
≤ 0, (6)

but fourth equation of (1) gives us

d I (t)

dt

∣
∣
∣
t=τ

= σ L(τ ) − (d + γ )I (τ )

= σ L(τ ) > 0,

contradicting inequality (6).
Again, if R(τ ) becomes zero first, then

d R(t)

dt

∣
∣
∣
t=τ

= lim
t→τ−

R(τ ) − R(t)

τ − t
= − lim

t→τ−
R(t)

τ − t
≤ 0,

(7)

but the fifth equation of (1) gives

d R(t)

dt

∣
∣
∣
t=τ

= γ I (τ ) − d R(τ )

= γ I (τ ) > 0,

contradicting inequality (7).
Lastly, if V (τ ) becomes zero first, then

dV (t)

dt

∣
∣
∣
t=τ

= lim
t→τ−

V (τ ) − V (t)

τ − t
= − lim

t→τ−
V (t)

τ − t
≤ 0,

(8)

but the last equation of (1) implies

dV (t)

dt

∣
∣
∣
t=τ

= vS(τ ) − dV (τ )

= vS(τ ) > 0,

contradicting inequality (8).
Hence, τ is infinite, proving the claim.
Therefore, all the solutions P(t), V (t), S(t), L(t), I (t),

and R(t) of the model (1) remain positive for all t ≥ 0 if all
the parameters as well as the initial conditions are positive.
Thus, Theorem 1 holds. �	
Theorem 2 Every feasible solution of the system (1) is
bounded uniformly On [0,∞).

Proof We add all the equations of (1) and get

d N (t)

dt
+ d N (t) = b. (9)

Solving the first-order and first-degree ordinary differential
equation (9), we have

N (t) =
(

− b

d
+ N (0)

)

e−dt + b

d
, (10)

where N (0) represents the total initial population. Equation
(10) implies

lim
t→∞ N (t) = b

d
, (11)

i.e., N (t) approaches b
d asymptotically. Since N (t) = P(t)+

V (t) + S(t) + L(t) + I (t) + R(t) for all t , together with
Theorem 1, we get all solutions of system (1) are uniformly
bounded on R

+. �	
Theorem 3 The following is a positively invariant region of
model (1):

� =
{
(P(t), V (t), S(t), L(t), I (t), R(t)) ∈ R

6+ : 0 ≤ S(t)
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≤ b

d + v + p
, 0 ≤ N (t) ≤ b

d

}

. (12)

Proof From the second equation of (1), we get

d S(t)

dt
≤ b − (d + v + p)S(t). (13)

Now, applying Gronwall’s inequality [56] to (13), we get

S(t) ≤ b

d + v + p
+

(

S(0) − b

d + v + p

)

e−(d+v+p)t ,

(14)

where S(0) is the initial susceptible population. Hence, we
have from (14)

S(0) ≤ b

d + v + p

⇒ S(t) ≤ b

d + v + p
for all time t .

(15)

Again, from (10), we obtain

N (0) ≤ b

d

⇒ N (t) ≤ b

d
for all time t . (16)

By (15) and (16), the theorem follows. �	
Observations From inequality (14), we have

lim sup
t→+∞

S(t) ≤ b

d + v + p
. (17)

So, if S(0) > b
d+v+p , then either S(t) enters � and hence

remains there thereafter, or approaches b
d+v+p asymptoti-

cally. Similarly, by (11), if N (0) > b
d , then either N (t)

enters � and hence remains there thereafter, or asymptot-
ically approaches b

d .

Remark In light of Theorem 1, 2, 3, and the above obser-
vavations, we only focus on the region � given by (12) to
analyze the dynamics of model (1).

4 Disease-Free Equilibrium and the Basic
Reproduction Number

4.1 The Disease-Free Equilibrium

We determine the equilibria of the proposed model (1) by
equating the time derivatives in (1) to zero. The disease-free
equilibrium E0 corresponds to when I = 0, i.e., no infection.

Solving (1) for I = 0 and Ṗ = V̇ = Ṡ = L̇ = İ = Ṙ = 0
gives us the following unique disease-free equilibrium:

E0 = (P0, V0, S0, L0, I0, R0)

=
(

pb

d(d + v + p)
,

b

d + v + p
, 0, 0, 0,

vb

d(d + v + p)

)

.

(18)

4.2 Basic Reproduction Number (BRN)R0

The BRN, denoted by R0, is the “expected number of sec-
ondary cases that would arise from a typical primary case
in a completely susceptible population” [57–61]. R0 [58–
61] reflects an infection’s severity. The formula for the basic
reproduction number of model (1) will be derived using
the next-generation matrix methods explained in [60–62].
To begin with, we find the matrices F and W , where F
represents newly arising infections and W represents net
transitions between the infective compartments. We then
compute the Jacobian matrices of F and W at the disease-
free equilibrium for F and W , respectively. The basic
reproduction number R0 then is given by ρ(FW −1), the
spectral radius of FW −1.

In the following steps, we calculate the BRN R0 for the
model (1) based on [57, 62]:

Step 1. There are two compartments that have been
infected: L and I .

Step 2. New infections are represented by the 2×1 matrix
F :

F =
[
β I S
0

]

.

Step 3.The 2×1matrixW − that comprises terms emanating
from each diseased compartment is as follows:

W − =
[
(d + σ)L
(d + γ )I

]

.

Step 4. The 2 × 1 matrix W + that contains entries enter-
ing each infected compartment except fresh infections is as
follows:

W + =
[
0

σ L

]

.

Step 5. Net transfer between infected compartments, exclud-
ing fresh infections, is calculated by the 2 × 1 matrix W =
W − − W +:

W =
[

(d + σ)L
(d + γ )I − σ L

]

.
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Step 6. At E0 (18), the 2 × 2 Jacobian matrix F of the two
infectious state variables y = [L, I ]T is computed as follows:

F =
[
∂F

∂ y

]

at E0

=
[
0 βS0
0 0

]

,

=
[
0 βb

d+p+v

0 0

]

.

Step 7. The 2×2 Jacobian matrix W that is the partial deriva-
tive of W w.r.t. the vector y = [L, I ]T computed at E0 (18)
is as follows:

W =
[
∂W

∂ y

]

at E0

=
[

d + σ 0
−σ d + γ

]

.

Step 8. The inverse of W is as follows:

W −1 =
[

1
σ+d 0

σ
(σ+d)(γ+d)

1
γ+d

]

.

Step 9. The next-generation matrix is as follows:

FW −1 =
[

βbσ
(d+γ )(d+σ)(d+p+v)

bβ
(d+γ )(d+p+v)

0 0

]

.

And lastly,
Step 10. The BRN R0 is determined as the biggest eigen-

value ρ(FW −1) of FW −1. Thus, we get the following:

R0 = bβσ

(d + σ)(d + γ )(d + p + v)
. (19)

5 The Endemic Equilibrium

Endemic steady-state E1 is attained if an infection is present,
i.e., I �= 0. Zeroing the right-hand side of (1) at E1 =
(P1, V1, S1, L1, I1, R1), we get

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 = pS1 − d P1,

0 = b − β I1S1 − (d + v + p)S1,

0 = β I1S1 − (d + σ)L1,

0 = σ L1 − (d + γ )I1,

0 = γ I1 − d R1,

0 = vS1 − dV1.

(20)

Solving (20) and I1 �= 0 results in the following unique
endemic equilibrium point E1:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P1 = P0

R0
,

V1 = V0

R0
,

S1 = S0
R0

,

L1 = b

d + σ

R0 − 1

R0
,

I1 = d + p + v

β
(R0 − 1),

R1 = γ (d + v + p)

βd
(R0 − 1).

(21)

6 Effect of Vaccination

Vaccination plays a critical role in our model by directly
removing individuals from the susceptible class and transfer-
ring them to the vaccinated compartment, thereby reducing
the number of individuals who can acquire and transmit
the disease. This mechanism effectively lowers the force of
infection and contributes to the reduction of the basic repro-
duction number R0. Our model incorporates vaccination as
both a parameter (for static analysis) and as a time-dependent
control variable (in the optimal control framework). In the
analytical expression for R0, vaccination appears in the
denominator as part of the term (d + p + v), which reflects
the rate at which susceptibles exit due to self-protection, vac-
cination, or natural death. As the vaccination rate v increases,
R0 decreases accordingly.

Let us denote theBRN (19) as a function of the vaccination
rate v, i.e.,

R(v) := bβσ

(d + σ)(d + γ )(d + p + v)
. (22)

Taking v − derivative of (22), one gets

R ′(v) = − R(v)

d + p + v
< 0. (23)

Hence, (23) implies the BRN R(v) is a decreasing function
of v.

We observe that even moderate increases in the vaccina-
tion rate can lead to significant reductions inR0. Thus, even
if R0 is more than 1 initially, it can be brought to a value
lower than 1 by employing vaccination, thereby eradicating
the infection.

Furthermore, numerical simulations reveal a threshold
behavior: when vaccination coverage exceeds a certain level,
the infection curve flattens dramatically and may even fail
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Fig. 2 Basic reproduction
number vs. rate of vaccination

to reach a substantial outbreak phase. Although our current
work does not define an explicit critical vaccination threshold
(as in classical herd immunity formulations), our simulations
and control results do indicate the existence of such prac-
tical thresholds where vaccination has a disproportionately
large impact on disease control. These findings highlight the
importance of timely and sufficiently high vaccination cov-
erage as part of an integrated disease mitigation strategy.
Figure 2 shows the BRN as a function of the vaccination rate
v.

In addition, we analyze the quantitative impact of vaccina-
tionon thebasic reproductionnumberR0.As shown inFig. 3,
increasing the vaccination rate v has a nonlinear suppressive

effect on disease transmission. Notably, when v ≥ 0.18,R0

falls below the epidemic threshold of 1. This corresponds
to an approximate 26.7% reduction in R0 from its baseline
value, indicating a critical threshold beyond which the dis-
ease cannot sustain transmission in the population.

7 Stability Analysis

Here, we examine the equilibrium points’ stability derived
in (1) and (21) for the model (1). We shall demonstrate that
the value ofR0 is intrinsically linked to that of steady states’
stability.

Fig. 3 Effect of increasing
vaccination rate v on the basic
reproduction number R0. The
red dashed line indicates the
threshold R0 = 1, and the green
vertical line shows the critical
vaccination rate (v ≈ 0.18)
beyond which transmission is no
longer sustained
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In our analysis of the local stability of the steady states,
we employed standard linearization techniques. The key
assumption underlying this analysis is that the system
behaves locally like its Jacobian matrix evaluated at the equi-
librium point. Specifically, we assume that the system is
smooth and differentiable and that the dynamics near the
equilibrium can be accurately captured by the linearized sys-
tem.

To demonstrate the global stability of the disease-free
equilibrium (DFE), we employed Lyapunov’s second method
in conjunction with LaSalle’s invariance principle, both of
which are standard tools in nonlinear dynamical systems
theory. Lyapunov’s second method involves constructing a
suitable scalar function V (t), known as a Lyapunov func-
tion, which is continuously differentiable, positive definite,
and has a negative semi-definite time derivative along the
trajectories of the system. In our analysis, we carefully con-
structed such a Lyapunov function to reflect the dynamics
of the exposed and infectious compartments, ensuring that
V (t) = 0 only at the DFE. While Lyapunov’s method
can establish stability, it typically guarantees only local or
asymptotic stability unless the derivative V̇ (t) is negative def-
inite. This is where LaSalle’s invariance principle becomes
crucial. LaSalle’s principle extends Lyapunov’s method by
allowing V̇ (t) to be negative semi-definite and then identify-
ing the largest invariant setwithin the regionwhere V̇ (t) = 0.
If the only solution that remains in this set is the equilibrium
itself, then global asymptotic stability can be concluded.

7.1 Local Stability of E0

Theorem 4 If R0 < 1, the disease-free equilibrium E0 given
by (18) is locally asymptotically stable, and unstable ifR0 >

1.

Proof This result is an application of Theorem 2 in [60].
For the disease-free equilibrium (DFE), the local stability
condition is based on the basic reproduction number R0. If
R0 < 1, all eigenvalues of the Jacobian matrix have negative
real parts, implying that the DFE is locally asymptotically
stable. In contrast, if R0 > 1, at least one eigenvalue has a
positive real part, and the DFE becomes unstable. �	

7.2 Local Stability of E1

Theorem 5 If R0 > 1, the disease-present equilibrium E1
given by (21) is locally asymptotically stable, and unstable
if R0 < 1.

Proof The Jacobian of the system (1) at the endemic equi-
librium E1 is as follows:

J (E1)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−d p 0 0 0 0
0 −(d + p + v)R0 0 −βS1 0 0
0 β I1 −(d + σ) βS1 0 0
0 0 σ −(d + γ ) 0 0
0 0 0 γ −d 0
0 v 0 0 0 −d

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Hence, the characteristic polynomial of J (E1) is as follows:

p(λ) = (λ + d)3

∣
∣
∣
∣
∣
∣

λ + (d + p + v)R0 0 βS1
−β I1 λ + (d + σ) −βS1
0 −σ λ + (d + γ )

∣
∣
∣
∣
∣
∣
,

= (λ + d)3(λ3 + c2λ
2 + c1λ + c0).

Here,

c0 = a1a2a3(R0 − 1), c1 = a1(a2 + a3)R0,

c2 = a1R0 + a2 + a3,

where

a1 = d + p + v

a2 = d + σ

a3 = d + γ.

The roots of p(λ) are −d(with multiplicity 3), and the roots
of q(λ), where

q(λ) = λ3 + c2λ
2 + c1λ + c0.

The system (1) will be locally asymptotically stable at E1 if
and only if all the roots of p(λ)have negative real parts,which
will be true if and only if all the roots of q(λ) have negative
real parts. By Routh-Hurwitz crieria [63–65], all the roots of
q will have negative real parts iff c0 > 0, c1 > 0, c2 > 0,
and c1c2 > c0. Since a1, a2, a3are all positive, andR0 > 0,
c1andc2, both are positive. Moreover, c1c2 > c0 always as

c1c2 = a1(a2 + a3)(a1R0 + a2 + a3)R0 > a1(a2 + a3)
2R0

> 2a1a2a3R0 > a1a2a3(R0 − 1) = c0.

Finally, c0 = a1a2a3(R0 − 1) will be positive if and only if
R0 > 1. Thus, the theorem. �	
Our findings are consistent with the classical results in epi-
demicmodeling. Local stability results are inherently limited
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to small perturbations around the equilibrium. Structural
changes to the model, such as adding delays, age structure,
or stochastic effects, could alter the system’s dynamics and
potentially affect stability outcomes. However, while the
numerical value of R0 is sensitive to key parameters such
as β, σ and γ , the qualitative criterion of stability (R0 < 1)
remains a robust and reliable indicator for any variation in
parameters.

7.3 Global Stability of E0

Together, Lyapunov’s second method and LaSalle’s invari-
ance principle provide a powerful and complementary frame-
work for establishing global stability, even in complex
compartmental models like PSLIRV. In our study, we applied
the LaSalle invariance principle to show that, under the con-
dition (R0 < 1), the disease-free equilibrium attracts all
trajectories in the feasible region. This combination of meth-
ods allowed us to rigorously prove the global stability of the
DFE without requiring exact solutions to the nonlinear sys-
tem. We have the following theorem.

Theorem 6 The disease-free equilibriumE0 is globally asym-
ptotically stable on � if R0 ≤ 1.

Proof Consider the following Lyapunov function:

E(Y (t)) = uT W −1y(t), (24)

where Y (t) = (P(t), V (t), S(t), L(t), I (t), R(t)) is the
state vector, y(t) = (L(t), I (t)) is the infected state vec-
tor, and u = [0 1]T is a left eigen vector of W −1F w.r.t.R0,
with F & W as obtained in Sect. 4.2. Note that E is a well-
defined function since there is a one-to-one correspondence
between Y (t) ←→ y(t). Now, E satisfies the following:

⎧
⎪⎨

⎪⎩

E(E0) = 0,

E(Y (t)) > 0 if Y (t) �= E0, and,

E(Y (t)) is unbounded radially: ‖Y‖→∞ 
⇒ E(Y (t))→∞.

(25)

Now, by evaluating E’s time derivative along model (1)’s
trajectory in the � region, we obtain

dE
dt

= uT W −1 ẏ

≤ uT W −1(F − W )y

≤ (uT W −1F − uT W −1W )y

≤ (uTR0 − uT )y

≤ (R0 − 1)uT y

Therefore, if R0 ≤ 1, dE(Y )
dt ≤ 0. Further, dE(Y )

dt = 0 iff y
is the zero vector, which happens exactly when the system
is at the disease-free equilibrium E0 amongst the feasible
solutions, i.e., Y = E0. This means that the set

EE0 = {
Y ∈ � : Ė = 0

} = {E0} , (26)

is the singleton E0. Following Lasalle’s invariance principle
[66–69], therefore, E0 is globally asymptotically stable in �

ifR0 ≤ 1. �	

8 The Optimal Control Problem

This section employs the concept of optimal control, a rig-
orous approach to studying infectious disease dynamics. By
implementing the most efficient intervention strategies, the
objective is to minimize the number of infected individuals
while ensuring that the associated costs remain as low as fea-
sible.We perform a theoretical analysis alongwith numerical
simulations to illustrate the impact of these control measures
on the spread of the COVID-19 virus.

In the optimal control formulation, we considered two
primary control strategies:

• Self-protection efforts (u1(t)): This control represents
non-pharmaceutical interventions such aswearingmasks,
social distancing, and hand hygiene. It reduces the
effective contact rate and shifts individuals from the sus-
ceptible to the self-protected class.

• Vaccination (u2(t)): This control models the administra-
tion of vaccines to susceptible individuals, moving them
into the vaccinated class, thereby directly reducing the
susceptible pool and interrupting transmission chains.

These controls are incorporated into the model as time-
dependent functions and are bounded between 0 and 1,
reflecting resource limitations and practical feasibility. The
interaction among these strategies is both synergistic and
complementary. For example:

• Increasing self-protection reduces new infections, thereby
lowering the burden on vaccination.

• Vaccination directly reduces the susceptible popula-
tion and indirectly supports the effectiveness of self-
protection by decreasing exposure risk.

In the objective functional, each control is associated with
a quadratic cost term, capturing the economic or logis-
tical burden of implementing the strategy. The optimal
control solution seeks to balance infection reduction with
total intervention cost. The results show that a coordinated
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strategy—where both controls are applied dynamically over
time—achieves a greater reduction in infections and total cost
than any single intervention alone. Themodel thus highlights
the importance of integrated, time-sensitive public health
responses.

In our model (1), we allow the self-protection rate
and vaccination rate to be a function of time u1(t) and
u2(t), respectively, treating them as control variables. Thus,
u1(t) represents the proportion of the susceptible population
becoming protected at time t , whereas u2(t) represents the
fraction of susceptible individuals vaccinated at time t . With
this interpretation, model (1) with two controls takes this
form:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d P(t)

dt
= u1(t)S − d P,

d S(t)

dt
= b − β I S − (d + u1(t) + u2(t))S,

d L(t)

dt
= β I S − (d + σ)L,

d I (t)

dt
= σ L − (d + γ )I ,

d R(t)

dt
= γ I − d R,

dV (t)

dt
= u2(t)S − dV ,

(27)

with initial conditions as stated in (2).
We want to simultaneously minimize the number of

population in the latent phase of infection, and infectious
individuals, the cost of self-protection, and the expense of
vaccination. Hence, we define the objective functional as fol-
lows:

J (u1(t), u2(t))=
∫ T

0

[

ϕ1L + ϕ2 I + 1

2
m1u2

1 + 1

2
m2u2

2

]

dt,

(28)

with ϕ1, ϕ2, m1, m2 being positive weight constants that
serve to balance the units of the integrand, and representing
the relative costs of each associated term over the interval
[0, T ]. The admissible set of controls u(t) = (u1(t), u2(t))
is defined as follows:

U = {u : [0,∞) → [0, 1] × [0, 1] such that u

is measurable, t ∈ [0, T ]}. (29)

We hence look for an optimal control u∗ in U so that

J (u∗) = min {J (u) : u ∈ U } .

8.1 Existence of Optimal Control

We now investigate the existence of an optimal control pair
for (27), (28). Using the results of [70], we shall demonstrate
the existence of an optimal control pair.

Theorem 7 A control pair u∗ = (u∗
1, u∗

2) ∈ U, minimizing
the objective functional J (u1(t), u2(t)) for the control system
(27) and (28) exists.

Proof We let L denote the integrand of J , i.e., L := ϕ1L +
ϕ2 I + 1

2m1u2
1+ 1

2m2u2
2. Note that the system (27)’s solutions

are bounded for any finite time interval. To apply Corollary
4.1 in [70], we verify the following five conditions:

1. L is convex on U .
2. U is closed as well as convex.
3. Linear functions in state variables bind the state system.
4. The set of controls and respective state variables are non-

empty.
5. There are positive constants m, k, and n > 1 that satisfies

the following: L + m ≥ k
(
u2
1 + u2

2

) n
2 .

First, clearly, L is convex on u. Secondly, U is closed as
well as convex by definition. Since state solutions of model
(27) are bounded, the third condition is satisfied too. As the
system (27) has bounded coefficients, the fourth condition
follows from Carathéodory’s theorem [71]. Lastly, because
ϕ1, ϕ2, m1, m2, L, I are all positive, and u1 & u2 both are
bounded between 0 & 1, we have the following:

L + m ≥ 1

2
m(u2

1 + u2
2 + 2) ≥ m

2
(u2

1 + u2
2)

2,

where m = min {m1, m2} > 0, and thereby giving the last
requisite property. By Theorem 4.1 of [70], we conclude that
there exists an optimal control pair

(
u∗
1, u∗

2

)
such that

J
(
u∗
1, u∗

2

) = min {J (u1, u2) : (u1, u2) ∈ U } .

Thus, u∗(t) = (u∗
1(t), u∗

2(t)) is a pair of optimal control in
U as claimed. �	

8.2 Characterization of Optimal Control

We apply Pontryagin’s maximum principle [71–73] to obtain
the necessary conditions for the optimal control problem
(27), (28).
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Theorem 8 For the optimal control u∗(t) with solutions
X∗ =(P∗, S∗, L∗, I ∗, R∗, V ∗) of (27)minimizing the objec-
tive functional (28), there are costate variables λP , λS, λL ,

λI , λR, and λV that satisfies the following adjoint equations:

λ̇P = λP d,

λ̇S =λS(d+ u∗
1+ u∗

2)+ (λS − λL)β I ∗− (λP u∗
1+ λV u∗

2),

λ̇L = − [ϕ1 + (λI − λL) σ − λLd] ,

λ̇I = − [
ϕ2 + (λL − λS) βS∗ + (λR − λI )γ − λI d

]
,

λ̇R = λRd,

λ̇V = λV d,

with conditions of transversality that the costate variables
vanish at t = T .

In addition, the optimal control pair u∗(t)=(u∗
1(t), u∗

2(t))
is

u∗
1 = max

{

0,min

{
(λS − λP ) S∗

m1
, 1

}}

,

u∗
2 = max

{

0,min

{
(λS − λV ) S∗

m2
, 1

}}

.

Proof The maximum principle [71–73] of Pontryagin is
applied to our system (27) and (28). In order to do so, for
t ∈ [0, T ], Hamiltonian H is defined as follows:

H = ϕ1L + ϕ2 I + 1

2
m1u2

1 + 1

2
m2u2

2 + λP Ṗ + λS Ṡ

+λL L̇ + λI İ + λR Ṙ + λV V̇

= ϕ1L + ϕ2 I + 1

2
m1u2

1 + 1

2
m2u2

2 + λP [u1S − d P]

+λS [b − β I S − (d + u1 + u2)S]

+λL [β I S − (d + σ)L] + λI
[
σ L − (d + γ )I

]

+λR
[
γ I − d R

] + λV [u2S − dV ] ,

where λP , λS, λE , λI , λR , and λV are the adjoint or costate
variables. As a consequence of Pontryagin’s maximum prin-
ciple, the following equalities are satisfied by the adjoint
variables:

λ̇P = −∂ H

∂ P
, λ̇S = −∂ H

∂S
, λ̇L = −∂ H

∂L
,

λ̇I = −∂ H

∂ I
λ̇R = −∂ H

∂ R
, λ̇V = −∂ H

∂V
,

with the transversality conditions: λP (T ) = λS(T ) =
λL(T ) = λI (T ) = λR(T ) = λV (T ) = 0. Now, optimal-
ity condition at u(t) = u∗(t) gives:

∂ H

∂u1

∣
∣
∣
u1(t)=u∗

1(t)
= ∂ H

∂u2

∣
∣
∣
u2(t)=u∗

2(t)
= 0,

i.e.,

m1u1 + S∗(λP − λS) = m2u2 + S∗(λV − λS)

= 0 at u = u∗. (30)

On solving (30) for u∗ = (u∗
1, u∗

2), we get

⎧
⎪⎪⎨

⎪⎪⎩

u∗
1(t) = (λS − λP ) S∗

m1
, and

u∗
2(t) = (λS − λV ) S∗

m2
on condition that u∗(t) ∈ U .

(31)

Then, (31) along with bounds for “u∗ ∈ U” from (29) char-
acterizes the optimal control as below:

u∗
1(t) =

⎧
⎪⎨

⎪⎩

0, if (λS−λP )S∗
m1

≤ 0,
(λS−λP )S∗

m1
, if 0 ≤ (λS−λP )S∗

m1
≤ 1,

1, if (λS−λP )S∗
m1

≥ 1.

and,

u∗
2(t) =

⎧
⎪⎨

⎪⎩

0, if (λS−λV )S∗(t)
m2

≤ 0,
(λS−λV )S∗

m2
, if 0 ≤ (λS−λV )S∗

m2
≤ 1,

1, if (λ3−λ4)I ∗
2B2

≥ 1.

That is, in short, as follows:

⎧
⎪⎪⎨

⎪⎪⎩

u∗
1 = max

{

0,min

{
(λS − λP ) S∗

m1
, 1

}}

,

u∗
2 = max

{

0,min

{
(λS − λV ) S∗

m2
, 1

}}

.

(32)

u∗ in fact minimizes the Hamiltonian H as at u = u∗,

∂2H

∂u2
1

= m1 > 0,
∂2H

∂u2
2

= m2 > 0, and

∂2H

∂u2
1

∂2H

∂u2
2

−
(

∂2H

∂u1∂u2

)2

= m1m2 > 0.

Table 1 Parameter values for
Fig. 4

Parameter Values

b 100

β 0.0125

γ 0.1

d 0.4

σ 0.15

p 0.1

v 0.3
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Fig. 4 The system (1) asymptotically approaches E0 = (31, 125, 0, 0, 0, 94) for R0 = 0.852 < 1
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Table 2 Parameter values for
Fig. 5

Parameter Values

b 100

β 0.0125

γ 0.1

d 0.4

σ 0.15

p 0.1

v 0.1

Using (32),weobtain theoptimality system X∗ = (P∗, , V ∗,
S∗, L∗, I ∗, R∗) for (27) that corresponds to the optimal
control u∗ = (u∗

1, u∗
2) as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d P∗

dt
= u∗

1S∗ − d P∗,
d S∗

dt
= b − β I ∗S∗ − (d + u∗

1 + u∗
2)S∗,

d L∗

dt
= β I ∗S∗ − (d + σ)L∗,

d I ∗

dt
= σ L∗ − (d + γ )I ∗,

d R∗

dt
= γ I ∗ − d R∗,

dV ∗

dt
= u∗

2S∗ − dV ∗,

(33)

with initial conditions: P∗(0) ≥ 0, S∗(0) ≥ 0, L∗(0) ≥
0, I ∗(0) ≥ 0, R∗(0) ≥ 0, V ∗(0) ≥ 0, and the corresponding
adjoint variables satisfies

λ̇P = λP d,

λ̇S =λS(d+ u∗
1+ u∗

2) + (λS − λL)β I ∗− (λP u∗
1+ λV u∗

2),

λ̇L = − [ϕ1 + (λI − λL) σ − λLd] ,

λ̇I = − [
ϕ2 + (λL − λS) βS∗ + (λR − λI )γ − λI d

]
,

λ̇R = λRd,

λ̇V = λV d,

with the transversality conditions: λP (T ) = λS(T ) =
λL(T ) = λI (T ) = λR(T ) = λV (T ) = 0. The proof is
now complete. �	

Solving the optimal control problem provided several
valuable insights into both the effectiveness and feasibility of
implementing intervention strategies in real-world scenarios.

First, the model demonstrates that time-dependent, coor-
dinated interventions—specifically self-protection and
vaccination—are significantlymore effective than isolated or
static strategies. Optimal control trajectories reveal that early

and intensive application of self-protection and vaccination
can substantially reduce peak infection levels and flatten the
epidemic curve. This aligns with public health observations
during outbreaks like COVID-19, where timely and layered
interventions were critical in managing transmission.

Second, the optimal control profiles suggest that inter-
ventions can often be relaxed over time without sacrificing
long-term disease control, especially after reaching key
thresholds in vaccination coverage or reductions in the
infectious population. This provides practical guidance for
policymakers on when to scale back interventions to mini-
mize social and economic disruption.

Third, by including control costs in the objective func-
tional, the model captures trade-offs between epidemiolog-
ical outcomes and resource constraints. This allows us to
evaluate not just which strategies are effective, but alsowhich
are cost-effective. For instance, in scenarios with limited
resources, the model may prioritize early self-protection and
gradual vaccination over costly mass treatment campaigns.

Finally, the results underscore the importance of adaptive,
data-informed policy: the optimal strategies depend sensi-
tively onmodel parameters such as transmission and recovery
rates, which can vary by region and over time. This highlights
the need for real-time data integration and local calibration
when applying such models in practice.

In summary, the optimal control framework offers action-
able insights into how to time and coordinate interventions to
achieve maximum impact with limited resources, supporting
evidence-based public health planning.

9 Simulations

We performed extensive numerical simulations to validate
our theoretical findings under various initial conditions and
parameter scenarios. These simulations served two key pur-
poses: (1) to verify the analytical results concerning stability
and optimal control and (2) to explore the model’s behavior
beyond the limitations of linearized or local analysis. There
are two parts to this section. The first part is devoted to veri-
fying the analytical findings discussed in Sect. 3, 4, 5, 6, and
7. In the second part, we solve the optimal control problem of
Sect. 8 numerically by applying the Pontryagin’s maximum
principle, resulting in a coupled system of state and adjoint
differential equations. We employ the forward-backward
sweep method combined with the fourth-order Runge–Kutta
(RK4) integration scheme for both the state and adjoint sys-
tems. The RK4 method provides a good balance between
accuracy and computational cost. Its higher-order accuracy
allows us to use relatively larger time steps while maintain-
ing numerical stability, which is essential for the iterative
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Fig. 5 The system (1) approaches E1 = (37, 147, 22, 7, 2, 37) asymptotically for R0 = 1.136 > 1
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nature of the forward-backward sweep. In our simulations,
the method demonstrates fast convergence—typically within
a few iterations—and remains computationally efficient for
long time horizons. In terms of scalability, while the num-
ber of computations increases with the addition of more state
variables or control components, the method still performs
well for models like PSLIRV. For substantially more com-
plexmodels (e.g.,with age structure or spatial heterogeneity),
advanced solvers or parallel computing may be necessary to
maintain computational efficiency. To substantiate our find-
ings, the initial values of the sub-population will be changed
in the various compartments of model (1).

The initial conditions for each compartment were cho-
sen based on a hypothetical outbreak scenario in a closed
population. For example, a small proportion of the popu-
lation was initially infected or exposed (e.g., I (0) = 5,
L(0) = 3), while the majority were susceptible. The ini-
tial sizes of the self-protected and vaccinated compartments
were set to reflect early-stage behavioral and public health
response levels. Using the formula N (0) = P(0) + S(0) +
L(0) + I (0) + R(0) + V (0), the total initial population is
calculated for each circumstance.

9.1 Without Controls

In order to demonstrate the dependence of stability on R0,
we adopt two sets of parameter values corresponding respec-
tively to R0 ≤ 1 and R0 > 1. Also, we shall be using
different vaccination rate v to highlight the effect of vacci-
nation on disease eradication.

For the first set of numerical simulations, the parameter
values specified in Table 1 are utilized. R0 is 0.852, and
E0 = (31, 125, 0, 0, 0, 94) in this case. The dynamics of the
system (1) is presented in Fig. 4. It is seen from Fig. 4 that for
any initial values of sub-population, P, S, and V approaches
their respective disease-free steady state,whereas L, I , and R
goes to zero. This shows that whenR0 < 1, E0 is both locally
and globally asymptotically stable, and thus in agreement
with Theorems 4 and 6.

For the next set of simulations, parameter values from
Table 2 are utilized. The BRN R0 is 1.136, and the disease-
present equilibrium is E1 = (37, 147, 22, 7, 2, 37) in this
case. The dynamics of the system (1) is presented in Fig. 5. It
is seen fromFig. 5 that for any initial sub-population, the state
vector (P, S, L, I , R, V ) approach the endemic equilibrium
point E1. This shows that when R0 > 1, E0 is unstable but
E1 is stable, and thus in agreement with Theorems 5 and 6.

The parameter values in Table 3 are utilized for the
last case. We will use variable vaccination rate v ∈
{0%, 10%, 20%, 60%}. The dynamics of the system (1) is

Table 3 Parameter values for
Fig. 6

Parameter Values

b 100

β 0.0125

γ 0.1

d 0.4

σ 0.15

p 0.1

presented in Fig. 6.We note thatwhen there is no vaccination,
or v = 10%, the BRNR0 is greater than 1; but for v = 20%
or v = 60%, R0 is less than 1. From Fig. 6, it is seen
that in the first two scenarios, the state vector asymptot-
ically approaches the respective endemic equilibrium E1,
whereas, in the last two scenarios, the state vector asymp-
totically approaches the respective disease-free equilibrium
E0. This again confirms Theorems 4, 5, and 6. Moreover,
Fig. 6 shows that it is possible to eradicate the disease by
sufficient vaccination, as observed in Sect. 6.

9.2 With Controls

To formulate the optimal control problem, controls u1(t)
& u2(t) were introduced, resulting in reduced suscepti-
bility through self-protection and vaccination, respectively,
and aimed at minimizing the costs associated with them as
described in (28). We have conducted simulations to exam-
ine the outcomes of these optimal control mechanisms and
compare them to uncontrolled situations. For the solution of
the controlled system (27) and its adjoint system, parameter
values listed in Table 4 are utilized. In this case, we have
R0 = 1.57895 > 1.

In Fig. 7, we exhibit a comparative time series of the
susceptible, exposed, and infective populations in all four
cases: without any control(u1 = 0, u2 = 0), with con-
trol self-protection alone (u2 = 0), with only vaccination
control (u1 = 0), and with both of the optimal controls
(u1 �= 0, u2 �= 0) for a period of 100 days. As illustrated
in Fig. 7 a, b and c, the level of susceptible population S,
the population in the latent phase of infection L and infec-
tious cases I obtained using both controls (self-protection
and vaccination control) are substantially lower than those
obtained using only one control (self-protection or vaccina-
tion) or no control. The conclusion that may be drawn from
this finding is that “intervention approaches that include both
self-protection and vaccination controls generate compara-
tively superior results.”

Finally, Fig. 8 shows the variation of optimal controls over
100 days. Figure 8a shows the control self-protection when
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Fig. 6 The system (1) under different vaccination scenario: v ∈ {0%, 10%, 20%, 60%}
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Table 4 Parameter values for
Figs. 7 and 8

Parameter Values

b 400

β 0.1

γ 0.01

d 0.04

σ 0.15

ϕ1 1

ϕ2 5

m1 40

m2 20

there is no vaccination, Fig. 8b shows the vaccination con-
trol when there is no self-protection, and Fig. 8c shows the
optimal control function when both the controls are in place.

To assess the robustness and generalizability of our find-
ings, we conductedmultiple simulations under varying initial
conditions and parameter settings. These variations included
different levels of initial infections, susceptible populations,
and parameter values related to transmission, recovery, vac-
cination, and self-protection. Figure 9 shows the effect of
vaccination and transmission rate onR0, while Fig. 10 shows
the effect of self-protection and recovery rate on R0.

The results consistently demonstrated similar qualitative
behavior: optimal intervention strategies—particularly early,
well-timed application of self-protection effectively reduced
the infection burden and total cost, regardless of the specific
starting conditions. While the magnitude and duration of the
epidemic varied across scenarios, the overall structure of the
optimal control profiles remained robust, typically involving
the following:

Fig. 7 Simulation of Model (1) with no control, with only one control, and with both controls for R0 = 1.57895. Better result is achieved when
both controls are applied
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Fig. 8 Optimal control graphs

• High initial intensity of self-protection and vaccination
to suppress transmission early

• A gradual reduction in control efforts as the epidemic
came under control

These consistent patterns suggest that the model’s insights
are generalizable to a range of real-world settings and can
be applied across different phases of an epidemic-whether
early outbreak, peak, or decline, adjusting control intensities
accordingly.

However, we acknowledge that the specific numerical out-
comes (e.g., threshold vaccination rates or control costs)

are sensitive to demographic and epidemiological parame-
ters, which may vary between populations. Therefore, we
recommend region-specific calibration when applying the
model in practice. The current framework can accommodate
such extensions and remains flexible for adaptation to differ-
ent population structures, intervention capacities, or disease
characteristics.

Overall, the simulations support the broader applicabil-
ity of the model’s conclusions, especially the importance of
early, combined interventions and adaptive strategies in epi-
demic management.
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Fig. 9 Effect of varying
vaccination rate v and
transmission rate β on the basic
reproduction number R0.
Higher vaccination coverage
significantly reduces R0 across
all transmission scenarios. The
red dashed line indicates the
epidemic threshold at R0 = 1

10 Conclusion

This paper uses ordinary differential equations to develop
a continuous-time mathematical model for the propagation
of the COVID-19 virus. The basic properties of the model
have been investigated, including positivity, boundedness,
and invariant regions. The basic reproduction number is
derived asR0 = bβσ

(d+γ )(d+σ)(d+p+v)
. The relationship ofR0

to the stability of themodel has also been studied.We derived
the equilibrium solutions of the model and established that
the healthy equilibrium is LAS when R0 < 1, while the
unhealthy equilibrium is LAS when R0 > 1. Moreover, for
R0 ≤ 1, the healthy equilibrium is GAS. Global stability

has been established by considering the LaSalle invariance
principle and an appropriate Lyapunov functional.

We have also demonstrated how vaccination affects
COVID-19 dynamics. It has been shown that even though
R0 can be more than 1 initially, enough vaccination can be
brought below 1 so that the disease becomes extinct. Further,
the higher the fraction of the vaccinated population, the less
the spread of infection.

The final focus of this paper was on incorporating self-
protection and vaccination as control strategies for suscep-
tible individuals. Using these two controls, an appropriate
problem of optimal control was developed for the model to
minimize exposed and infected individuals, keeping cost in

Fig. 10 Impact of
self-protection rate p and
recovery rate γ on the basic
reproduction number R0.
Increasing either parameter
reduces R0, with stronger
effects observed for higher
recovery rates. The red dashed
line indicates the epidemic
threshold at R0 = 1
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mind. We proved the existence of an optimal control pair,
characterized it, and then solved it numerically. We found
that the most effective way to decrease the prevalence of
infections is to apply both controls simultaneously.

While the model captures the essential aspects of the
transmission and control of disease, several simplifications
must be taken into account. The assumption of homogeneous
mixing does not reflect the heterogeneity of the popula-
tion in the real world, and the model does not stratify by
age, geography, or comorbidities. Parameter values are con-
stant over time, and real-world complexities such as vaccine
hesitancy, rollout delays, and reinfection are not explicitly
modeled. Despite these limitations, the framework provides
a strong theoretical basis for understanding the timing and
interactions of the intervention. Although the model does
not explicitly include variants, its flexible structure can be
adapted for changing transmissibility or vaccine efficacy.
This makes it a useful decision-support tool for preparing for
variant-driven resurgences or new pathogens. Future work
will focus on extending the model to include population
heterogeneity, real-time parameter updates, spatial structure,
and region-specific calibration using empirical data. These
enhancements will improve the applicability of the model to
inform localized public health strategies.
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